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Abstract

The principal objective in this paer is to study the relationship be-
tween the old kingdom of differential geometry (the category of smooth
manifolds) and its new kingdom (the category of functors on the category
of Weil algebras to some smooth category). It is shown that the canon-
ical embedding of the old kingdom into the new kingdom preserves Weil
functors.

1 Introduction

Roughly speaking, the path to axiomatic differential geometry is composed of
five acts. Act One was Weil’s algebraic treatment of nilpotent infinitesimals in
[31], namely, the introduction of so-called Weil algebras. It showed that nilpo-
tent infinitesimals could be grasped algebraically. While nilpotent infinitesimals
are imaginary entities, Weil algebras are real ones. Act Two began almost at
the same time with Steenrod’s introduction of convenient categories of topolog-
ical spaces (cf. [30]), consisting of a string of proposals of convenient categories
of smooth spaces. Its principal slogan was that the category of differential ge-
ometry should be (locally) cartesian closed. The string was panoramized by
[29] as well as [I]. Act Three was so-called synthetic differential geometry,
in which synthetic methods as well as nilpotent infinitesimals play a predom-
inant role. It demonstrated amply that differential geometry could be made
axiomatic in the same sense that Euclidean geometry is so, though it should
resort to reincarnation of nilpotent infinitesimals. In any case, synthetic differ-
ential geometers were forced to fabricate their own world, called well-adapted
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models, where they could indulge in their favorite nilpotent infinitesimals in-
cessantly. Their unblushing use of moribund nilpotent infinitesimals alienated
most of orthodox mathematicians, because nilpotent infinitesimals were almost
eradicated as genuine hassle and replaced by so-called € — ¢ arguments in the
19th century. The reader is referred to [I0] and [13] for good treatises on syn-
thetic differential geometry. Act Four was the introduction of Weil functors
and their thorough study by what was called the Czech school of differential
geometers in the 1980’s, for which the reader is referred to Chapter VIII of [I1]
and §31 of [I2]. Weil functors, which are a direct generalization of the tangent
bundle functor, opens a truly realistic path of axiomatizing differential geometry
without nilpotent infinitesimals. Then Act Five is our axiomatic differential
geometry, which is tremendously indebted to all previous four acts. For ax-
iomatic differential geometry, the reader is referred to [I7], [18], [19], [20], [21]
and [22].

In our previous two papers [21] and [22], we have developed model theory for
axiomatic differential geometry, in which the category Ksmootn of functors on
the category Weilg of Weil algebras to the smooth category Smooth (by which
we mean any proposed or possible convenient category of smooth spaces) and
their natural transformations play a crucial role. We will study the relationship
between the category Mf of smooth manifolds and smooth mappings and our
new kingdom Kgmooth as well as that between Smooth and Kgmooth in this

paper.

2 Convenient Categories of Smooth Spaces

The category of topological spaces and continuous mappins is by no means carte-
sian closed. In 1967 Steenrod [30] popularized the idea of convenient category
by announcing that the category of compactly generated spaces and continuous
mappings renders a good setting for algebraic topology. The proposed category
is cartesian closed, complete and cocomplete, and contains all CW complexes.
At about the same time, an attempt to give a convenient category of smooth
spaces began, and we have a few candidates at present. For a thorough study
upon the relationship among these already proposed candidates, the reader is
referred to [29], in which he or she will find, by way of example, that the category
of Frolicher spaces is a full subcategory of that of Souriau spaces, and the
category of Souriau spaces is in turn a full subcategory of that of Chen spaces.
We have no intention to discuss which is the best convenient category of smooth
spaces here, but we note in passing that both the category of Souriau spaces and
that of Chen spaces are locally cartesian closed, while that of Frolicher spaces
is not. At present we content ourselves with denoting some of such convenient
categories of smooth spaces by Smooth, which is required to be complete and
cartesian closed at least, containing the category Mf of smooth manifolds as a
full subcategory. Obviously the category Mf contains the set R of real numbers.



3 Weil Functors

Weil algebras were introduced by Weil himself [3T]. For a thorough treatment
of Weil algebras as smooth algebras, the reader is referred to II1.5 in [I0].

Notation 1 We denote by Weilr the category of Weil algebras over R.
Let us endow the category Smooth with Weil functors.

Proposition 2 Let W be an object in the category Weilgr with its finite pre-
sentation

W=C*®R")/I
as a smooth algebra in the sense of II1.5 of [10]. Let X, Y € Smooth, f,g €
Smooth (R™, X), and h € Smooth (X,Y). If

f~wy,

then
hof~whog

Proof. Given ¢ € Smooth (Y,R), we have
so(hof)=co(hog)
=(coh)of—(coh)ogel

so that we have the desired result. m
Corollary 3 We can naturally make Igvmooth a functor
Igvmooth : Smooth — Smooth

Proposition 4 Let W1 and Wy be objects in the category Weilr with their
finite presentations

Wy =C>® (R") /I
Wy = C™® (R™) /]

as smooth algebras. Let

w: Wy = Wy
be a morphism in the category Weilg, so that there exists a morphism
©:R" 5 R"
in the category Smooth such that the composition with $z renders a mapping
C*R") = C*R™)
inducing ¢. Let X € Smooth and f,g € Smooth (R", X). If
f~w g
then

fop~rw,g0®



Proof. Given any ¢ € Smooth (Y, R), we have

o(folp)—co(go®)
=(cof)oP —(sog)ofp
=(cof—cog) $€J

since ¢o f —¢og € I, and the composition with ‘? :R” — R™ maps [ into J.
]

Corollary 5 The above procedure automatically induces a natural transforma-
tion
Smooth W
—4;7 T nlrlooth = TSmooth

Notation 6 Given an object W in the category Weilr, the restriction of the
functor TG oown to the category Mf is denoted by Tage. Given a morphism
w: Wy = Wy in the category Weilg, the corresponding restriction of « asmOOth
is denoted by gw

Remark 7 Weil functors
Ty : Mf — Mf

are given distinct (but equivalent) definitions and studied thoroughly in Chap-
ter VIII of [T1] in the finite-dimensional case and §31 of [12] in the infinite-
dimensional case.

It is well known that
Proposition 8 We have the following:
1. Given an object W in the category Weilr, the functor
T : Mf — Mf
abides by the following conditions:

° Imf preserves finite products.
o The functor
T : Mf — Mf
is the identity functor.
o We have
Tl o Tl = T
for any objects W1 and Wy in the category Weilg.

2. Given a morphism ¢ : W1 — Ws in the category Weilg, gglf : Imlf =

Il\vyff s a natural transformation subject to the following conditions:



o We have

aidy = idzy,
for any identity morphism idy : W — W in the category Weilg.
o We have
" -0 = o}
for any morphisms ¢ : W1 — Wy and i : Wo — W3 in the category
Weilgr.

e Given an object W and a morphism ¢ : Wi — Way in the category
Weilgr, the diagrams

w MF
Tre © &
=Mf ¥ = TW TW2
; @ Lwmr © vy

=
Mf
g§0®RidW

w wh
Trie o Type

Wi@rW Wo@rW
IMf IMf

and
aMf
TW®RW1 Lidw Qre TW®RW2
—=Mf = —=Mf

I [
w w = w. w
Tare © Tve oMf o W Tnre © Tve
Zp =Mf
are commutative.
3. Given an object W in the category Weilgr, we have
™ (R)=W

4. Given a morphism ¢ : W1 — Way in the category Weilr, we have

a,(R)=¢

4 A New Kingdom for Differential Geometers
Notation 9 We introduce the following notation:

1. We denote by Ksmooth the category whose objects are functors from the

category Weilg to the category Smooth and whose morphisms are their
natural transformations.

2. Given an object W in the category Weilr, we denote by
Tg/mooth : Ksmooth =+ Ksmooth
the functor obtained as the composition with the functor

W ®r - : Weilg — Weilgr



so that for any object M in the category Ksmooth, we have
Tgvmooth (M) =M (W PR )

8. Given a morphism ¢ : W1 — Ws in the category Weilr, we denote by

Smooth | Wi Wo
as& . TSmooth = TSmooth

the natural transformation such that, given an object W in the category
Weilg, the morphism

aimOOth (M) : Tgvrilooth (M) - Tgvrflooth (M)
18
M (o @ridw) : M(Wl ®ORr W) — M(WQ ®ORr W)
4. We denote by Rgmooth the functor

R®R-: Weilg — Smooth

We have established the following proposition in [21] and [22].
Proposition 10 We have the following:

1. Ksmooth 1S a category which is complete and cartesian closed.

2. Given an object W in the category Weilgr, the functor

w .
TSmOOth . ICSmooth — ICSmooth

abides by the following conditions:

b TEVmooth preserves limits.
o The functor
R .
TSmooth : Ksmooth —* Ksmooth

is the identity functor.

e We have
Tgvx;ooth © Tgvrflooth = Tgvnl’l%gtIgQ
for any objects W1 and Wy in the category Weilg.

o We have

w N w Twmoo N
TSmooth (M ) = TSmooth (M) s (V)
for any objects M and N in the category Ksmooth-
8. Given a morphism ¢ : W1 — Ws in the category Weilg,
. W W
% * Tgmooth = Tsmooth

is a natural transformation subject to the following conditions:



o We have
_Smooth

aldW

for any identity morphism idy : W — W in the category Weilg.
o We have

Smooth Smooth _ _Smooth
oy °ay = Qgog

for any morphisms ¢ : W1 — Wy and i : Wo — W3 in the category
Weilg.

o Given objects M and N in the category Ksmooth, the diagram

1%
Tng h (M)Tsémoth(]v) W "
moo 1 1
Smooth Tsm (V) Wa Tsm (N)
aga (M) Smooth TSmooth (M) Smooth

Tg/nlnooth (MN)
Smooth
angOth (MN) 1 /( T;Vémoth (M)a“’ (V)
Tg/n%looth (MN)

TW2 (M)TSmooth

Smooth

is commutative.

o Given an object W and a morphism ¢ : Wi — Way in the category
Weilg, the diagrams

TW o aSmooth
™ ° TW1 Smooth © ™ o TW2
Smooth Smooth = Smooth Smooth
TW®RW1 = TW®RW2
Smooth o Smooth Smooth
idw Qr¢p
and
aSmooth
TW1 QrRW YRRridw TW2®RW
Smooth = Smooth
Wy w = Wy w
TSmooth o TSmooth oSmooth o W TSmooth © TSmooth
%) Smooth

are commutative.
4. Given an object W in the category Weilgr, we have

Tg/mooth (RSmooth) = RSmooth ®ORr w

5. Given a morphism ¢ : W1 — Ws in the category Weilgr, we have

S th
a@moo (RSmooth) = Rsmooth ®R 2



5 From the Old Kingdom to the New One
Notation 11 We write
iSmooth @ SMooth — Ksmooth
for the functor
ismooth (M) : W € Obj Weilr — Tgmootnld € ObjKsmooth

1Smooth (M) Tp € Mor Weilg +— ngOOth (M) € MorKsmooth

provided with an object object M in the category Smooth, and

. w w w
!Smooth (f) (W) = ISmoothf : ISmoothMI - ISmoothM2

provided with a morphism f: M, — M, in the category Smooth and an object
W in the category Weilg. The restriction of ismooth t0 the subcategory Mf is
denoted by

imr : Mf = Ksmooth

Theorem 12 Given an object W in the category Weilr, the diagram

Mf M ICSmooth

Il\m/if J’ \I/ Tgvmooth

Mf  imf  Ksmooth
15 commutative.

Proof. Given an object M in the category Mf, we have

(Tg/mooth © sz) (M)
=ime (M) o (W ®r )

= Ty M

— Tige (ThieM )

— inar ( Tz )

= (inar o Thie ) (M)

Given a morphism
i M, = M,



in the category Mf, we have

(Tg/mooth © ZMf) (i)

=Ty ™ f

= Tir (T /)

= imf (Il\mxifi)

= (iMf OL\%) (f)
]

Theorem 13 Given a morphism ¢ : Wi — Wy in the category Weilgr, the

diagram

; Mf
IMf © &,
=

Wi . =
TSmooth O tmf oSmooth
©®

inr o Tre inme o ThG

[[’ N
. T2 O 1M
0 InMF Smooth f

is commutative.

Proof. Given an object M in the category Mf, we have

6 Microlinearity

Definition 14 Given a category K endowed with a functor TV : K = K for
each object W in the category Weilr and a natural transformation ., : ™ =
T"2 for each morphism o : Wy — Wy in the category Weilgr, an object M in the
category K is called microlinear if any limit diagram D in the category Weilr
makes the diagram TP M a limit diagram in the category K, where the diagram
TPM consists of objects

™ M



for any object W in the diagram D and morphisms
ap (M) : TV M — T2 M
for any morphism ¢ : W1 — Ws in the diagram D.

Proposition 15 Fvery manifold as an object in the category Smooth is mi-
crolinear.

Proof. This can be established in three steps.

1. The first step is to show that R™ is micorlinear for any natural number
n, which follows easily from

II\VZfRn = Ig/moothRn =w"
and
QLPIE/If (Rn) _ Qimooth (Rn) _ sDn
for any morphism ¢ : W7 — W5 in the category Weilgr.

2. The second step is to show that any open subset of R™ is microlinear in
homage to the result in the first step.

3. The third step is to establish the desired result by remarking that a smooth
manifold is no other than an overlapping family of open subsets of R".

The details can safely be left to the reader. m
Theorem 16 The embedding
iSmooth : Smooth — Ksmooth
maps smooth manifolds to microlinear objects in the category Ksmooth -

Proof. Let D be a limit diagram in the category Weilgr. Let M be a smooth
manifold in the category Smooth. Given an object W in the category Weilg,
the diagram (TZ, 0 oen (iSmooth (M))) (W), which consists of objects

Do 0 = TR M = T (Tiee )

for any object W’ in the category Weilg and morphisms

W1iQrW Mf Wo@rW
Tre M Qo@ridw (M) Te M
=T

T * ™" M T2 M

H H
IR
Thie (TheeM) M7 (TRieM) T (i)

for any morphism ¢ : W7 — W5 in the category Weilg, is a limit diagram in

the category Smooth, because II\VZfM is a microlinear object in the category
Smooth in homage to Proposition[fl Therefore the diagram TE .+ (ismooth (M))
is a limit diagram in the category Ksmootnh thanks to Theorem 7.5.2 and Re-
marks 7.5.3 in [27]. =

10



7 Transversal Limits

Definition 17 A cone D in the category Smooth is called a transversal limit diagram

if the diagram TE, oD is a limit diagram for any object W in the category
Weilr. In this case, the vertex of the cone is called a transversal limit.

It is easy to see that

Proposition 18 A transversal limit diagram is a limit diagram, so that a
transversal limit is a limit.

Proof. Since
Tgmootth =D

for any cone D in the category Smooth, the desired conclusion follows imme-
diately. m

What makes the notion of a transversal limit significant is the following
theorem.

Theorem 19 The embedding
Z.Smooth : Smooth — ’CSmooth

maps transversal limit diagrams in the category Smooth to limit diagrams in
the category Ksmooth -

Proof. This follows directly in homage to Theorem 7.5.2 and Remarks 7.5.3
in 27]. =

Now we are going to show that the above embedding preserves vertical Weil
functors, as far as fibered manifolds are concerned. Let us recall the definition
of vertical Weil functor given in [17].

Definition 20 Let us suppose that we are given a left exact category IKC endowed
with a functor TV : K — K for each object W in the category Weilr and a
natural transformation ap, : TV = TW2 for each morphism ¢ : Wi — Wa
in the category Weilg. Given a morphism © : E — M in the category K,
its wertical Weil functor TW (
morphisms

) is defined to be the equalizer of the parallel

T (1)
™ (E) —— ™ (M
( ) TW (7T) TW (M) AW SR (M}TR (M) OR—W (M ( )

Lemma 21 The equalizer of the above diagram in the category Smooth is
transversal, as far as m : E — M 1is a fibered manifold in the sense of 2.4 in
7).

/

Proof. The proof is similar to that in Proposition I3l

11



1. In case that E = R™*™ M = R™, and 7 is the canonical projection, the
equalizer is the canonical injection

R™ x W™ — Wmtn = TW (E)
and it is easy to see that it is transversal.

2. Then we prove the statement in case that E =U x V, M = U, and 7 is
the canonical projection, where U is an open subset of R™, and V is an
open subset of R™.

3. The desired statement in full generality follows from the above case by
remarking that the fiber bundle 7 : E — M is no other than an overlapping
family of such special cases.

The details can safely be left to the reader. m

Theorem 22 Given an object W in the category Weilr and a fibered manifold
w: E — M in the category Smooth, we have

ISmooth (iIS/Vmooth (ﬂ-)) = ?gvmooth (iSmooth (ﬂ-))

Proof. In homage to Theorems and [[3] the functor ismootn Maps the
diagram

w IIS/Vmooth (ﬂ—) w
ISmooth (E) W—> w W R W ISmooth (M)
TSmooth (M) TSmootn (M) ai29R™ (M) Tgimootn (M) agZ39 (M)

in the category Smooth into the diagram

Tgvmooth (iSmooth (W))

; TWmoo Z.Smoo h \T TWmOO Z.Smoo h M .
Tgvmooth (ZSmooth (E)) Sstnoot'l:lh ( ¢ ( )) SR th ( . ¢ ( )) Tgvmooth ('LSmooth (M))
A LR (ZSmooth (M)) Tsmooth (ZSmooth (M))

AR (ismootn (M)

in the category Ksmooth- Since the equalizer of the former diagram is transversal
by Lemma 211 it is preserved by the functor ismeotn by Theorem [I9], so that
the desired result follows. m

Corollary 23 Given a morphism ¢ : Wi — Ws in the category Weilgr and a
fibered manifold w: E — M in the category Smooth, we have

. S th
1Smooth (z@moo (W))

= aimoc’th ((“smootn (T)))

12
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