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ABSTRACT. In the literature, the study of preventive maintenance policies has
been largely focused on ergodic analysis where the expected economic perfor-
mance measure per unit time would be optimized in a long run. When the plan-
ning horizon 7 is not large, however, the optimal preventive maintenance policy
in [0, 7] could be significantly different from that under ergodicity. In this paper,
the classical semi-Markov model of Makabe[4] is first examined thoroughly at er-
godicity, yielding many new results. Then, through the dynamic analysis of the
semi-Markov model, the asymptotic expansion of the expected reward in [0, 7] is
obtained explicitly in an affine form. The optimal preventive maintenance policies
in [0, 7] are then compared with the ergodic counterparts, thereby demonstrat-

ing danger of exclusive reliance on ergodic analysis when 7 is not sufficiently large.

Key words: semi-Markov process, dynamic analysis, preventive maintenance (PM),
corrective maintenance (CM), ergodic optimal PM policy, non-ergodic optimal
PM policy

1. INTRODUCTION

The study of preventive maintenance policies in manufacturing dates back to
late 1950’s stemmed from the original work by Morse[7] and Barlow and Hunter[2].
In these papers, the preventive maintenance (PM) takes place for overhauling the
system as soon as the system lifetime exceeds the prespecified time T and the system
is renewed upon completion of PM. If the system fails before T', the corrective
maintenance (CM) takes place, bringing the system back to the fresh state upon
completion. The former focused on analysis of the optimal PM policy maximizing
the expected profit per unit time at ergodicity where two different variable costs
per unit time for PM and CM are involved, while the latter was concerned with the
optimal PM policy which maximizes the availability of the system at ergodicity.

Since then, the study has been expanded in several different directions. Makabe[4]
generalized the original model of Morse[7] by additionally incorporating the fixed
costs for both PM and CM. It was shown that if the optimal PM policy T* exists and
the system lifetime has an increasing hazard function 7z (x) with lim nr(z) = oo,
then T is unique and can be computed numerically. Nakagawal8] E)rgi)osed a peri-
odic checking model where the system is inspected periodically, making the system



DANGER OF EXCLUSIVE RELIANCE ON ERGODIC ANALYSIS FOR A CLASS OF PREVENTIVE MAINTENANCE POLI

anew with probability ¢ and resulting in no effect with probability p upon comple-
tion. The inspection model was combined with the original PM model subsequently
by Nakagawa and Yasui[9] where a PM takes place after every K inspections. This
line of research has been further developed by Vaurio[12, 13] and Badia, Berrade
and Campos[1].

All of the above papers are restricted to ergodic analysis. A rare exception dealing
with finite horizon optimization is an age reduction approach proposed by Dedopou-
los and Smeers|[3] which was subsequently generalized by Samrout, Chatelet, Kouta
and Chebbo[10]. The thrust of the age reduction model can be found in that PM
activities do not necessarily result in bringing the system back to the fresh state
but make the system younger to the extent determined by the level of PM quality.
The optimal PM policy problem is then to determine when to implement PM activ-
ities at what quality. While these papers addressed themselves to find the optimal
PM policy within a finite planning horizon, all system failures were assumed to be
minimal, enabling one to restart the system instantaneously with the same system
state at the time of failure. Because of this limitation, the ergodic analysis is totally
irrelevant to the age reduction model.

To the best knowledge of the authors, there has been no research available in
the literature concerning how to asses the danger of exclusive reliance on ergodic
analysis for a class of PM policies, where the results of ergodic analysis for one
model should be compared with the results of dynamic analysis for the same model.
The purpose of this paper is to fill this gap by analyzing the classical semi-Markov
model of Makabe[4] dynamically as well as at ergodicity. The underlying semi-
Markov model is first examined thoroughly at ergodicity, yielding many new results.
Then, through the dynamic analysis of the semi-Markov model, the asymptotic
expansion of the expected reward in [0, 7] is obtained explicitly in an affine form.
The optimal preventive maintenance policies in [0, 7| are then compared with the
ergodic counterparts, thereby demonstrating the danger of exclusive reliance on
ergodic analysis when 7 is not sufficiently large.

The structure of this paper is as follows. The classical semi-Markov model of
Makabel4] is introduced in Section 2. Dynamic analysis of the model is discussed
in Section 3 by examining the trivariate process [N(t), X (t), Z(t)] where, at time ¢,
N(t) is the state of the semi-Markov process, X (t) describes the time spent in the
current state since the last transition to it, and Z(t) gives the cumulative reward.
The asymptotic expansion of E[Z(t)] as t — oo is obtained explicitly in an affine
form. Section 4 is dedicated to ergodic analysis, yielding many new results. In
particular, sufficient conditions are given for the existence of the ergodic optimal
PM policy in terms of hazard rate properties of system lifetimes. In Section 5,
non-ergodic optimal PM policy is introduced based on the asymptotic expansion of

E[Z(t)] obtained in Section 3. Numerical results are presented for demonstrating
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the danger of exclusive reliance on ergodic analysis when the planning horizon is not
sufficiently large. Finally, some concluding remarks are given in Section 6. In order
to enhance the readability of the paper, proofs are given in Appendix.

2. MODEL DESCRIPTION

We consider a production system generating the profit of p per unit time while
it is working. The system lifetime X, which is the time until failure since its
fresh start, is assumed to be an absolutely continuous positive random variable with
p.d.f. (probability density function) ar(x). The associated distribution function,
the survival function, and the hazard rate function are denoted by

Ap(w) = PXp<a] = [far(y)dy;
Ap(z) = PXp>2] = [Facly)dy
(2.1) = 1-AL(z);
ar(x) B d -
ne(z) @ — o, losAr(z) .

If the system fails before T, CM takes place where the CM time Xy is assumed to
be an absolutely continuous positive random variable with p.d.f. ar(z). We define
Ag(z), Ar(x) and nr(x) similarly to (2.1). CM requires the fixed cost cg for each
CM and the variable cost vy per unit time under CM.

For PM, throughout this paper, we define PM to mean that the system is over-
hauled when the system lifetime exceeds a prespecified level T. The PM time Xy,
which is the time under overhaul, is also assumed to be an absolutely continuous
positive random variable with ays(x), Ap(x), Ap(x) and nps(z) defined similarly

0 (2.1). The cost structure of PM is in parallel with that of CM, having the fixed
cost cys for each PM and the variable cost va; per unit time under PM. Throughout
the paper, we assume that all random variables involved are mutually independent.

It is natural to assume that CM upon failure is “more costly” than PM, where
the term “more costly” is interpreted in the following manner. Let the moments of
the random variables X7, Xz and X;; for k=1,2 be denoted by

(2.2) WLk of / 2rap(z)de ;
0

(2.3) LRk def / xkaR(m)da:;
0

(2.4) WMk dof / 2Fay(x)d .
0

The expected total cost Cp for each CM and the expected total cost C for each
PM are then given by

A def A def
(2.5) Cr = cr+vrir1 ; Cu = ear +vapar -
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We assume that the expected CM time is larger than the expected PM time and CM

upon failure is “more costly” than PM in that the expected total cost per unit time

under CM is larger than that under PM. More specifically, throughout the paper, it

is assumed that

(2.6) KR:1 > par1 and ugipp = & — Cu >
HR:1 a1

As we will see, it is also useful to introduce g and lj; representing the expected
actual total cost plus the expected opportunity cost for each CM and each PM
respectively, and their difference. Formally, we define

def

laigr = Ir—1Inm s
2.7) In

&
e,

A df A
Cr+ppri; a = Cur + ppara -

Concerning lg4;t 7, the following proposition holds, where proof is provided in Appen-
dix.

Proposition 2.1.

Under the assumption (2.6), one has lgrf >0 .

Let {N(t) : t > 0} be a stochastic process describing the state of the system at

time ¢, where

0 if the system is under CM at time ¢ ;
(2.8) N(t) = ¢ 1 if the system is working at time ¢ ;
2 if the system is under PM at time ¢ .

The dwell time of the system in state 1, denoted by Xy, is then given by
(29) XW = min{XL,T}.

For the time being, we assume that T is also an absolutely continuous positive
random variable, having ar(z), Ar(z), Ar(x) and n(x) defined similarly to (2.1).
The case of T being constant can be treated by choosing an appropriate sequence
of absolutely continuous distributions which would converge in distribution to the
desired constant as we will see. For Xy, we define aw (z), Aw(x), Aw(z) and
nw (z) similarly to (2.1). From (2.9), it can be readily seen that,

Aw(z) = Ap(z)Ar(z) ;
(2.10) nw (z) = nr(z) +nr() ;
aw () = Aw (z) {ne(z) + nr(z)}
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It then follows that {N(t) : ¢ > 0} is a semi-Markov process on {0,1,2} governed
by the matrix p.d.f. a(x) given by

[ 0 ar(z) 0
a(z) = | Aw(z)n(z) 0 Aw(z)nr(z)
L 0 CLM(ZE) 0
[ 0 ag(x) 0
(2.11) = Ap(z)ar(z) 0 Ap(z)ar(z)
i 0 aM(w) 0

The state transition diagram of {N(¢) : t > 0} is depicted in Figure 1, where X (¢)
is the age process of the semi-Markov process describing the elapsed time at time ¢

since the last transition into the current state.

N(t)

X(1)

FIGURE 1. The state transition diagram of N ()

It should be noted that N (t) itself is not Markov, but the bivariate process [N (), X (t)]
is Markov. Throughout the paper, we assume that the system is fresh and working
at time t = 0 with X (0) = 0.

Let M;;(t) be the number of transitions from state i to state j in the time interval
[0, t). Then the reward process Z(t) is defined by

M;;(t)

t
def
(2.12) 2(1) % / pNEAr+ 35 Y D
0 €N jeEN m=1
where p : {0,1,2} — R is the reward rate function and, for m =1,2,---, Djj.p is

the cost of the m-th transition from state i to state j. In our model, the reward
process Z(t) grows continuously with rate p(i) when N(¢) = ¢, where

—VR ifi=0 5
(2.13) pi)=4qp ifi=1,;

—vpy ifi=2.
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The transition cost D;j.n, is specified by
—cgp ifi=1, j=2;
(2.14) Dijm =4 —cy ifi=1, j=0;
0 else .
A sample path of Z(t) is depicted in Figure 2.
N(t)

2

+p

FIGURE 2. A sample path of Z(t)

3. DyNAMIC ANALYSIS OF [N(t), X(t), Z(t)]

The purpose of this section is to analyze the trivariate process [N(t), X (t), Z(t)]
defined on N x R x R, yielding the matrix trivariate Laplace transform with respect
tot, z and z explicitly. Here, N' = {0, 1,2}, R4 is the set of nonnegative real numbers
and R is the set of real numbers. For 7,7 € N, we first define

(3.1) Fij(z,2t) CPIN(t) = 4, X(t) <z, Z(t) < 2|N(0) =4, X(0) = 0] .

Let §(t) be the delta function defined as the unit operator for convolution, i.e.
g(t) = [y°6(t — x)g(x)dx for an arbitrary function g(t) integrable on [0, 00). Ex-
ploiting the delta function whenever necessary, the generalized joint p.d.f. can be
written as

2
def
In matrix form, the corresponding trivariate Laplace transform with respect to ¢, x
and z is denoted by

(3.3) (v,w, s) d:ef/ dt e_St/ / e T R (dx, dz,t)
0 —o00 J0 T

[1°6>>>
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where Re(s) > 0, Re(v) >0 and w = ¢ ( € R).
For a(x) given in (2.11), we define

00 0 aR(s) 0
(3.4) als) :/0 e *a(z)dr = | aip(s) 0 a2(s) |,
0 anr(s) 0

where

(35) ants) & [T an(t
(3.6) on(s) /OooeStaM(t)dt;
(37) annls) [ e tanAni
(3.8) ap(s) & /OooestaT(t)AL(t)dt.

Let g(z) be the generalized matrix function describing the fixed costs cg and cyy
associated with transitions of N(t) from 1 to 0 and those from 1 to 2 respectively.
Namely, g(z) can be written as

0(2) 0(2) 0(2)
(3.9) g(z) = | d(z+cr) 0(2) 0(z+cm)
i(2) 4(2) 0(2)

[e.9] —wz

‘%
8
®

with the matrix Laplace transform ~(w) = g(z)dz given by

1 1 1
(3.10) Y(w) = | eBY 1 MW
B 1 1 1

A continuous reward process defined on a semi-Markov process has been stud-
ied extensively in the literature, yielding the trivariate matrix Laplace transform
é(v,w,s) of (3.3) , see e.g. Theorem 2.1 of Sumita and Masuda[l1]. This result
is extended to incorporate a reward process with jumps by Masudal5, 6]. More

specifically, the next theorem holds true where the following notation is employed.

(3.11) a™(w,s) = [agj(pjw + s)yij(w)] ;

A _ - 1-ai(pw+s)]
(3.12) B (ws) = by pjwis ;
(3.13) X (ws) = [L-a™(ws)]”

Theorem 3.1. (Theorem 2.8.1 of Masudal5])
For the trivariate stochastic process [N (t), X (t), Z(t)] with X(0) =0 and Z(0) =0,
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(v,w, s) be defined as in (3.3). One then has

let é

So,w,5) =% _(w,5)B (w,v+s).

= et ikl =D
Of particular interest is the bivariate stochastic process [N(t), Z(t)] characterized

by
def % 2 3
= ¢0,w,8) =x (w,s)B (w,s) .
= ek =D

(3.14) ﬁz(w’ s)
In what follows, we exploit the specific structure of a(s) given in (3.4) so as to
evaluate éz(w, s) explicitly. This in turn enables one to obtain
d

p_(w,s)

1.
w=0

def > —st _ T
Cz(s) = /0 e "E[Z(t)]dt = —p (O)aw:Z
It is easy to confirm this lemma and proof is

(3.15)
A preliminary lemma is needed.

omitted.
Lemma 3.2. Let A be defined as
0 b 0
A Y 0 d
0 ¢ O
If lab+ cd| < 1, then E — é  emists and is given by
. l—cd b bd
I-A" = —
[L-A4] —(abtea| ¢ b 4
ac c 1—ab
From (3.4), (3.10) and (3.11), one sees that
0 ar(s —vpw) 0
(3.160"" (w, 5) = | e“E¥ (s + pw) 0 eMYa9(s + pw)
0 ap (s — vpyw) 0

For Re(s) > 0 and w = ¢ with 6 € R, it can be readily seen that

a10(s + pw)agr(s — vrw) + ap(s — vpyrw)e™Para(s + pw)| < 1.

|ech
Hence from (3.14) and Lemma 3.2, the next theorem holds true.

(w,9)3 (w,5)

[ >

Theorem 3.3.
2,09 = T 4wrs)

where éD(w, s) is as in (3.12) and
q(w, s) = bo(w, s)bio(w, s) + bia(w, s)ba(w, )
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with
bo(w,s) = agr(s—vrw) ;
bio(w,s) = €Fao(s +pw) ;
bia(w,s) = eMYara(s+pw) ;
ba(w,s) = ap(s—vyw) ;
and

1 —bia(w, s)ba(w, s) bo(w,s) bo(w, s)b2(w, s)
(w,5) = bio(w, ) q(w, s) bia(w, s)
bio(w, s)bia(w,s)  ba(w,s) 1 —big(w,s)by(w,s)

[1t>>

In order to determine the optimal PM triggering time as a constant, we consider
a sequence of distribution functions (Ar; (t))]oil satisfying Ap.;j(t) — U(t —T) as
j — oo where U(z) = 1if z > 0 and U(x) = 0 else. It is clear that Theorem 3.3 still
holds true at the limit. In this case, one has ap(t) = §(t—T) and Ar(t) = 1-U(t—T)

so that, from (3.7) and (3.8),
T —
(3.17) 0110(8) :/ efStaL(t)dt ; 0412(8) = eisTAL(T) .
0

Employing (3.17) in Theorem 3.3, differentiating éz(w, s) with respect to w at
w = 0, and then exploiting the Taylor expansion of the resulting equation at s = 0,
the following asymptotic expansion of E[Z(t)] can be obtained, where proof is given

in Appendix.

Theorem 3.4.

ElZ(t) = Ci(T)t + Co(T) + o(t) as t — oo,
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where
T _ _
(3.18) G(T) = /0 Ap(x)dr 4 praAL(T) + para AL(T) 5

b S Ap(w)da — {ORAL(T) n OMAL(T)}

(3.19)  Cy(T)

G(T) |
320 Cor) = A EC )
On(T) = —5 {i + 12 AL(T) + para AL (T)
+ /TOO zar,(x)dx
T —
(3.21) _NRzl/O zar(x)dr — ppraTAL(T) ;
T
Coa(T) = 3p {;MLQ + /o rar(x)dr — ML:l}
T
+C’R/O zar(z)dx
(3.22) +% {UR,UR;Q — varpiara — (Cr — éM)T} AL(T) .

It should be noted that Ci(T") characterizes the ergodic behavior of the reward
rate per unit time, while Co(T) dictates the speed of its convergence to ergodicity.
In the subsequent two sections, we study C1(T") theoretically and C1(T")+{C2(T)/7}
numerically so as to explore the ergodic optimal PM policy T which maximizes the
former and the non-ergodic optimal PM policy 77*(7) which achieves the maximum
of the latter, where 7 denotes the planning horizon. It will be shown that 7™ could
be significantly different from 7°*(7), thereby demonstrating danger of exclusive

reliance on ergodic analysis and providing some useful managerial implications.

4. Ercobic OpTiMAL PM Poricy T*

From Theorem 3.4, it can be readily seen that

(4.1) Cu(T) = tim ZZ2O]

t—oo t
In other words, given a PM policy T' > 0, C1(7T) is the reward rate per unit time
at ergodicity. In this section, we first establish the probabilistic interpretation of
C1(T). The conditions for the existence of the ergodic optimal PM policy T™* are
then investigated in terms of distributional properties of the system lifetime X7,
where

(4.2) T* = argmax {C1(T)} .
T>0
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As can be seen from Figure 1, the point (1,0) is a regenerative point of the bivariate
process [N (t), X (t)]. The regenerative cycle time X¢yqe(T) is given by

af | T+ Xy if X >T
(4.3) Xeyere(T) < Mo T AL
X +Xgp if Xp<T

The following proposition then holds, where proof is given in Appendix.

Proposition 4.1.
(a) Let Flcycle(x,T) = P[Xcyere(T) > x|. Then

[ee]

T
Aoy, T) = [ Anta = oy + | Aula=Thar )iy
(b) Let G(T) be as in (3.18). Then
E[chcle(T)] = G(T) :

Let Xcyete:up(T) be the system running time within a regenerative cycle. Then,
as in (4.3), one sees that

def | T if Xp>T
4.4 X (L) =
( ) cycle.up( ) {XL if XL<T

It then follows that
T
E[chcle:up(T)] = / xaL($)d$ +TAL(T) .
0

Using integration by parts, this then leads to

T
(4.5) E[Xcycleup(T)] = /0 Ap(z)dx .

The probabilistic interpretation of C1(7") in (3.19) is now clear. The numerator
consists of the expected profit p X E[Xcycie:up|, the expected cost Cr per CM with
probability Az (T"), and the expected cost Cy per PM with probability Aj, (1),
representing the expected reward within a regenerative cycle. Since the denominator
is E[X¢ycle| from Proposition 4.1 (b), C1(T') is the expected reward rate per unit time
within a regenerative cycle, which coincides with the ergodic reward rate from (4.1)
as it should be.

We next turn our attention to investigate the conditions under which the ergodic
optimal PM policy T* as defined in (4.2) exists. For this purpose, we first note from

(3.19) that
d AL(T)

—C\(T) = ——=25€(T)

(4.6) e

(4.7)  &T) = Ir—laifs - n(T)E[Xeyetenp(T)] = laigsAL(T) — S - nr(T)
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and
def
(4.8) S =S pRapMAYdifS

with ug;r¢ as defined in (2.6). It can be seen from (2.5), (2.7) and (4.7) that £(T) =0
at T'=T* if and only if

(4.9) jﬂj - KT
(4.10) K(T) no(T)(pp1 — para) + 1

nL(T){E[Xeyetenup(T)] + piara } — Ap(T)

In this regard, Makabe[4] has shown the following theorem. The class of random
variables with increasing failure rate function (decreasing failure rate function) is de-
noted by IFR (DFR). By increasing (decreasing), we actually mean non-decreasing
(non-increasing). In addition, the class of exponential random variables with con-

stant failure rate function is denoted by EXP. The set difference between two sets
A and B is denoted by A\ B={z:2 € Aand = ¢ B}.

Theorem 4.2. (Makabe[4])
1) If X1, € IFR\EXP (DFR\EXP), then K(T') in (4.10) is decreasing (in-
creasing).
2) If the optimal PM policy T* exists, and X1 € IFR\EXP and n(T) — oo
as T — oo, then T™ is unique and is decreasing in llT\Ij['

In this paper, we elaborate further concerning the ergodic optimal PM policy T*.
In particular, sufficient conditions are given explicitly for the existence of T*. Proofs
of the following theorems are given in Appendix. Our first theorem characterizes
the monotonicity properties of £(7) in (4.7) in terms of the IFR\EXP, DFR\EXP

and EXP properties of the system lifetime X7y.

Theorem 4.3. Let £(T") be as in (4.7).
a) &(T) is decreasing in T if and only if X1 € IFR\EXP.
b) £(T) is increasing in T if and only if X1, € DFR\EXP.
c) £(T) is constant if and only if X1, € EXP.

Theorem 4.3 enables one to capture the functional behavior of diTCl (T') through
(4.6), which in turn leads to sufficient conditions for the existence of 7%, as we see

next. For this purpose, the following identities play a key role.

(411) { §04) = lr—nr(04)S ;

§(+00) = lr—nr(+o0)(laifspra +5) -
In what follows, 7" = +o0o0 means that the preventive maintenance should not be
implemented. We also note from (3.18) and (3.19) that C;(0) = —%L < 0. Ac-

KA1

cordingly, 7% = 0 if and only if C1(T) < 0 for all T > 0 and therefore the system
should not be run at all for this case.
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Theorem 4.4. Let T* be deﬁned as in (4.2) and suppose Xy € IFR\EXP.
A) If np(400) < W’ then C1(T) is increasing in T and T* = +o0.
B) If 77L( ) < IM and nr,(4+00) > Wﬁ, then T* exists uniquely satisfy-
ing #C1(T) ’T =0
C) If n(0) > lM , then C1(T) is decreasing in T and T = 0.

When X;, € DFR\EXP, as summarized in the next theorem, either the preventive
maintenance should not be implemented or the system should not be run at all. This

theorem can be proven similarly to Theorem 4.4 and proof is omitted.

Theorem 4.5. Let T be defined as in (4.2) and suppose Xj, € DFR\EXP.

A) If n(0) < l“ , then C1(T) is increasing in T and T = +o0.

B) Ifnp(0) > l% and N, (+00) < m, then T exists uniquely satisfying
diTC'l T) ‘T 7= 0. In this case, C( T) is the global mmzmum of Ci(T'). For
the global mazimum pomt T* = 400 if ﬁiﬁiui}j > _fj\% , and T* = 0 else.

C) If np(+00) > W’ then C1(T) is decreasing in T and T* = 0.

For the case of X; € EXP, one also sees that either the preventive maintenance
should not be implemented or the system should not be run at all. Since the under-
lying p.d.f. is exponential, however, the conditions can be simplified. This theorem
can be also proven similarly to Theorem 4.4 and proof is omitted.

Theorem 4.6. Let T be defined as in (4.2) and suppose X1 € EXP with p.d.f.
ar(z) = e 07,

A) If6 < ZM , then C1(T) is increasing in T and T* = 4o0.

B) If 6 > ZM , then C1(T) is decreasing in T and T* = 0.

We now illustrate Theorems 4.3 and 4.4 of primary concern numerically. Let the
exponential variate of mean 1/\ be denoted by F(A). Throughout the rest of the
paper, we assume that Xp = F(Ag1) + F(Ag2) and Xy = E(Ay1) + E(Aar2) where
the underlying random variables are independent. The corresponding p.d.f’s are

given by
. )\Rl)\RQ —AR1T —AR2T )\ .
(4.12) an(@) = <e e ) ,
_ AM1AM2 —AM1T —AM2T

We also adopt the following parameter values.
p=25.0;

(4.14) vrp =20.0 ; vpr =0.5;
CR = 10.0 y CM — 5.0 .
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Case 1 : IFR-1 for Theorem 4.4 A)

We suppose that the lifetime X7, is the sum of two independent exponential variates,
i.e, X; = E(Ar1) + E(Ar2). The corresponding p.d.f. is then given by

AL1AL2 [ Y
4.1 = DAL ((o-Auw _ g=Aiar)
(4.15) ar(x) Mo — i (e e >

For the parameters to specify X, Xr and Xy, we set
A1 =0.15; Ao =0.1;
Art =0.8; Apo =0.5;
Am1 =0.95 ;5 Ay =055 .
Accordingly, one has

lr
L(c0) =01 < 0104 = ——
(o) laifspr: + S

so that the conditions of Theorem 4.4 A) are satisfied. In this case, {(7T') is decreasing

while C1(T) is increasing with 7% = 400 as depicted in Figures 3 and 4.
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FIGURE 3. &(T) IFR-1
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Cy(T)
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FiGUure 4. C1(T) IFR-1
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Case 2 : IFR-2 for Theorem 4.4 B)

Let X be as in Case 1. However, the parameters for X;, Xr and Xj,; are set
differently as specified below.

Ar1 =0.15 5 Ao =0.1;

Ar1 =0.6 ; Ao =0.1;

A1 =09 Ay =0.5.
It then follows that

l

np(0) =0 < 0.124 = %
and
lr
50) =0.1>0.065 = — 1
ni(o0) laippira + S
and the conditions for Theorem 4.4 B) are met. In this case, {(T) is decreasing
while C1(T') is unimodal with 7% = 5.7 and C1(T*) = 9.3 as depicted in Figures 5

and 6.

150

100

50 \
\ T
0
50 \;10\ 20 30 40 50 60 70 80 90 100
= -100
M 150 \\
200
-250 \X
-300
-350
FIGURE 5. &(T) IFR-2
10
8 [\\
6 ,l
~ 1
=
i
O 2
T
0
10 20 30 40 50 60 70 80 90 100

FIGURE 6. C1(T') IFR-2
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Case 3 : IFR-3 for Theorem 4.4 C)
In order to illustrate Theorem 4.4 C), we define the p.d.f. of X as

1 - o)z - o)x
ar(z) = ﬁ{/\Ll(ALQ +c)e Arateo)z _ Ar2(Ar1 + c)e (Arite) } .
L1 L2

It should be noted that, under the conditions A;; > Az2 > 0 and ¢ > 0, one has

)\[1)\[26 cr C A Cc A
I = = == 1 L2% 1 1T
¢ (37) >\l,1 )\112 { ( >‘L2> ¢ >\L1 ¢

S () e ()
SHEEE (1 et - (14— |e Tl =0,
/\Ll—)\Lz /\Ll AL1

so that ar(x) is well defined. Let the parameters for X, Xr and Xjs be given by
A1 =0.02; Ao =0.01; ¢=0.275;
Ar1 =04 ; Apo =0.3;
Av1=09; Ay =0.5.

It can be seen that nL(0) = 0.275 > 0.274 = l% ,

and the conditions for Theorem 4.4 C) are satisfied. In this case, both C1(T") and
&(T) are decreasing with 7™ = 0 so that the system should not be run at all. Figures
7 and 8 illustrate these observations.
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Ficure 8. C(T) IFR-3
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5. NON-ERGODIC OPTIMAL PM PoLricy T%*(7) AND DANGER OF EXCLUSIVE
RELIANCE ON ERGODIC ANALYSIS

In this section, we discuss the non-ergodic optimal PM policy T**(7) defined by
(5.1) T**(1) = argmax {Cl (T) + CQ(T)} ,
T>0 T
where 7 denotes the planning horizon. Given 7 > 0, we are interested in explor-
ing differences between the optimal ergodic PM policy 7™ defined in (4.2) and the
optimal non-ergodic PM policy 7%*(7) in (5.1). For this purpose, the expected cu-
mulative reward over the planning horizon 7 for each optimal policy is introduced

(5.2) Eerg[r, 7% < Cy(T%)7 ;
(5.3) Enon-erg[7, T ()] & CL(T™ (7)) + Co(T* (7)) .

We now demonstrate the danger of exclusive reliance on ergodic analysis using
Case 2 of Section 4. For this case, we recall that 7% = 5.7 and C1(T™) = 9.3 so that
Eerg[r, T*] is linear in 7 with slope of 9.3. Figure 9 depicts T"*(7) as a function of
7, and both Eerg[r, 7*] and Enon-erg[7, T"*(7)] are exhibited in Figure 10.

As far as the non-ergodic analysis is concerned, we observe that 7%*(7) = 7 for
0 < 7 < 594. This means that no preventive maintenance is required when the
planning horizon is within 59.4. For 7 > 59.4, the non-ergodic optimal PM policy
T**(7) emerges with 7%*(7) < 7, which monotonically decreases to the limit 7% = 5.7
as 7 — 00. One has, for example, 7%*(59.5) = 9.0 while 7%*(100) = 7.2. Because of
this difference, the expected cumulative reward over the planning horizon 7 under
the ergodic optimal policy T differs from that under the non-ergodic optimal policy
T**(1) when 7 is not sufficiently large, as shown in Figure 10, demonstrating the

danger of exclusive reliance on ergodic analysis.

70
a 60
E 50 /
S 40
E ~
E, ~
8 10 _[/

0

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
T

T** (1) : non-ergodicoptimal PM policies
---- T* : ergodicoptimal PM policies

FiGURE 9. Optimal PM policies
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FIGURE 10. Enon-erg[r, T**] and Eerg[r, T"]

6. CONCLUSION

In this paper, the danger of exclusive reliance on ergodic analysis in devising op-
timal PM policies is addressed. The classical semi-Markov model of Makabe[4] is
first examined thoroughly at ergodicity, yielding many new results. In particular,
sufficient conditions are given for the existence of the ergodic optimal PM policy
in terms of hazard rate properties of system lifetimes. Then, dynamic analysis of
the model is discussed by examining the trivariate process [N (t), X (t), Z(t)], where
N(t) is the underlying semi-Markov process describing the state of the production
system, X (t) is the associated age process, i.e. the elapsed time at time ¢ since the
last transition into the current state, and Z(t) is the reward process with jumps
defined on [N (t), X(t)]. The asymptotic expansion of E[Z(t)] as t — oo is obtained
explicitly in an affine form, and non-ergodic optimal PM policy is introduced based
on the asymptotic expansion. Numerical results are presented for demonstrating
the danger of exclusive reliance on ergodic analysis when the planning horizon is not
sufficiently large.
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Appendix

Proof of Proposition 2.1

We note that

lairy Cr N Cur P
HR:1HM:1 HR1pM:1 MMl HRAIMM:1 KR
Since pr.1 > par1 > 0, by replacing pg.1 in the denominators of Cy and p by par1,
one then sees that

laify Cr Cuy 1
> ) - Udiff »
HRAMM:1 HR:1MM:1 Hara KHara

and the proposition follows since ug; s > 0. O

Proof of Theorem 3.4

Let
f1:00(8)  fr:01(8)  fi1:02(s)
def N N A
= | fAwao(s) fa(s)  fraz(s)
fir20(s)  f1:21(s)  fi:22(s)
Since we assume that the system starts from state 1, the initial vector is p’(0) =
[0,1,0]. From (3.15), one then has

w, S)

S>>

95
ow =z

w=0

/OOO e S'B[Z(t)]dt = fi110(8) + fir.11(8) + fira2(s) .

In order to find fi1.15(s) for j = 0, 1,2, we differentiate éz(w, s) in Theorem 3.3 with
respect to w and setting w = 0, yielding B
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jals) =~ (HG(E) + Ho(s)B(s)

(s = — i (F()G() + K5)B(s)}

jnals) =~ {LEIGE) + L) B}
where, with f'(z) = %f(x)

G(s) = 1-{&(5)‘6(3)+5(5)J(5)},

B(s) = @ (s)b(s)+al(s)b (s) + ¢ (s)d(s) +(s)d (s) ;

H(s) = a (s)h(s)+a(s)h (s)

Ho(s) = a(s)h(s);

L(s) = d(s)i(s)+d(s) (s)

Lo(s) = d(s)i(s)

a(s) = awls); b(s) = an(s)

&s) = aum(s); d(s) = ana(s)

a(s) = CRalo(S)"‘p%alO(s)

b(s) = —vRC%aR(s)

Z() = —oaron(s)

J,(s) = cMa12(8)+p%a12(s);
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By exploiting the Taylor expansions of these functions at s = 0, one has

( ~

a(s) = p10:0 — 11048 + p10:28% + o(s?) ;
b(s) = 1—ppis+ Spuras®+o(s?) ;
é(s) = 1—pupas+ %/JM:QSQ + o(s?) ;
d(s) = pizo— 1218+ L1208 + o(s?) ;
a(s) = a(0)—a(l)s+ia(2)s®+o(s?) ;
b(s) = vg{pmr1— pr2s+ Surs3s’} +o(s?) ;
E(s) = vm{paa — paras + Sparas®} + o(s?) ;
d(s) = d0)—d(1)s+id(2)s* + o(s?) ;
(6.1) h(s) = pra— Spros+ turss? +o(s?)
k(s) = pia— $H1:28 + ghi1:3s? + o(s?) ;
I(s) = pwma— SHM:2S + Fuarss? + o(s?) ;
h(s) = —vp{iuras— turss+ Huras®}
+o(s?) ;
K(s) = —p{ime— tuiss+ Suias?}
+o(s?) ;
Zl(s) = —um {%MMQ - %MM::J,S + %MMASQ}
L +o(s?) ,
where
a(0) CRI10:0 — PH10:1 3
a(l) = crpo1 + pHi1o:2 ;
a(2) = crpmo2 — PH10:3
d(0) = caypazo — ppiza
d(1) = cppza +ppaze ;
d(2) = cupaze — ppizs -
Since

ar(z) = 6xz—-T); S B S =
{AT(x) 1 va-m), U T)_{ i

one can sees that

pioo = i g0 = AL(T) ;
b0 / da / Ap(y)dy — TAL(T) ;
piza = TAL(T) 5 pra = mao(1) +maa(1) .

From (6.1), it then leads to

/Oo e SE[Z(1)]dt = = Cy(T) + 2Co(T) + 0 <12> |
0 S S S

The theorem now follows by inverting the above equation into the real domain. O
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Proof of Proposition 4.1

Using the law of total probability and then employing Bayes’ rule, the survival
function of the cycle time can be evaluated as

P[chcle > 33] = P[chcle >, X1 < T] + P[chcle >x, X1 > T]

o
= / P[Xp + Xr >z, X <T|X1, = ylar(y)dy
0

o0
+/ PT + Xy >, X1, > T X1, = ylar(y)dy

TO_ o0 _
- /'Amx—w%@wy+/ Api(e — T)ar(y)dy .
0 T

This then leads to

E[chcle] / P cycle > .ili‘]d
= / dy ar(y / AR(x—y)dx—i—/ dy aL(y)/ Ap(z —T)dx
T 0
0 ~ 0
= / dy aL {/ AR(Z)dZ+MR:1}+AL(T) {/ AM( )dz—l—,uM 1} .
y -T
Since Ag(z) = (z) =1 for z <0, one has
T
EXcyete] = / yar(y)dy + praAr(T) + TAL(T) + para Ar(T)
0
T —_ -
/ AL()dy + pra AL(T) + paa AL(T)
0
completing the proof. |

Proof of Theorem 4.3

By differentiating £(7") in (4.7) with respect to T, one finds that
d d
—&(T) = —<—=n(T) ¢ (airrE| X cycteup (T .
€0 = ~{ D)} s E Xopean(T)] 4 5)

Since lgir¢ > 0 from Propsition 2.1 and S > 0 from (4.8), it then follows that

d d
Xy, € IFR\EXP & — (T)>0<:>d—T§(T)<O;

dT’?L
X eDFR\EXP<:>i (T)<O<:»i§(T)>O-
d d
X;, € EXP & ﬁnL(T) =0< ﬁg(T) =0,

completing the proof. |
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Proof of Theorem 4.4

Theorem 4.3 states that X; € IFR\EXP implies {(7') is increasing in 7. The
following three cases are then considered.
Case A) ((T) >0 for T'> 0
Because of the monotonicity of £(T), the above condition equivalent to
U S
laifppra + S
Since the sign of %C’l (T') coincides with that of £(T") from (4.6), one has
C1(T) is increasing in T" with 7% = +o0.
Case B) £(0) > 0 and &(400) <0
The above conditions are satisfied if and only if

nr(o0)

lM lR
0) < — and > =
n(0) s (o) laifrpra + S

In this case, {(T") crosses zero exactly once at 7' = T*. From (4.6), this then
implies that C1(7T) achieves the unique global maximum at 7.

Case C) {(T) <0 for T'>0
Since &(T') is decreasing, the above condition can be rewritten as

l
n.(0) > %

Clearly, one has £(T") < 0 for T' > 0 so that C1(T) is strictly decreasing in
T from (4.6). Accordingly, C1(T) achieves the unique global maximum at
T* = 0, completing the proof. O
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