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This paper is a continuation of [11], and will establish a number of results
related to those in [11] including some of the shape properties of LC* paracompacta
(=paracompact Hausdorff spaces).

§1. Review and supplements of the argument in [11]. Let A be a closed
subset of a topological space X. J. Dugundji [4] defined A to be PC} if for each
neighhorhood U of A there is a neighborhood V of A such that each continuous
map /:S*—> 7 is null-homotopic in U for 0=k=n. Using this notion the argu-
ments in [11] are summarized as follows.

Let fy: Xo— Y, be a closed continuous map from a topological space X, onto
a paracompactum Y, such that Y is a closed subset of Yy, X=/7(Y), xyeX, and
fey) is PCy, for each point y of Y. Let {8;]2e4} be the set of all the locally
finite collections of cozero-sets of Y, such that (a) Yo H,=U{V]VeB,;}, (b) the cor-
respondence V — VN Y for Ve, defines an isomorphism of N,) onto NB,NY),
and (c) exactly one member of B, contains v, where yo=/\o(z,) and N means the
operation of taking the nerve of a cover. For %, ped let us define A<u by requir-
ing that B, refines V,. Let us put G,=f7(H,), Ki=N(B,), and let ky; be the vertex
of K, corresponding to the member of B, containing v.. Let é::(H,, vo) = (K, £ox)
be a canonical map with ¢} (St(v: K,))=V for Ve, and let ¢, : (K., ko) = (K, kox)
be a canonical projection for A< Let us put f,=¢,2(/|G.) : (G, zo) — (K, Roa)-

Let 98, be the homotopy category of spaces having the homotopy type of a
pointed CW complex. Then {(K, &o1), [¢:.], 4} is isomorphic to the Cvlech system of
(Y, o) in pro-2B, {(G,, x0o), [i:.), A} is cofinal in W(X, zo; Xo)={(U, zo), [ivr-]; U nhds
of X in X}, and {1, f,, 4} is a special system map from {(G,, xo}, [22,], A} to {(K;, koea),
($ae), A}, Let us put pro-ze(W(X, zo; Xo)) ={z(U, 20), milive) ; U ubds of X in X,} and
denote by pro-mi(Y,y,) the k-th homotopy pro-group of (Y,,). Then {1,f;, 4} in-
duces a morphism of pro-groups

pro-zx(fo, X) 1 pro-me(U(X, 20 ; Xo)) — pro-zx( Y, yo),

and the argument in [11] yields
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Turorem 1.1.  The morphism pro-=z.(fo, X) is an isomorphism for 0<k=n and
an epimorphism for k=n+1.

Lemma 1.2, For any zed there exist ped with i<n and a continuous map
Gap: (K07 Ro) = (G, 20) Such that
(1) fi9:0.= 2,00 where 7, (K1, k) = (K, ko) 1S the inclusion
(2 for any polyvhedron (P,p,) with dim P=un, the diagram

[P,G)] Gde o PGy

(g2t (f)

(fﬂ)%

|
(¢2,)4

[P, K1) é—(_;A [P K] [P, K]
Julg!

is commutative, where [P, Z] means the set of all the homotopy classes of basepoint
preserving continuous maps from (P, py) to a pointed space (Z,zo).. In such a case
we write 2L .

Proor. Let us use the notation in [11]. Let r<2<pz and let &: (P, py) = (G, o)
be any continuous map and suppose that P is subdivided so fine that for each
vertex p of P we have &Stp)c f7N(V) with some Ve, Then fE5tp)cSt(v; K,).
If we define »: (P, py) — (K,, ko) by 7(P)=v,% is a simplicial approximation of f,£.
Since dim P=n, 5(Stp)cSt (3(p) ; K2**). Hence by [11, p. 699] we have fig;.5(Stp)cC
St (da,m(p); K). Thus, &5t p)Ug.n(Stp)c f54(V,.,), where V, ,e®B, corresponds to
éun(p). Hence i..p=i.g:». Replacing » by i and writing g¢,, instead of i,g., we
have Lemma 1.2.

Levmma 1.3, Let (Z,z,) be any pointed topological space with ddim Z=n. Then,
Jor any shape morphism h:(Z, z,) — (Y, yo) which is represented by {(h]e[Z, K]let}
with []=[dJh. for 2<p, there exists a set {{g))elZ, G,llie A} with [g.)=[i,1(g,.]
for A<y, such that Th)=[fg¢:] for 2ed, where [ ] denotes the homotopy class as
wusual.

Proor. Since ddim Z=n, we may, and will, assume that /4,(Z)c K" for Je.
Let 2« p and p#<«v. Then we have the following homotopy commutative diagram
(with base-points suppressed).
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SRS U R S P )
n,
gl;::,
7 h"‘ K Lo K
/71 J'“
(2
K L SN K+ — I 5 K e—if—— G,

By (1) of Lemma 1.2, we have f.g.i.~=¢,7i.~7d.¢% and by (2) of Lemma 1.2 we
have g,,0,0% ~=i.0.0,. Hence gui./t,=0,0.00. If v&s, then g,i.0, =100, For
Jed, let us put ¢;=g¢:.d./1, by choosing any p with 2<€p. Then [g;] is uniquely

determined by 2 and [¢;)=[%,)g,). Moreover, [%,)=[f:)lg:] for 2e/.

Lemma 1.4, If, in Lemma 1.3, each continuous map from (Z, z,) to (G;, x) is
Ffactored through a pointed polyhedron (P,, po) with dim P,=n(ied), then {[g)]|2e}
in Lemma 1.3 is uniquely determined by h.

Proor. Suppose that {[gillie 1} satisfies h.=fg}, ¢i=i:g, for i<p, and [¢.]=
[Bdla,] with [a,JelZ, P, [B.]elP,, G.] and dim P,=n. Then there is [¢,]e[P,, K]
such that j,i.8,=f,3,. By Lemma 1.2 we have ¢,,i.£,~%;.8.. Hence we have gj~
Lial =t fButtn = Grtnlu,.  Since j,if.0,=fg.=7,1,.01, we have ij,~i£.«, Therefore
G =Gl =0

Theorem 1.5 below is a direct consequence of Lemmas 1.3 and 1.4 and im-
proves [11, Theorem 4.31; it was announced by Bogatyi [2] for the case where

X, Y, Z are metric compacta and dim Z=n.

TuroreM 1.5, Let (X, z) ~ (Y,9e) be a closed continuous suvjeciive map
such that X is metrizable and pro-m.(f~'(y), z)=0 for each ye Y, each xef(y) and
each k with 0=k=n. Then, for a pointed topological space (Z,z,) with ddim Z=n
(cf. [B])) the map f.: G2, X]— &2, Y] induced by f is bijective.

The following is a generalization of [11, Theorem 1.2].

TurorEM 1.6. Let f be the same as in Theovem 1.5. If ddim X=n and
ddim Y=n+1, then f induces a shape equivalence.

Proor. Let 2« u. By [5] there exist ved with p<v and continuous maps ¢,,:
(K., ko) — (K o)y £0(Go, xo) = (P, Po), &1 (P, po) = (G, 1) with a polyhedron (P, po)
of dimension =# such that ¢,,~7.0.., 1, ~&. Then by Lemma 1.2 we have ¢, =
fxgz,l(/i,m iiv:glp¢#u.ﬁ;-

§2. Another Vietoris-type theorem. Let 0.(X, ) : 7u(X, @) = pro-mu(X, zp) be
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the natural morphism.

TuroreM 2.1, Lel [ X = Y be «a closed continwous map from a lopological
space X onto a paracompactum Y such that each fiber is PC}. Then for xye X and
yo=J (o), the composite of the morphisms :

(S DY, 1 -
71l X, o) —h'g—)* (Y, o) M pro-mi( Y, o)

is an isomorphism for 0=k=n and an epimorphism for k=n-+1.
Proor. Apply Theorem 1.1 to the case where X=X,

CoroLLARY 2.2, Let (X, ) be a pointed topological space which is homotopy
dominated by a pointed LC" paracompactum (Z, z,). Then Op(X, x,) 1S an iSomorphism
for 0=k=n and an epimorphism for k=n-+1.

Proor. " Apply Theorem 2.1 to the identity may 1z:Z— Z. Then ®u(Z, z) is
an isomorphism for 0=k=n and an epimorphism for k=n+1. We have then Corol-
lary 2.2 easily.

'Remark. Dugundji’s Vietoris-type theorems [4, Theorem 5.2 and the first part
of Theorem 5.1] follow immediately from Theorem 2.1 in view of Corollary 2.2.

CoroLLarY 2.3. Let (X, a0 be the same as in Corollary 2.2, If 7o (X, 20)=0,
then pro-myu. (X, 25)=0.

§3. Some properties of LC" paracompacta.

THeOREM 3.1. Let X be an LC" paracompactum and A a closed subset of X
with aeA. Let WA, a; X) be the inverse system which is defined in-§1. - Then the
pro-group {x(U, a), mi(ipv)| U, VEU(A, «; X)} is isomorphic to pro-mi.(A,a) for k with
0=k=n. )

Proor. Let {Uj2e4} be the totality of all the .cozero-sets of X containing A.
Then the inverse system {(U,, @), 4,4} is cofimal in WA, a; X); it is associated
withV(A, @) in the sense of [9] by [10, Theorem 5.1, Let W, ={(Us,, ptin), p€2(2)} be
the Cech system of the space (U,,«). Then U={(U,,, #;,), #€2(2), i€ A} becomes an
inverse system defined on a filtered category (cf. [1, p. 165]). Since U is associated
with (A, @) in the sense of [9], U is isomorphic to the (vjech system of (A, a). Hence
pro-mu(A, @)= {ma Usy, 16),) 1€ 2(2), 2€ 4}, Since U, is an LC* paracompactum, it" fol-
lows from Corollary 2.2 that {zy(U.,, #:,.), p€ 202, Ae Ny ={me(U, @), wilize), A} for 0=
k=n. Hence pro-zy(A, a)={zx(U,, @), nxlin.), A}

CorOLLARY 3.2. Let A be a closed subset of an LC" paracompactum X and
let 0=m=n. Then A is PCY} iff pro-mi(A,a)=0 for each acA and 0=k=m.
By virtue of Corollary 3.2 we obtain from Theorem 1.1
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Turorem 3.3, Lel X be a paracompactum and let [ : X — Y be a closed con-
linuous Surjective map such that pro-=.(f y),x)=0 for each yeY, each zef*(y)
and each k with 0=k=n. In case there is an LC"' paracompactum X, which
contains X as a closed subset, the induced morphism pro-=,(f): pro-=,(X, x) — pro-
=Y, f(x)) is an isomorphism for 0=sk=n and an epimorphism for k=n-+1.

§4. Finite-dimensional LC" paracompacta.

Turorem 4.1, Let f: X > Y be a closed continuous map from « topological
sdace X onto a paracompactum Y such that each fiber is PCY, and let yo=Fx),
zoe X, If ddim Y=n+1, then Y is uniformly movable.

Proor. Let us use the notation in §1; in the present case we have X;=G,=
X for each zed. Let 2e.d. Then by Lemma 1.2 there are ;>2 and ¢, : (K,, ko) —
(X, zy) such that figi, =7, (K7 Y, ko) = (K, ko). Since ddim Y=#n+1, there are
v and o, (K, ko) = (K, ke, such that jd,,=~¢.. Let us put Z=fg,b,.:
(K., ko) = (Y, y0). Then we have ¢, =¢1.7u0m = 101,00 =03 S02,010, that is, ¢r.=dih.
This shows that (Y, y,) is uniformly movable.

COROLLARY 4.2. A pointed LC" paracompactum (X, x,) with ddim X=n-+1 is
uniformily movable.

Corollary 4.2 was announced by Kozlowski and Segal [7] for the case where
dim X=n.

Let , and &, be the homotopy category and the shape category, of pointed
topological spaces, respectively, and let S: 9, — &, be the shape functor.

Then the following is a direct consequence of Lemma 1.2.

TuroreM 4.3, Let f: X— Y be the same as in Theorem 4.1. If P is a poly-
hedron with dim P=n and p,eP, then [ induces a bijective map f,: [P, X]1— S[P, Y.

COROLLARY 4.4. Let X be an LC" pavacompactum. If P is a polyhedron with
dim P=n and pee P, then [P, X1 — S P, X] induced by the shape functor S is bijective.
Corollary 4.4 was proved by Kozlowski and Segal [7].

TuroreMm 4.5, Let f be the same as in Theorem 4.1. Then, for amy shape
morphism h.(Z, zo) > (Y, yy) with ddim Z=n, there exist continuous maps &:(Z, zo) —
(P, po) and (P, po) — (X, x0) such that P is a polyhedvon with dim P=n and h=
S(78).

Proor. Apply the argument in the proof of Lemma 1.3 to the case where
_X=X9.

THeOREM 4.6. Let f be the same as in Theorem 4.1. If ddim Y=n, then
(Y, v0) is shape dominated by a poinied polyhedron of dimension=n.

CorOLLARY 4.7. If X is an LC" paracompactum with ddim X=n, then (X, x,)
is shape dominated by a pointed polyvhedron of dimension=n.
Vol. 18, No. 372]
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Corollary 4.7 was announced by Kozlowski and Segal [7] for the case where
dim X=n.

Turorem 4.8, Let X be an LC" metric space, Z a ilopological space with
dimZ=n, and zeX, 20 Z. Then the map [Z, X]— &7, X, induced by the shape
Junctor S, is bijective.

Proor. Let ¢:(Z, z,) > (X, x,) be any continuous map. Then by [8, Lemma
2.2] ¢ is factored as g=g,q,, Where go:(Z, zo) = (T, t), ¢1: (T, ) — (X, xy) are con-
tinuous maps, 7' is a metric space and dim I"sn. By a pointed version of [6, Chap.
V, § 6] there is a pointed polyhedron (P, p,) with dim P=# such that any continuous
map &:(7,t) — (X, zo) can be factored through (P,p,). Hence by Lemmas 1.3 and
1.4 we have Theorem 4.8.

AppENDUM.  After having completed this paper, the author received Dydak
[12] and found that in [12] Dydak proved Theorems 1.5 and 1.6 for the case of ¥
being metrizable and Corollaries 2.2 and 2.3 for the case of X being LC" metrizable.
Moreover, Dydak [12] proved Theorem 4.8 under a weaker assumption that
ddim Z=mn; the proof there would be completed if one can prove a suitable factori-
zation theorem.
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