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Abstract

In this paper, we propose a new methodology to deal with PCA in high-dimension, low-
sample-size (HDLSS) data situations. We give an idea of estimating eigenvalues via singular
values of a cross data matrix. We provide consistency properties of the eigenvalue estimation
as well as its limiting distribution when the dimension d and the sample size n both grow
to infinity in such a way that n is much lower than d. We apply the new methodology to
estimating PC directions and PC scores in HDLSS data situations. We give an application
of the findings in this paper to a mixture model to classify a dataset into two clusters. We
demonstrate how the new methodology performs by using HDLSS data from a microarray

study of prostate cancer.
Key words: Consistency; Eigenvalue distribution; HDLSS; Microarray data analysis;

Mixture model; Principal component analysis; Singular value.

1. Introduction

High Dimension, Low Sample Size (HDLSS) data are emerging in various areas of modern
science such as genetic microarrays, medical imaging, text recognition, finance, chemomet-
rics, and so on. The asymptotic studies of this type of data are becoming increasingly
relevant. Principal Component Analysis (PCA) is an important tool of dimension reduction

especially when the dimension is very high. PCA visualizes important underlying structures
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in the data by approximating the data with the first few principal components. Let us see
Fig.1. The data in Fig.1, described in detail in Singh et al. [11] and Pochet et al. [9], are
from a microarray study of prostate cancer. Different symbols correspond to cancer sub-
types. The dataset contains 34 patients with 12600 genes. There are 9 Normal Prostate
(plotted as o) and 25 Prostate Tumors (plotted as x). Fig.1 shows the projections of the
data onto the subspaces generated by the first three PC directions (PC1, PC2 and PC3).
We carried out PCA using this data to reduce the high dimensionality to a few specified

dimensions so that it could be visualized effectively.
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Fig.1. Scatterplots of PC scores by PC1 and PC2 (left panel) or PC1 and PC3 (right panel).
There are 9 Normal Prostate (plotted as o) and 25 Prostate Tumors (plotted as x).

As observed in Fig.1, the first few PC directions seem to separate the normal and tumor
samples. However, the separation between the two cases is not always clear. One of the
causes of obscurity is in extreme high-dimensional setting in the sense of a small number of
patients and a large number of gene expression levels for each patient. It is very crucial in
studying PCA in HDLSS data situations.

In recent years, substantial work has been done on the asymptotic behavior of eigenvalues
of the sample covariance matrix in the limit as d — oo, see Johnstone [6], Baik et al. [2]
and Paul [10] for Gaussian assumptions, and Baik and Silverstein [3] for non-Gaussian but
i.i.d. assumptions when d and n increase at the same rate, i.e. n/d — ¢ > 0. On the other
hand, Johnstone and Lu [7] have shown that the estimate of the leading principal component

vector is consistent if and only if d(n)/n — 0. Many of these focus on the spiked covariance



model introduced by Johnstone [6]. In HDLSS settings, Hall et al. [4] and Ahn et al. [1]
have studied the HDLSS asymptotics in which d — oo while n is fixed. They explored
conditions to give a geometric representation of HDLSS data. The HDLSS asymptotics
usually regulate either the population distribution by the normality or the dependency of
the random variables in the sphered data matrix by the p-mixing condition as described, for
example, on p.440 in Hall et al. [4]. Those assumptions are somewhat too strict and have
some obvious shortcomings. Yata and Aoshima [13] have developed the HDLSS asymptotics
in more general settings without assuming either the normality or the p-mixing condition
and applied to estimating the intrinsic dimension of a HDLSS dataset.

In this paper, suppose we have a d x n data matrix X 4 = [®1(q), ..., Zn()] With d > n,
where @4 = (Tig(ays -, Tan(@))’ > k = 1,...,n, are independent and identically distributed
as a d-dimensional multivariate distribution with mean zero and positive definite covariance
matrix 4. The eigen-decomposition of Xy is ¥y = H;AjH dT, where Ay is a diagonal
matrix of eigenvalues Aiq) > -+ > Agay(> 0) and Hyg = [hy), ..., ha)] is a matrix of
corresponding eigenvectors. Then, Z 4 = A;l/ °H gX (@) 18 a d x n sphered data matrix from
a distribution with the identity covariance matrix. Here, we write Z 4y = [zl(d), e zd(d)]T
and zjay = (2j1(), s Zjn@@))’ s J = 1,...,d. Hereafter, the subscript d will be omitted for
the sake of simplicity when it does not cause any confusion. We assume that the fourth
moments of each variable in Z are uniformly bounded and ||z;|| # 0 for j = 1,...,d, where
|| - || denotes the Euclidean norm. The multivariate distribution assumed here does not have
to be Gaussian and the random variables in Z do not have to be regulated by the p-mixing

condition. Then, we consider a general setting as follows:

Aj=a;d% (j=1,..,m) and N\ =¢; (j=m+1,..,d). (1)
Here, a;(> 0), ¢;(> 0) and a;(a; > --- > oy, > 0) are unknown constants preserving the
ordering that \; > --- > A4, and m is an unknown positive integer.

The sample covariance matrix is § = n~' X X7 and its dual matrix is defined by Sp =
n~'XTX. Note that Sp and S share non-zero eigenvalues. Let N> > 5\11(2 0) be the

eigenvalues of Sp. Let us write the eigen-decomposition of Sp as Sp = Z?Zl j\j'&j'&f. Jung
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and Marron [8] found it strongly inconsistent for estimating PC directions of HDLSS data
satisfying (1) along with

d
Z)\g — 0 as d— oo, where 5\j = )\j/(Z?:l Aj). (2)

j=1
We note that the formulation (1), provided that oy < 1 and ¢4 > 0, includes the case
satisfying (2). Recently, Yata and Aoshima [12] have given the convergence conditions with
respect to d and n to claim the consistency properties for the sample eigenvalues as well as

the PC directions and the PC scores: For j =1, ..., m, it holds that

P

L=1+0,(1) (3)

J

>

under the conditions:

(YA-i) d — oo and n — oo for j such that a; > 1;
(YA-ii) d — oo and d*72* /n — 0 for j such that «; € (0, 1].
If zjx, j=1,....,d (k =1,...,n) are independent, the above conditions are modified as

(YA-i’) d — oo and n — oo for j such that a; > 1;

(YA-ii’) d — oo and d'~* /n — 0 for j such that «; € (0,1].

In addition, they have given the limiting distribution of the sample eigenvalue. It should
be noted that n is free from d in condition (YA-i) or (YA-i’). The condition for a; > 1
is more relaxed than that for a; € (0, 1] given by (YA-ii) or (YA-ii’). The facts described
above draw our attention to the limitations of the capabilities of naive PCA in HDLSS data
situations. Let us see a case, say, that d = 1000, \; = d*/3 and Ay = --- = \y = 1. Then, we
observe from (YA-ii) that one requires the sample size to be n >> d?~2 = %3 = 100. It
is somewhat inconvenient for the experimenter to handle HDLSS data situations.

In this paper, we propose a new methodology to deal with PCA in HDLSS data situations.
In Section 2, we give an idea of estimating eigenvalues via singular values of a cross data
matrix. We provide consistency properties of the eigenvalue estimation as well as its limiting

distribution. The new methodology is examined in its performance in Section 3. We apply
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the new methodology to estimating PC directions and PC scores in Sections 4 and 5. In
Section 6, we give an application of the findings in this paper to a mixture model to classify a
dataset into two clusters. In Section 7, we demonstrate how the new methodology performs

in HDLSS data situations with the microarray data used in Fig 1.

2. New estimation methodology

Suppose we have two d x n data matrices, X; = [x;,...,Tin), i = 1,2, where x;, =
(Tirgs ooy Tigr)?, @ = 1,2; k = 1,...,n, are independent and identically distributed as a d-
dimensional multivariate distribution as stated before. Note that the size n in X; and
X, may be different. We define a cross data matrix by Spq) = n’leTXg or Spp) =
nX1 X, (= Sg(l)). Let us write that Z; = A™Y2H" X, i = 1,2, as d x n sphered data
matrices from a distribution with the identity covariance matrix. Note that Z; and Z, are
independent. Let Z; = 21, ..., z:a)" and 2z = (241, -+, 2ijn)*, i = 1,2; j = 1,...,d. Then, we
have that Sp) = nt Z;lzl )\jleZ%}. When we consider the singular value decomposition
of Spqy, it follows that Spu) = Z?Zl /N\jﬁj(l)&f@), where A\, > -+ > S\n(z 0) denote
singular values of Sp(), and ;1) (or ;2)) denotes a unit left- (or right-) singular vector
corresponding to S\j (j=1,..,n).

Now, we consider an easy example such as \;y = d*', Ay = --- = Ay = 1, where
a; € (1/2,1). Note that it is satisfying (2). Let us write that \{'Spay = n~lz2] +

(nAy)~! Z;l:Q zlszTj. Here, by using Markov’s inequality for any 7 > 0, one has for all

elements of (nA;)™! Z;LQ z1;2;; that
d 2
P(Z ((n)\l)*l Z,lei/Zij/> > T) S T71d172a1 = 0(1)
i’ j=2

as d — oo either when n — oo or n is fixed. Thus we have that 3, ., ((nA;) ™" Z;lzz 214122450 )>

= 0,(1). Let e;, = (€i1, .-, €in)", i = 1,2, be arbitrary unit n-vectors. Then, we have that

d
> ewens Do) oz | < (3 (o)
i’ 7j=2

i’ J

2\ 1/2

d
=2



Thus it holds that A\;'el Sp)es, = €], n 121121 €3, 4+ 0,(1). Now, let us consider singular

values of Sp(1). Noting that |[n=1/2z;|| = 1 + 0,(1) as n — oo, we claim as d — oo and

n — oo that ~
A
A

with respect to any unit n-vectors ey, and es,. When we compare that fact with (3), it

= max (elTnn’lezQTleQn + op(l)) =14 o0,(1)

is observed that the singular value \; has consistency with \; for oy € (1/2,1) under the
condition that d — oo and n — oo. The above convergence condition relaxes (YA-ii) for
(3) in the sense that n is chosen free from d. This is our motivation for the new estimation

methodology to start with singular values of a cross data matrix Sp).

[New estimation methodology (Cross-data-matriz methodology)]
(Step 1) Define a cross data matrix by Spy =n"1 X7 Xo.
(Step 2) Calculate the singular values S\j’s of Spqy for the estimation of A;’s.

Yata and Aoshima [13] considered a dual square matrix defined by S%(l)(: S D(l)S;g(l))
for the estimation of the intrinsic dimension of a HDLSS dataset. We have the following

theorem.

Theorem 1. For j =1,...,m, we have that

| 2
<

—1+0,(1) (4)

>

J

under the conditions:
(i) d — 00 and n — oo for j such that o; > 1/2;
(ii) d — oo and d*2% /n — 0 for j such that o; € (0,1/2].
Corollary 1. Assume further in Theorem 1 that zj, j=1,...d (1 =1,2; k=1,...,n)

are independent. Then, for j = 1,...,m, we have () under the conditions:

(i) d = o0 and n — oo for j such that o; > 1/2;



(ii) d — oo and there exists a positive constant €; satisfying d*~2* /n < d~%i for j such

that o € (0,1/2].

Corollary 2.  When the population mean may not be zero, let us write that S,pa)y =
n I (X, — X1)T (X9 — X)), where X; = [Zi1, ..., Tig) " is having n-vector Ti; = (Tij, ..., Tij)T
with T;; = Y p_y xye/n (§ = 1,...,d) for each i (= 1,2). Then, after replacing Spp) with

Sop(1y, the assertion in Theorem 1 (or Corollary 1) is still justified under those conditions.
Theorem 2. Let V(z};) = M; (< 00) for j = 1,..,m (i = 1,2;k = 1,...,n). Assume
that the first m population eigenvalues are distinct. Then, under the conditions (i)-(ii) in
Theorem 1, we have for j =1, ...,m, that

2n S\j
7 (A—j — 1) = N(0,1), (5)

J

where “=" denotes the convergence in distribution and N(0,1) denotes a random variable

distributed as the Standard normal distribution.

Corollary 3. Assume further in Theorem 2 that zy, j =1,..,d (i =1,2; k=1,...,n)

are independent. Then, for j =1, ...,m, we have (5) under the conditions:

(i) d = o0 and n — oo for j such that o; > 1/2;

(ii) d — oo and d* %% /n — 0 for j such that o; € (0,1/2].

Remark 1. When the population eigenvalues are not distinct such as \; > --- > \,,, we
can still claim both Theorem 2 and Corollary 3 for some j such that A\; has multiplicity
one. When the population mean may not be zero, we can still claim both Theorem 2 and

Corollary 3 by using S,p(1) defined in Corollary 2.

Remark 2. Suppose that we have a d x n data matrix, X = [&1, ..., @,] = [@11, ..., T1ny, To1,
wey Lo, |, Where ny + ngy = n with ny = O(n) and ny = O(n) for a fixed n. One may define

X, and X, by X; = [®i,..., %], ¢ = 1,2. Then, one may generally define Spny =



(niny)~*/2XT X,. Then, we can claim both Theorem 1 and Corollary 1. For Theorem 2 and
Corollary 3, the result (5) is modified by

n1n9 S\j
2,/ ——1 N(0,1).

Hence, the variance of S\j /A, is approximately given by M;n/(4niny) which has the minimum

M;/n when ny = ny . We suggest that one should divide X into X; and X, with equally
balanced ny = ny (=n') when n = 2n’ or ny =n’ + 1 and ny = n’ when n = 2n’ + 1. Then,

for Theorem 2 and Corollary 3, the result (5) is modified by

n :\j
— | = -1 N(0,1).

Remark 3. The condition (ii) given by Theorem 1 (or Theorem 2) is a sufficient condition
for the case of a; € (0,1/2]. If more information is available about the distribution of X,
the condition (ii) can be relaxed to give consistency under a broader set of (d,n) for the
case of a; € (0,1/2]. For example, when X; is Gaussian, the asymptotic property is claimed

under a broader set of (d,n) given by the condition (ii) of Corollary 1 (or Corollary 3).

Remark 4. In view of Theorem 1 compared to (3), the cross-data-matrix methodology
successfully relaxes the condition for the case that a; > 1/2. The conditions given by
Theorem 1 are not continuous in «; at a; = 1/2. When X, is Gaussian, the conditions given

by Corollaries 1 and 3 are continuous in «;.

Remark 5. One might recall that the Partial Least Squares Regression (PLSR) deals with
the singular value decomposition of a cross covariance matrix defined by a response variables
matrix and a predictor variables matrix. See, for example, Chapter 3 in Hastie et al. [5].
It should be noted that the cross data matrix used in the new estimation methodology is
defined by two independent data matrices taken from a common dataset. The cross-data-

matrix methodology given in this paper is conceptually different from PLSR.



3. Performances

We observe naive PCA that the sample size n should be determined depending on d
for a; € (1/2,1] in (3). On the other hand, the cross-data-matrix methodology allows the
experimenter to choose n free from d for the case that o; > 1/2 as seen in Theorems 1-2.
The cross-data-matrix methodology might make it possible to give feasible estimation of
eigenvalues for HDLSS data with extremely small order of n compared to d. In this section,
we examine its performance with the help of Monte Carlo simulations.

We first consider the Gaussian case. Independent pseudorandom normal observations
were generated from Ny (0,X) with d = 1600. We considered \; = d?/3, \y = d'/? and
A3 = -+ =N = 1in (1). We used the sample of size n = 20(20)100 to define the data
matrix X : dxn for the calculation of Sp, whereas we divided the sample into X, : dx (n/2)
and X, : d x (n/2) for the calculation of Sp) in Theorem 1. The findings were obtained
by averaging the outcomes from 1000 (= R, say) replications. Under a fixed scenario,
suppose that the r-th replication ends with estimates of A;, j\jr and S\jr (r=1,...,R), given
by using (3) and Theorem 1, respectively. Let us simply write 5\]- = R! Zil 5\]‘7‘ and
A= RIS N, We considered two quantities, A: A;/A; and B: A;/\;. Fig. 2 shows the
behaviors of both A and B for the first two eigenvalues. By observing the behavior of A,
(3) seems not to give a feasible estimation within the range of n. The sample size n was not
large enough to use the eigenvalues of Sp for such a high-dimensional space. On the other
hand, in view of the behavior of B, Theorem 1 gives a reasonable estimation surprisingly well
for such HDLSS datasets. The cross-data-matrix methodology seems to perform excellently

as expected theoretically.
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Fig. 2. The behaviors of A: \;/)\; and B: \j/\; for the first eigenvalue (left panel) and second
eigenvalue (right panel) when the samples, of size n = 20(20)100, were taken from Ny(0,X) with
d = 1600.

We also considered the Monte Carlo variability. Let Var(\;/\;) = (R—1)"' 2% (A, —
S\j)z/)\i and Var(\;/)\;) = (R — 1) Zle(j\jr - S\j)Z//\g. We considered two quantities, A:
Var();/),) and B: Var(},/);), in Fig. 3 to show the behaviors of sample variances of both

A and B for the first two eigenvalues.
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Fig. 3. The behaviors of A: Var();/);) and B: Var();/)\;) for the first eigenvalue (left panel) and
second eigenvalue (right panel) when the samples, of size n = 20(20)100, were taken from Ny (0, X)
with d = 1600.

By observing the behaviors of the sample variances, both the behaviors seem not to make

much difference between A and B. From Theorem 2 of Yata and Aoshima [12], the limiting
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distribution of (n/2)"/2(\;/\;—1) is N(0,1), so that the variance of A is approximately given
by Var(j\j/)\j) = 2/n. On the other hand, in view of Theorem 2, noting that the sample is
divided into two pieces of size n/2 for each in B, the limiting distribution of (n/2)/2(X;/\;—1)
is N(0,1). Hence, the variance of B is approximately given by Var()\;/);) = 2/n; that is
approximately equal to the variance of A.

Next, we considered a non-Gaussian case. Independent pseudorandom observations were
generated from a d-variate t-distribution, £4(0, X, v), with mean zero, covariance matrix 3
and degree of freedom v = 15. We considered the case that A, = d%/3, Ay = d'/? and
A3 =---= A = 11in (1) as before. We fixed the sample size as n = 60. We set the dimen-
sion as d = 1000(200)2000. Similarly to Fig. 2, the findings were obtained by averaging the
outcomes from 1000 replications. Fig. 4 shows the behaviors of two quantities, A: S\j /A; and

B: S\j /A, for the first two eigenvalues.
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Fig. 4. The behaviors of A: 5\j /A; and B: \;/)\; for the first eigenvalue (left panel) and second
eigenvalue (right panel) when the samples, of size n = 60, were taken from t4(0,3,v) with v = 15

and d = 1000(200)2000.

Again, the cross-data-matrix methodology seems to perform much better than naive PCA.
One can observe the consistency of \; for all d = 1000(200)2000. We conducted simula-
tion studies for other settings as well and verified the superiority of the cross-data-matrix

methodology to naive PCA in HDLSS data situations.
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4. PC directions with the cross-data-matrix methodology

In this section, we apply the cross-data-matrix methodology to PC direction vectors.
Jung and Marron [8], and Yata and Aoshima [12] studied consistency properties of PC
direction vectors in the context of naive PCA. Let H = [ﬁl, e ,fzd] such that H' SH = A
and A = diag(jxl, e ,5\d). Then, Yata and Aoshima [12] gave consistency properties of the
sample eigenvectors with their population counterparts: Assume that the first m population
eigenvalues are distinct such as Ay > --- > \,,. Then, the first m sample eigenvectors are
consistent in the sense that

Angle(h;, h;) - 0 (6)
under the conditions (YA-i)-(YA-ii) appeared in Section 1. If 2, j=1,....,d (k=1,...,n)
are independent, those conditions are modified as (YA-1')-(YA-ii’).

Now, we consider applying the cross-data-matrix methodology to the PC direction vec-
tors. Recall that S7 D) = Sp Z-)S}g(i) (1 = 1,2). We have the eigen-decomposition of SQD(l)
as Shyy = Yoy )\J'u,] ). Let us define hjsy = (n\)"V?Xtju), i = 1,2, Since
the sign of each eigenvector does not match the other, we adjust the sign of ij(Q) as
hij) = Sign(ﬁf(l)ﬁj(g))ﬁj@). After the modification, we consider h; = (hjq) + hj()/2 as an

estimate of the PC direction vector, h;. Here, we also consider a unit vector, hj, = h;/||h;]|.

Theorem 3. Assume that the first m population eigenvalues are distinct such as Ay > -+ >

Am. Then, the first m sample eigenvectors are consistent in the sense that
Angle(hy,, hj) 50 (7)
under the conditions:

(i) d — 00 and n — oo for j such that o; > 1;
(ii) d — oo and d*=% /n — 0 for j such that a; € (1/2,1];
(iii) d — oo and d*~2* /n — 0 for j such that o € (0,1/2].

12



Corollary 4. Assume further in Theorem 3 that z;j,, j=1,...,d (i=1,2; k=1,...,n) are
independent. Then, the first m sample eigenvectors are consistent in the sense of (7) under

the conditions:

(i) d = o0 and n — oo for j such that oj > 1;

(ii) d — o0 and d*=% /n — 0 for j such that a; € (0,1].

Remark 6. Suppose the assumption in Theorem 3. Then, we claim that
- T
h;h; =1+ 0,(1)

under the conditions (i)-(ii) of Theorem 1. Suppose the assumption in Corollary 4. Then,

the above assertion is justified under the conditions (i)-(ii) of Corollary 1.

Remark 7. When the population eigenvalues are not distinct such as \y > --- > A,,,, we
can still claim a set of the results described above for some j such that \; has multiplicity
one. When the population mean may not be zero, we still have the above results by using

Sopa) defined in Corollary 2.

5. PC scores with the cross-data-matrix methodology

The estimation of principal component scores (Pcs) is an important issue in PCA. The
j-th Pcs of @;, is given by h]ka = zjk\/)\_j (= sk, say). However, since h; is unknown, one
calculates hjra:k by using an estimate of hj;. In HDLSS data situations, it is very crucial
for the experimenter to choose some reasonable estimate of h;. Yata and Aoshima [12] gave
a sample eigenvector by ﬁj = (nS\j)*l/QX'&j, so that the j-th Pcs of x; was estimated by
ﬁ]ka = ﬁjk\/TS\j (= 8k, say), where ﬁ? = (41, ..., 7). Note that h; can be calculated
by using a unit-norm eigenvector, @;, of Sp whose size is much smaller than S especially
for a HDLSS data matrix. They studied the Pcs of naive PCA in terms of the sample mean
square error, MSE(3;) = n= ' >0 (85 — sjx)?, of the j-th Pcs: Assume that the first m
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population eigenvalues are distinct such that Ay > --- > \,,. Then, for j = 1,...,m, it holds
that

MSE(5;)
N op(1) (8)

under the conditions (YA-i)-(YA-ii) appeared in Section 1. If zj;, 7 =1,...,d (k =1, ...,n) are
independent, those conditions are modified as (YA-1’)-(YA-ii’). By noting that V(s;,) = A;,
one may observe from (8) that the average of the normalized square error, )\j_l(éjk — sjk)?,
tends to zero under the convergence conditions.

Now, we consider applying the cross-data-matrix methodology to principal component
scores. Suppose we have d x n data matrices, X = [y, ..., | = [®11, .., T1ng, To1, ooy Tony) s
where n; + ny = n with ny = O(n) and ny = O(n). See Remark 2 about how to handle
the general case that n; and ny may not be equal. Let X; = [x;,...,T,], ¢ = 1,2. Let
21 = (21,0 Zjny) and 235 = (Zjn, 41,0, Zjn), J = 1,...,d. Recall that ;) (or @) is
a unit left- (or right-) singular vector corresponding to the singular value 5\]- (j=1,...n)
of Spay = n‘leXg. Note that w;(;) is available as an eigenvector of S2D(i) = SD(Z-)S:,S@
for each ¢ (= 1,2). Since the sign of each eigenvector does not match the other, we ad-
just the sign of ;o) as wjpo) = Sign(ﬂjr(l)XlTXg'&j(g))'[1,3-(2). After the modification, let
us write that &f(i) = (@j133), --> Ujny(3)), ¢ = 1,2. Then, the j-th Pcs of x;, is estimated
by ﬁjk(i)m (= 3jk), say). Here, we write that 8,1y = 51 and 3jp2) = Sjk4n,. Let
MSE(3;) =n' >, (55 — s;1)* Then, we obtain the following result on the Pcs given by

the cross-data-matrix methodology.

Theorem 4. Assume that the first m population eigenvalues are distinct such that Ay >
coo > Ny, Then, for 3 =1,...,m, we have that
MSE(s;)
Tj = 0p(1) (9)
J

under the conditions (i)-(ii) in Theorem 1.

Corollary 5. Assume further that z,, j=1,..,d (k=1,...,n) are independent. Then, we
have (9) under the conditions (i)-(ii) in Corollary 1.
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Remark 8. Assume that the first m population eigenvalues are distinct such that A; >

+» > Ap. Then, for any k (= 1,...,n), it holds that

5\]—1/2§]k _ )\j_l/zsjk + Op(l) = Z]k + Op(l) (10)

under the conditions (i)-(ii) of Theorem 1. If the assumption in Corollary 5 is supposed, we

claim (10) under the conditions (i)-(ii) of Corollary 3.

For a singular vector ;¢ (i = 1,2), we claim the following result.

Corollary 6. Suppose the assumption in Theorem 4. Then, the first m eigenvectors of Sp

are consistent in the sense that
Angle(tiy, n?25) = 0 (11)

forj=1,...m (i = 1,2), under the conditions (i)-(ii) in Theorem 1. If the assumption in

Corollary 5 is supposed, we claim (11) under the conditions (i)-(ii) in Corollary 1.

From Corollary 6, we have that a singular vector w;(; is consistent with a vector of Pcs,

n_l/inj.

Remark 9. When the population eigenvalues are not distinct such as \; > --- > \,,,, we
can still claim a set of the results described above for some j such that A\; has multiplicity
one. When the population mean may not be zero, we still have the above results by using

S,pa) defined in Corollary 2.

It should be noted that the cross-data-matrix methodology successfully relaxes the con-
vergence condition to hold the consistency properties for the case that a; > 1/2.
6. Application

In this section, we give an application of the findings in this paper to a mixture model

to classify a dataset into two clusters. We assume that the observation is sampled with

15



mixing proportions w;’s from two populations, II; and IIy, and the label of the population

is missing. We consider a mixture model whose p.d.f. (or p.f.) is given by

f(93> :w17T1(m;l$1721) +w1772(93;u2,22), (12)

where w;’s are positive constants such that wy + wy = 1 and m;(x; p;, 3;)’s are d-variate
p.d.f. (or p.f.) of II; having mean vector p, and covariance matrix ;. Let p be the
mean vector and let 3 be the covariance matrix of the mixture model. Then, we have that
= wipy + wapty and X = wiwa (g — o) (g — po)? + w1 X1 + weXs. We assume (1) about
3.

Suppose we have a d x n data matrix X = [xy,...,x,]|, where ), k = 1,...,n, are
independent and identically distributed as (12). Let A = ||p; — pol|*. Let Ay and Ao
be the largest eigenvalues of 3; and ¥,. We assume that Aq)/A — 0 and Ap)/A — 0 as
d — oo. Then, one claims that

At

wiwo A =1+o0(1) and Angle(hy, (p; — Nz)/Al/Q) — 0.

Hence, for sy, (the first Pcs of @, — p), we have as d — oo that

st hi(ze—p) (g — po)"(zr — p)

vy Ve Vwiwa A

When x;, € II; (i = 1,2), we have for any 7 > 0 as d — oo that

(1+o0(1)).

P(IA (g = )T (@ — )| > 7) <7207 (g — ) TEi(py — py) <7 PATIAG — 0

by using Chebyshev’s inequality. Then, by noting that p; — p = we (e — po) and py — p =

—wq(p; — ps), we have as d — oo that

Vw/wy +0,(1)  (x € 1),
—\/wl/wg + Op(l) (Q?k & Hg)

Thus, from the first Pcs sqx, one can classify the dataset {@1, ..., x,} into two clusters. From

Theorem 4 (or Remark 8) in Section 5, the first Pcs s1; can be estimated by 3y, effectively.
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7. Demonstration

In this section, we demonstrate how to apply the cross-data-matrix methodology to a
real dataset. We make use of gene expression data, introduced in Section 1, that are from a
microarray study of prostate cancer. Refer to Singh et al. [11] and Pochet et al. [9] for details
of the dataset. The dataset consisted of 12600 (= d) genes and 34 (= n) microarrays in which
there were 9 Normal Prostate and 25 Prostate Tumors. We assume the mixture model (12)
for the dataset. We started with data matrix X : 12600 x 34 = [X, X]. Here, we set
(ny,n2) = (17,17) to divide the whole sample into X; : 12600 x 17 and X5 : 12600 x 17.
We put 4 Normal Prostate and 13 Prostate Tumor samples in X; and the others (that is,
5 Normal Prostate and 12 Prostate Tumor samples) in X5 so as to balance one thing with
another. We focused on a three dimensional (3D) sub-space. Refer to Yata and Aoshima
[13] for the intrinsic dimensionality estimation. Let us define S,pa) = (nine) V23X —
X1)T(X2 — X5) and Sop2) = SZD(U according to Corollary 2. We calculated eigenvalues
of 82,1) = Sop)Sipay as (A, A3, A3,..) = (3.29% x 10'6,1.39% x 10'0,8.482 x 10, ).
With the help of Theorem 1, we obtained the estimates of the first three eigenvalues as
(3.29 x 108,1.39 x 10%,8.48 x 107). Next, we considered the Pcs along the lines of Section
5. Let SzD(Q) = SOD(Q)SZD(Q). Then, we calculated the first three eigenvectors of SzD(l)
and S(Q,D(Q) as (1), Wa(1), U3(1)) and (wy(2), Ua(2), Uy(2)), respectively. For every j (= 1,2,3),
we adjusted the sign of o) by multiplying s; = Sign(ﬁf(l)(Xl - X)X, — Yg)’&j(g)) as
S;W;(2). Let fJ,JT(l) = (@1, ..., Uj17) and '&f(z) = (@18, ..., Uj34) after the modification described
above. Then, the j-th Pcs of k-th sample was given by §;, = ajkm (k=1,...,17) and
Sik = ﬂjkm (k =18,...,34). Fig. 5 gives the scatterplots of the first three PC scores.
As observed, Normal Prostate (plotted as o) and Prostate Tumor (plotted as x) samples
seem to be separated clearer than in Fig. 1 that was plotted by using naive PCA. It is
obvious specially on the first Pcs (PC1) line. This observation is theoretically supported by
the arguments in Section 6. We observed that the superiority of new PCA, given by using
the cross-data-matrix methodology, to naive PCA was remarkable in many other HDLSS

situations.
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Fig. 5. Scatterplots of PC scores by PC1 and PC2 (left panel) or PC1 and PC3 (right panel)
by using the cross-data-matrix methodology. There are 9 Normal Prostate (plotted as o) and 25

Prostate Tumors (plotted as x).

A. Appendix

Throughout this section, let R, = {e, € R" : ||e,|| = 1} and let e;,, ¢ = 1,2, be

arbitrary elements of R,,. Let Vi = n 'Y " Azy28 Voay =n"t Zgzmﬂ A\sz1s25, and

d

Vo) = VQT(l). Let us write Vo) = (v;), where v;; = n™* ) —

)\SzlsiZQSj. Let U2 =

nt Zf:mﬂ Aszszl. Let Ugy = (uy;) be an n X n matrix such that

n_l Z§:m+1 )\szsizsj (Z 7£ j)7
0 (i = j)-

uij =

singular values of V'i;. Let w;;1) € R, be a left-singular vector and let u;;2) € R, be a
right-singular vector corresponding to 5\1-]- (j = 1,...,s;). Then, we have the singular value
decomposition as Vi; = > —1/2

1,...,m).

ziy (i=1,2; j=

The following three lemmas were obtained by Yata and Aoshima [12].

Lemma 1. [t holds for j = 1,...,m, that ||d~* el Uy ||> = 0,(1) under the conditions:

(i) d — oo either when n — oo or n is fized for j such that a; > 1/2;
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(ii) d — oo and d*2% /n — 0 for j such that o; € (0,1/2].

Lemma 2. Assume that zj,, j = 1,...,d (k = 1,...,n) are independent. It holds for
€ (0,1/2] that ||[d=*el, Uy l||* = 0,(1) under the conditions that d — oo and there exists

a positive constant €; satisfying d*=2% [n < d 5.

Lemma 3. [t holds for j = 1,...,m, that d~“e{ , Uses, = 0,(1) and d=*n"1z Usz; =

0,(nY2) (' = 1,....,m; j' =1,...,m) under the conditions:

(i) d — oo either when n — oo orn is fived for j such that a; > 1;

(ii) d — oo and d*72% /n — 0 for j such that o; € (0,1].

We will refer to the above three lemmas in the proofs of the followings.
Lemma 4. [t holds for j = 1,...,m, that d~* e}, Vyuyes, = 0,(1) under either (i)-(ii) of
Theorem 1 or (i)-(ii) of Corollary 1 for the case that zi,, j=1,..,d (i=1,2; k=1,...,n)

are independent.

Proof. Let us write that Vi, = V() — diag(v11, ..., Unn). By using Chebyshev’s inequality,
for any 7 > 0, one has under either (i)-(ii) of Theorem 1 or (i)-(ii) of Corollary 1 that

i:P(dajUkk > T) ZP( ndo‘f Z A s”1sk22sk = T>
k=1

s=m+1

< (rn}/2ded )~ ( Z >\2> < (rn}2d)2d02,,, = O(d* =2 /n) = o(1).

s=m-+1
Thus it holds that d™“wvg, = o,(1) for every k (= 1,...,n). From Lemmas 1-2, similarly
to Usgy, we have that ||d~% el V3||? = 0,(1), j = 1,...,m, under either (i)-(ii) of Theorem
1 or (i)-(ii) of Corollary 1 for the case that 2z, 7 = 1,...,d (i = 1,2; k = 1,...,n) are

independent. Hence, we obtain that
d~%e],Vaq es, =d % (€e],Vaea, + €], diag(vit, ..., vyn)e) = 0,(1) (j =1,...,m).
It concludes the result. O
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Lemma 5. [t holds for j = 1,...,m, that
d=n 2], Vonyzay = 0p(n %) (' =1,.om; ' =1,...,m)

under either (i)-(ii) of Theorem 1 or (i)-(ii) of Corollary 1 for the case that z, j =
l,...d (i=1,2; k=1,...,n) are independent.

Proof. Let us write that d*afnfllei,Vg(l)zgj/ =d Y Z/ﬂ,kz nilzli/kl@j%vklb. We first
consider the case of a; > 1/2. Note that E{(3}._; 2oy Uik,)?} < Mn =t 300 A2 with
the uniform bound M for the fourth moments condition. Then, by using Markov’s inequality
and Schwarz’s inequality, for any 7 > 0, one has under (i) of Theorem 1 (or Corollary 1)

that

—as -1 —1/2
P<|d J E n Zli’k122j’kzvk’1k2|>n /7—>

k1,ko
n n
< P(CFO‘”f1 Z B Z 224/ ky Uk ka | > n71/27>
k1=1 ko=1
n n
S T—ld—ajn—l/Q Z E<|Zli’k1| Z 295k Uk ks )
k1=1 ko=1
" n , 1/2
< a2y (E(mel)E{ ( > Z2j'k2vk1k2> }) = O(d"?7%9) = o(1).
k1=1 ko=1

It concludes the result for the case of a; > 1/2.
Next, we consider the case of a; € (0,1/2]. Note that E(z7;, 215,k 2150k,) < M for
s1,82 = m + 1,...,d. By using Chebyshev’s inequality, for any 7 > 0, one has under (ii) of

Theorem 1 that

—o -1 —-1/2
P(‘d J E n Zli’k1Z2j'k2vk1k2’ >n 4 T)
k1,k2

<727 B 21k 2jrks Vkiks )
k1,k2
d
ST MY T A A, = O(d* T /n) = o(1).

s1,82(>m—+1)

20



It concludes the result for the case of a; € (0,1/2] under (ii) of Theorem 1.

Finally, we consider the case when 2, j =1,...,d (i = 1,2; k =1, ..., n) are independent.
Note that E(zfi,klzlslklzlszkl) = 0 for s; # so. By using Chebyshev’s inequality, for any
7 > 0, one has under (ii) of Corollary 1 that

—os -1 —1/2
P(|d J E n Zli’k122j’k2vk1k2| >n / T>
k1,k2

d
< 72d7 it Z A2 =0(d"*% /n) = o(1).

s1=m+1

It concludes the result for the case of a; € (0,1/2] under (ii) of Corollary 1. In conclusion,

we obtain the results. |
Lemma 6. [t holds for j = 1,...,m, that

|d= 2 2L Vol = 0p(n™h) (i=1,2; @ =1,..,m)
under either (i)-(ii) of Theorem 1 or (i)-(ii) of Corollary 3 for the case that zix, j =
l,...d (i=1,2; k=1,...,n) are independent.

Proof. When ¢ = 1, we have that

n n n
-, —1/2_T 2 _ 1—2a4 E -1_2 E 2 E -1 ) §
||d n zli/V2(1)|| — d J ( n Zli/kl Ukle + n Zli’klzlz’k‘g ,Ukilk‘:;vkizk‘:;) .

k=1 ko=1 k1 ks ks=1

(13)

We first consider the first term in (13). By using Markov’s inequality, for any 7 > 0 and the
uniform bound M for the fourth moments condition, one has under either (i)-(ii) of Theorem

1 or (i)-(ii) of Corollary 3 that

n n n n
P(d_Qaj Z Z n_lzfi’lﬂvzﬂm > n_1/27—) < T_ld_zaj Z Z n_1/2E(Z%i’k1Ul%1k2)

k1=1ko=1 k1=1ko=1

= O(d" 2% /n'/?) = o(1). (14)
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Next, we consider the second term in (13). Let us write that 1;;, = n™? Zf:mﬂ Nzigizisj 2o
o —d . .
and wijr = n 2 251#2(27%1) Asi Aso 2181021505221 k%250 Lhen, by using Chebyshev’s inequal-

ity, for any 7 > 0, one has under either (i)-(ii) of Theorem 1 or (i)-(ii) of Corollary 3 that

n
—2a; 1 —1/2
P<d ” E (AT AT E ¢k1k2k3| >n~Y 7’)

k1#ks ka=1
d
S 27-_2n_1d_4ajM3 Z /\2 A2 — O<d2—4oéj/n> = 0(1)

s17's2
s1,82(>m+1)

Next, we consider w;;;, for the case of a; > 1/2. By using Markov’s inequality and Schwarz’s
inequality, for any 7 > 0, one has under (i) of Theorem 1 (or Corollary 3) that
P(d_Qaj| Z n_121i/k121i/k2 Z wk1k2k3| > n_1/27'>

K1k ks=1
1/2

< (rn}/2qPes) L Z (E(zfi,klzfj,kQ)E{ ( i wk1k2k3>2}> = O(d'2%) = o(1).
ka=1

k1 ks
Finally, we consider w;jj, for the case of o; € (0,1/2]. We have under (ii) of Theorem 1 that
n
p(d*?afy > T i 2k Y Whikoks| > nfl/%) = O(d* /n?) = o(1).
k1#k2 ks=1
On the other hand, we have that
P<d_2aj| Z n_lzli’lﬂ Z1i' ks Z wklekB‘ > n_l/QT) = O<d2_4aj /nQ) = 0(1)
k17ék2 k3=1
under (i) of Corollary 3 for the case that z,, j = 1,...,d (i = 1,2; k = 1,...,n) are

independent. Thus we claim that

n n
—2a; § —1 E —2a; § -1 E
d J n Zli’kl Zl’i’k’z Uklkgvkzkg == d 7 n Zli’]ﬁ Zli’kz (,ébk’lkzkg + wkﬂfzk‘g)

k1#ko ka=1 ki#ks ka=1
= 0,(n"'?). (15)
By combining (14)-(15) with (13), we conclude the result. O
Lemma 7. Assume that the first sy population eigenvalues are distinct as Ay > -+ > Ag, .

22



Then, it holds under (i)-(ii) of Theorem 1 that

)\—j = (I[n™24]) (IIn"P2zo5l) + 0p(n7?) =14 0,(1), @) ;Zy =1+ 0y(n~"/?)
(1=1,2; j=1,...,81).

Proof. By using Chebyshev’s inequality, for any 7 (> 0) and the uniform bound M for the

fourth moments condition, one has as n — oo that

n
P(ln~"z}zi| > n~ Vi) = P(‘n_l Z 2iikZij'h
k=1

> n_1/47'> <7 iMnTY? = o(1)

(i=1,2 j#J)

Thus we claim as n — oo that n™'zlz; = op(n™*) (i = 1,2; j # j'). Note that

In"1224]> = 1+ 0,(1) (i = 1,2) as n — oo. Here, we have that
maX(elTnSD(l)egn) = ’l]lT(l)SD(l)ﬁl(g) = )\1
with respect to any ey, and ey,. Next, we have that
max(ef, Spyean) = W) Sp)lag) = As

with respect to any ey, and es,, provided that ﬁlT(l)eln =0 and ﬁlT(2)62n = 0. Similarly, we
have j\j, 7=1,...m.

For \; (j = 1,..., 1) that holds power «,, we have from Lemma 4 that )\j_lelTan(l)eQn =
0p(1) under (i)-(ii) of Theorem 1. Then, it holds that Ay (|[n="2211]]) (|[n " 22a4]) > -+ >
A (|07 2 2105]]) (IR 220m][) and Ay, (|07 2214, ]]) ([[n712225,]]) > €], Vaa)€an wop.l.
Then, it holds that

A 7 Spay . ~ — A Y .y u
A_i = () )\1( )“1(2) = ) Z )q_jnzljzérj t12) + Ay ) Vot

=1

N AN _ . N
=y (Z/\—i(H" Y2zi510) (In 1/2Z2j||)z1jzsz> Uy(2) + 0p(1)

J=1

= (Iln""2zull) (IIn""2221]]) + 0p(1) = 1 + 0,(1). (16)
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Then, it holds that ﬁlT(i)é,;l =14 o0,(1) (i = 1,2). For i (= 1,2) there exists a random
variable ¢; € [0,1] and y;; € R, such that @) = Zi1\/1 — €2 + £;9;; and 2]y, = 0. Here,

from Lemmas 5-6, we have under (i)-(ii) of Theorem 1 that

>‘5121T1V2(1)221 - Op(nil/z): )\;12?1‘/2(2‘)31@1 = op(n*1/4) (1=1,2).

Noting that &; = 0,(1), i = 1,2, it holds that /1 —e2\/1 —e2 =1 —¢3/2 — £2/2 + 0,(e3) +

0,(£2). Then, we have that

M A - ST - .
N =@y (Z )\—i(Hn P220l]) (I~ 220]) 215235 + Ay 1‘/2(1)) Ui(2)

J=1

=([ln""22ull) (Jln""22a1l]) + max {(—53/2 —3/2)(IIn™"2z0l]) (IIn~"2za])

_ _ N _ ~
+ op(e1n 1/4) + 0p(ean 1/4) + e180y1; (Z /\_i(Hn 1/2213“) (||n 1/2Z2j||)z1jz2Tj> Yo
=2

+ op(€12) + Op(*’g%) + Op(gg)} + Op(nil/Q)-

Noting that &; € [0,1], ¢ = 1,2, it holds that ;&5 < €%/2 + €2/2. From the fact that
([In=2zu]) (IIn~222]]) > AT A2 (|[n72212]]) (J|n""/%255]|) w.p.1, we have under (i)-(ii)
of Theorem 1 that

max {(—53/2 —e3/2)([In™"2zull) (lln~22all)

€1,€2
—1/4 —1/4 T - )‘j -1/2_, -1/2 = =T
+op(e1n™ %) + 0p(e2n” %) + €162y ZA_l(Hn zil[) ([0 2951]) 215235 | Yo
j=2

T ople12) + 0,(3) + op<e§>}
< max {<—e%/2 —2/2) (|l V2 zn[) (I 2zml]) + oplern™ ) + o(ean )

€1,€2

A
+(e1/2 + 53/2)?? (Iln="2z12]1) (IIn~"2222ll) + 0,(<F) + Op(éi)} = 0p(n""?),
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so that g, = 0,(n"1/*) and g5 = 0,(n"1/*). Thus we have under (i)-(ii) of Theorem 1 that

A _ _ _
/\—1 = (IIn"*2zul]) (Jln22a1]) +0p(n~"?) (17)
together with that @{; Ziy = 1+ 0,(n""?), g2 = 0p(n~"*) and @{(; Zin = o0,(n~/*) for

i =1,2. Now, similarly to (16)-(17), we have under (i)-(ii) of Theorem 1 that

Ao N B I . ~ B
%, = a0 (Z 2 (In™z401) (lin 1/222j|\)ZU'Z2Tj> n(z) + Ay o) Vo lage) + 0p (/%)

=2

= (lln~2z1l]) (IIn~222]) + 0p(n™1%) = 1+ 0,(1)

together with that ﬁg(i)éig =1+ o0,(n"Y?), i = 1,2. Similarly, we claim until s; to obtain

under (i)-(ii) of Theorem 1 that

= (In 2z ll) (In22all) + 0p(n %) = 1+ 0,(1), @2y = 1+ 0,(n""?)

)\

( j = 1,...,81). (18)
It concludes the results. |
Lemma 8. Assume that the first m population eigenvalues are distinct as Ay > -+ > A\,

Then, it holds under (i)-(ii) of Theorem 1 that

\j _ _ 1o _
)\— = (Il 2zyl) (Iln~22051) + 0p(n71%) = 1+ 0p(1), @255 = 1+ 0p(n"/?)

—~

i=1,2 j=1,..m).

Proof. First, we consider V1 = Z /\Uulj(l)ulTj Similarly to Lemma 7, we obtain as
n — oo that

My _ . .

)\—j =14 0,(1), ulj( VZij =1+ 0p(n U2y (i=1,2; j=1,..,5). (19)

Next, we consider the case that A; (j = s1 + 1,..., s2) holds power «ay,. Let us denote

Nij = )\ uh yWVoaytj), @ = 1,...,s1. Then, from Lemmas 4, 6 and (19), it holds under

(i)-(ii) of Theorem 1 that

Nij = /\j_lélTng(l)'&j(z) + op(n_1/4) = op(n_1/4) (i=1,...81; j=s1+1,...,8).
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Note that @f;;)Z1; = 0p(n /%) (i = 1,...,51; j = s1+1,..., 52) in view of (19). Thus we have
under (i)-(ii) of Theorem 1 that

~ Spq) - - Vi - Vi—Vii. S
ui(l) d%s1 Uj(2) = ’u’{i(l)%ug’@) + u{i(l)da—sl j(2) T nl]O(d 52 51)
- Vi - = As _ e o
- u{i(l)%“j@) + u{i(l) ( Z ndow zlszsz> Wj(2) + 0p(n /A gesa ey
s=s1+1
_r Vi

uli(l)ﬁ j(2) + OP( 71/4da527a51) (7' =185 7=8s+1 "'782)'

(20)

~ T SD _ :\j

T
ULi() o o ug(2) = da_slu”(l)uj(l)?

U —SD(l) u U VH Y - Qg — O 5‘11’ ~
Wiy goe i) = Uli1) 70 gy i(2) + 0y (n Mg ) = gt

(Z = 1, .oy 515 j = S1 + 1, ceey 82).

Similarly, we obtain under (i)-(ii) of Theorem 1 that

Sp Aj
~T (2) ~ ~T
Wli() o, i) = Zor i) W)

7 SD@) - Ni /4 e —a . .
uy; 2) dozs(l)uj(l) - dalsl u?i(l)uj(l) +0p(n VAo ) (=181 j=s1+1,...,5).

Thus we have for every i (=1,...;s1) and j (= s; + 1,..., s9) that

u 2L —1/4 j0s, —ous
W) W) = o) + op(n”Hd 2T, (21)
N i = i oy ) 22)
dosy iY@ T ga M) i) T opln .

From (18), we claim under (i)-(ii) of Theorem 1 that u inzii = 0p(1) (i = 1,...,815 j =
s1 4+ 1,...,89; i = 1,2). Thus it holds that d*D‘Sl)\j = d- Slu 1Spaytje) = o0p(1) for
j=s1+1,.., 8. Then, one has from (21)-(22) that

A
<da81 —’- Op(1)> i"’i(l’)ﬁj(il) g Op(n_1/4das2—a81)7 1e ﬂi(l’)ﬁ](ll) = Op(n_1/4dasg_asl)

(i=1,.,81;, j=81+1,...,80 i =1,2).
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So, we have under (i)-(ii) of Theorem 1 that

_r Vi - 5\1s T - - - Clan —C )
W) oy i) = D o Wiy ) Bl By) = 0p(n” 7AW ) (=814 1 5).

Then, we obtain for j = s; + 1,..., so, that

Sp Vi—-V V

~ T (1) ~ ~ 1 1~ ~T 2(1) ~ -1/2

) » Uj(2) = Wj) iy Uj(2) + WUj 1 Uj(2) + op(n / )
J J J

~ = )\3 _ —_ ~ o~ ~ ~ V2 1) ~
—al) ( > (I 2z01) (I 1/2z25||)zlsz§s> Gy (0) ) g
J

s=s1+1 J

+op(n1?). (24)

Similarly to (16)-(17), for j = s1 + 1, ..., s, it holds (18) under (i)-(ii) of Theorem 1. Then,
for Vi = Zjil S\jSmj(l)'&gj(z), we obtain as d — oo and n — oo that
o), a5 = 2y (1=1,2 5= 2
SV +op(1),  UypZij=1+o0,(n"77) (i=1,2 j=1,..,59). (25)
J
As for A; (j = s2 41, ..., s3) that holds power a,,, note that @y, 2y = op(n™/*) (i =

1,089, ' =82+ 1,...,m; i/ =1,2) in view of (25). Thus we have that

_r Sba) - r Via. /4 0. —a
i) gy 2) = Whir g, W) + 0p(n A7)
S . ~T {2 ~

Similarly to (21)-(22), we have for every i (= 1,...,s5) and j (= so + 1, ..., s3) under (i)-(ii)
of Theorem 1 that

Ao Ao —1/4 Jas,—as
da‘ZQ u27,(l)u.7(1) = _dOcSQ u2l(2)u‘](2) + Op(n 1/ d 3 2)’
Ao - Noi

o 22i2)%i(2) T ey, W2i) Wi + 0, (n =1/ Aqos =02,

Since it holds for j = so + 1,...,s3 (i’ = 1,2) that

o,(n~VAdess =) (=1, ..., 81),

op(n~Adoss =) (i = 51 + 1, ..., 89),

~ T
Ui (i Wi(i) =

27



we obtain (18) for j = sy + 1,..., 83, in a way similar to (23)-(24).
As for A\; (j = s;-1 +1,..., 5;) that holds power oy, (I > 4) as well, we can obtain (18).

Therefore, for every j (=1,...,m) and i (= 1,2), we claim under (i)-(ii) of Theorem 1 that

R

A_j» = (IIn~22y5l]) (Iln~225l) +0p(n72) = 1+ 05(1), @y 25 = 1+ 0,(n" /%), (26)
It concludes the results. O
Lemma 9. Assume that the first m population eigenvalues are distinct as Ay >+ > A\,

Then, it holds that

R

f = (IIn"2zyll) (IIn~"225511) + 0p(1) = 1+ 0,(1), @l)Zi5 = L+ 0,(1)
J

i=1,2 j=1,...m)

—~

under (ii) of Corollary 1 for the case that zj,, 7 = 1,..,d (i = 1,2; k = 1,...,n) are

independent.

Proof. 1t should be noted that Lemma 6 cannot be claimed under (ii) of Corollary 1. Hence,

similarly to the proof of Lemma 8, it concludes the results. O

Lemma 10. Assume that the first m population eigenvalues are distinct as Ay > -+ > Ay,

Then, it holds that

f = ([[n224]]) (IIn"P2a5]) + 0p(n %) =14 0,(1), @) ;25 =1+ 0y(n'/?)
J
i=1,2; j=1,....m)

—~

under (1)-(i) of Corollary 3 for the case that zj, j = 1,...,d (1 = 1,2; k =1,...,n) are

independent.
Proof. Similarly to the proof of Lemma 8, it concludes the result. O

Remark 10. Assume that the first m population eigenvalues are distinct as Ay > --- > A,,.
For S\i/j (¢ =1,..,1; =1,...,s) it holds as d — oo and n — oo that A;lj\i’j =1+ 0,(1).
For @y jiy and @) (1 =1,2; @' =1,..,0—1; j € [sy + 1,5041]; j'=1,...,sy) it holds that
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ﬁgj,(i)’&j(i) = 0,(d*~%") under either (i)-(ii) of Theorem 1 or (i)-(ii) of Corollary 1 for the
case that z,, j=1,....,d (i=1,2; k=1,...,n) are independent.

Remark 11. When the population eigenvalues are not distinct such as Ay > -+ > A\,
we consider the case as follows: Suppose that A\ = - =Xy > M1 == Ay > -+ >
A, 141 =+ =N, (= An), where r < m. We can claim that

N tir—t;r_ tir—tr_

)‘ti/,l-i-j 1 1

=140,(1), Uy, 46 € Z bsZit, s Z b2 =1
s=1 s=1

)\ti171+j
(Z = 1, 27 i/ = ]_, Ty ] = ]_, ...7ti/ - ti’—1>7
where ¢y = 0, under either (i)-(ii) of Theorem 1 or (i)-(ii) of Corollary 1 for the case that
Zijk, 7 =1,...,d (1=1,2; k=1,...,n) are independent. Then, it holds that
Angle(ty,  4ii), span{Zu, 41, Zit, }) 250

(1=1,2; ¢ =1,..,r j=1,.. ts —ts_1).

Proof of Theorem 1. The result is obtained straightforwardly by combining Lemma 8 with
Remark 11. 0

Proof of Theorem 2. We use the Taylor expansion to claim that

- 1, _ L 32y - 2
™22l = 14 5 (™24 = 1) = 525 (0224 — 1) (21)

with suitable random variable ;; between 1 and ||n="/2z;;|[2. Noting that ||n=1/2z;||* =
14 0,(1) as n — oo, one has ¢;; = 1 4+ 0,(1). By using Markov’s inequality, for any 7 (> 0)

and the uniform bound M for the fourth moments condition, one has as n — oo that
P (22412 — 1)2 > n™427) = O(n~Y2) = o(1) (i =1,2). (28)
By combining (27) with (28), we have as n — oo that

_ L, _
™2zl =1+ 5 (™22 = 1) + 0, (n™"72).
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Noting that (||[n=Y2z;||? — 1)(||n"Y229;|> = 1) = 0,(n"'/%) as n — oo, we claim that

(22 0501) (In2250) = 1= 5 (Iln 220,17 = 1+ [0 22| = 1) + 0, (%), (29)

N | —

Recall that V(27;) = M; (j = 1,...,m). For each i, by using the central limiting theorem,
one has as n — oo that (nM;)™/2(3}_ 22, —n) = N(0,1). Note that |[n"/2zy|| and

|[n"1/224,|| are independent. Thus by combining (26) with (29), we have under (i)-(ii) of
Theorem 1 that R

2n )‘j i

— | —=-1] = N(0,1 =1,.. . 30

MJ_(AJ, ) 0.1 (= 1Lm) (30
It concludes the result. a

Proof of Corollary 1. The result is obtained from Lemmas 9-10 and Remark 11 straightfor-

wardly. |

Proof of Corollary 2. Let us write that Afl/QHT(Xi — X;) = [24, ., 2i)7 and %5 =
(Zij1, s Zijn)T fori = 1,2 and j = 1,...,d. Then, we have that 2, = 2, — z;; for k =1, ..., n,
where Z;; = > 7, zije/n. Let E(zy) = pj for j =1,....d. We write that Zx = Zjx + 2o,
where 2, = zijp—pj and zoi; = pj— 2 (1 =1,2; j=1,...,d; k=1,...,n). Now, let us write
that n-vectors 2, = (Zij1, ., Zijn)’ and 2oij = (Zoijy -y 20ij)” for i = 1,2 and j = 1,...,d.
Then, we can write that (X; — X)T(Xy — X3) = Z;.lzl Ni(Z1; + zo1j) (225 + Zo2)T.
Let V, = n! Zi:mﬂ As(Z1s + Zo1s)(Z2s + 2o25)T. Let Vi = n7! Z§:m+1 AsZ15205,,
Ve = nt Zf:mH AsZo1s2h, and Vi3 = n7! Zf:mH )\52182;. We first consider V.
Let us write that v;;q) = n™! Zf:mH AsZ1siZo2s as (i,7) element of V,;. Then, we have as
d'72% /n — 0 that E{n*(d"%vyy1))*} = O(d*"** /n) = o(1). Hence, for any 7 (> 0) and

the uniform bound M for the fourth moments condition, it holds that

P(Z ™ vy |* > T> =o(1)
74'/7]‘/

by using Markov’s inequality. Thus we have that d™2% 37, . vi. ) = 0p(1). Let e =
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(i1, €im)’ (i =1,2), where >_}'_ €% = 1. Then, we obtain as d' 2% /n — 0 that

(o0} o
d=el Vs =d Jg e1ire2;Virjr1) = Op(1)

for any ej,,es, € R,. Similarly, we claim as dl’Qaﬂ' /n — 0 that d~%el V es, = 0,(1).
Thus we have as d'72* /n — 0 that d~*e], V,eq, = d el Ve, + 0,(1). Then, note
that V3 is essentially equal to V5(1y. Hence, we can claim the assertion in Lemma 4 by
replacing Vy1y with V,. Note that nilz'z;z'ij/ = o,(n"VY) (j # j') and ||n"V2%,|| =

—-1/2

[n=Y22|| +0,(n"Y/%) = 1+ 0,(1) for i = 1,2. Then, by replacing Sp(1y with S,pa), we can

claim the assertions in Theorem 1 and Corollary 1. O

Proof of Corollary 3. With the help of Lemma 10, similarly to the proof of Theorem 2, it

concludes the result. O

Proof of Theorem 3. We first consider h;‘-rﬁj(l). We claim for j (=1,...,n) that

~ ~ B by z{. 5
hj i) = (nA) 7 2hi Xty = \/X—jﬁuj(n-
Then, we have (26) under (i)-(ii) of Theorem 1. Thus we have under (i)-(iii) of Theorem 3

that
hj by =1+ 0,(1). (31)
Next, we consider ||h;(1)||. Now, we can write that

1h;)|* = ()7 el ) X T X @) = () 0l > Aeziazlyiy + A 6l Uy,
s=1
(32)
where Uy(p) = n_lzfzmﬂ Asz1521,. First, we consider the second term in (32). From

Lemma 3, we have for ¢ = 1,...,m, that

n’l/zd’afelTnUg(l)egn = 0,(1), (33)
d=n 2], Usnyziy = 0,(1) (j'=1,...,m) (34)

under the conditions:
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(i’) d— oo and n — oo for j such that a; > 1;

(ii’) d — oo and d'~% /n — 0 for j such that «; € (0, 1].

Let us write that ;) = nt Zf:mH AsZ15i%1s5 @s (i, 7) element of Uyy. From Lemma 1,

we can claim under (i)-(ii) of Theorem 1 that

||d_ajn_1/2Z1Tj/(U2(1) - diag(uu(l), --~;Unn(1)))|| =op(1) ('=1,...,m). (35)
We have that ||d=*mn~" 22T, diag(uri(y, - tn@)|[F = 72070 30 2000, ), Where

n = o(n~'/*). Here, by using Chebyshev’s inequality, for any 7 (> 0) and the uniform bound

M for the fourth moments condition, one has as n — oo that

Z P(Zm* > 1) <nt?n*M = o(1). (36)
k=1

Thus it holds that zfj, W1 = 0,(1) for every k (= 1,...,n). Here, by using Markov’s inequality,
one has under (i’)-(ii’) that

n n d
—20; — —205 — 2 — 204
P<§ A >7) :P(§ (S Ay >T> — O(d*2% n?) = o(1).
k=1 k=1 s=m-+1

(37)

Thus it holds that Y7) , d~**n~'uf, ,, = 0,(1). By combining (36) with (37), we claim

under (i")-(ii") that d=*%n~' 370 22, n*uz, ) = 0p(1). Thus we claim that
\\d_ajnn_lmz{j,diag(un(l), ooy Unn(n)) || = 0p(1).

Then, from (35), we claim under (i’)-(ii’) that

d_ajnn_lmzr{j,Ug(l)eln = 0,(1). (38)

From (26), under (i)-(ii) of Theorem 1, there exists a random variable ¢; € [0,1] and y,; € R,
such that ;) = 2154/1 — €7 + €;y,; and Elijlj = 0, where ¢; = 0,(n~/4). Thus it holds
from (33), (34) and (38) that

d_ajﬁjr(l)Uz(l)ﬁj(l) = d_ajér{jUg(l)élj + Op(l) = 0p(1) (39)
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under the conditions given by combining (i’)-(ii") with (i)-(ii) of Theorem 1 (that is, (i), (ii)
and (iii) of the present theorem).

Next, we consider the first term in (32). With the help of Remark 10, we have under
(i)-(ii) of Theorem 1 that

Vv VT Z )\2 uzs(l T

~T 1V 14 ~ ~T s=1 "Vis is(1) ~

Uiy i) = ) 2 j1) = 0p(1)
J J

fori (=1,..,l—=1)and j (=s; +1,...,5.41). Thus we have that
~ \ % iVTz - _ B Si B 3
V¥ b < (17 30 0L (S i
/ s=1

2
= Z (Aj_ Aty z1s/ "1/2>
s=1
+o, ()Y (A;lAsﬂjr(l)zls /n1/2) (A;lAs,ajT(l)zlsf /n1/2> = 0,(1).

8,8’

Note that if it holds that A;'Aa@j,y215/n'/? # 0,(1) for some s (= 1,...,;s;), we can claim

that
o ViV
T(l) 1)\2 w1y # op(1).

Hence, we have under (i)-(ii) of Theorem 1 that
A;l)\sﬁf(l)zls/nl/z =0,(1) (J=si+1 . 841 s=1,.,8;1i=1.,01-1).

Thus from (26), it holds under (i)-(iii) of Theorem 3 that

)‘; n”a T Z)‘ 21521, U501) = 1 + 0p(1). (40)

s=1
Note that )\j_lj\j =1+ 0,(1). By combining (39) and (40) with (32), we have under (i)-(iii)
of Theorem 3 that
1Rl =1+0,(1) (j=1,...m). (41)
Thus from (31) and (41), we claim under (i)-(iii) of Theorem 3 that Angle(h;, ﬁj(l)) = 0,(1)
for j = 1,...,m. Similarly, we claim that Angle(hj,ftj(g)) = 0,(1) for j =1, ...,m. Note that
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ﬁ;p(l)ﬁj(g) = 140,(1) for j = 1,...,m. Hence, it holds that Angle(h;, (ilzj(l) +ﬁj(2))/(||ﬁj(1) +

hj||)) =Angle(h;, hj.) = 0,(1) for i = 1,...,;m. It concludes the result. O

Proof of Corollary 4. In view of the proof of Corollary 1 given by Yata and Aoshima [12],
one can claim that d~%e], Usyyez, = 0p(1) (j = 1,...,m) under (i)-(ii) of Corollary 4 for
the case that z;;,, j =1,....,d (i =1,2; k=1,...,n) are independent. Then, we claim (39)
under (i)-(ii) of Corollary 4. Hence, similarly to the proof of Theorem 3, it concludes the

result. O

Proof of Theorem /. For each j (=1,...,n), let us write that

2 2
_ e N R A
MSE(S]) :)\jn ! Z Zjk — nlﬁujk(l) + )\jn ! Z Zik — RQ%Ujk_nl(g)
k=1 J k=n1+1 J
ny i PP \j 1/2
-1 2 ~9 T
_)‘JE Ny szk + N Uiy — 2 )\_j(nl Z1Uj(1))
=1 k=1 J

o - = Nov ~ A S1/2
t A mt Y Bt D e 2 A_J»% Paie)
J

We have (26) under (i)-(ii) of Theorem 1. The result is obtained by noting that ny ' > 3", 23,

=1+ 0,(1) and ny* > henia1 2 = L+ 0p(1) as n — oo for each j (= 1,...,m). O

Proof of Corollary 5. With the help of Lemma 9, similarly to the proof of Theorem 4, it

concludes the result. O
Proof of Corollary 6. From (26) and Lemma 9, it concludes the result. O
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