FORWARD AND INVERSE SCATTERING ON MANIFOLDS

2.1.
2.2.

3.1
3.2.
3.3.
3.4.

4.1.
4.2.
4.3.
4.4.

5.1.
5.2.
9.3.

6.1.
6.2.
6.3.
6.4.

WITH ASYMPTOTICALLY CYLINDRICAL ENDS

HIROSHI ISOZAKI, YAROSLAV KURYLEV, AND MATTI LASSAS

ABSTRACT. We study an inverse problem for a non-compact Riemannian man-
ifold whose ends have the following properties : On each end, the Riemannian
metric is assumed to be a short-range perturbation of the metric of the form
(dy)? + h(z,dzx), h(z,dx) being the metric of some compact manifold of codi-
mension 1. Moreover one end is exactly cylindrical, i.e. the metric is equal to
(dy)? + h(z,dz). Given two such manifolds having the same scattering ma-
trix on that exactly cylindrical end for all energies, we show that these two
manifolds are isometric.
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1. INTRODUCTION

The aim of this paper is to study spectral properties and related inverse problems
for a connected, non-compact Riemannian manifold {2 of dimension n > 2 with or
without boundary. We assume that € is split into N + 1 parts

(1.1) Q=KUQ U UQy,

where KC is an open, relatively compact set, and £2;, called an end of , is dif-
feomorphic to M; x (0,00), M; being a compact manifold of dimension n — 1.
(See the figure 1.) More precisely, we assume that Q; N Q; = 0 if ¢ # j, and we
put £ = Q\ (Uf;l QZ) Denoting the local coordinates on M; by z, we assume
that M; is equipped with a Riemannian metric h;(x,dz) = E;,;; hi pg(z)daPdzi.
Letting y be the coordinate on (0,00), we denote the local coordinates on §2; by
X = (x,y). We assume that the Riemannian metric G on 2, which is denoted by

G; = ZZ,q:l Gipg(X)dXPdX? on Q;, has the following property
(1.2) 0% (91pg(X) = hipg(2))] < Ca(l+y)7' 7%, Va,

where h; pn(x) = Ripp(zr) =0if 1 < p < n—1and h;um(z) =1, and C, is a
constant. The metric h;(x,dz) on M; is allowed to be different for different ends.
We shall assume either €2 has no boundary or each M;, consequently {2 itself, has a
boundary. In the latter case, we impose Dirichlet or Neumann boundary condition
on 0. Let H = —Ag, where Ag is the Laplace-Beltrami operator associated with
the metric G. One can then define a scattering matrix §(A) = (S'\Z()\)), which is
a bounded operator on L?(M;) @ --- @ L*(My), where A € (Ey,00) \ £(H) is the
energy parameter, Ey = inf o.ss(H), and E(H) is the set of exceptional points to
be defined in (3.34). Our goal is the following.
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FIGURE 1. Manifold €2 has ends £, j =1,2,...,N.
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Theorem 1.1. Suppose we are given two manifolds Q") r = 1,2, of the form
(1.1) having N, ends, QY), i=1,---,N,, equipped with the metric G") satisfying
the assumption (1.2). Assume that le) = ng) and

(1.3) Ggl) = ng) = (dy)? + h1(z,dx), (z,dz) Z hy jx(z)da? da®
7,k=1

on le) = Qf), moreover gﬁ)( A) = (2)( A) for all X € (E',00)\ (EMUED), where
E) s the set of exceptional points for H™, and E' = max (E (()1), ESQ)). Then Q1)
and Q) are isometric as Riemannian manifolds with metrics G, G®).

This means that if we observe waves coming in and going out of one end €,
which is assumed to be non-perturbed, we can identify the whole manifold €2. Note
that in Theorem 1.1, neither the number of ends of each Q(") nor the metric on
the manifold Mi(r) are assumed to be known a-priori. The key idea of the proof is
to introduce generalized eigenfunctions of the Laplace-Beltrami operator which are
exponentially growing at infinity, and define the associated non-physical scattering
amplitude. The crucial fact is that this non-physical scattering amplitude is the
analytic continuation of the physical scattering amplitude. Then the physical scat-
tering amplitude determines the non-physical scattering amplitude, which further
determines the Neumann-Dirichlet map of the interior domain. By the boundary
control method (see [3, 8, 9, 48, 52, 53]), one can determine the metric inside.

In this paper, we exclusively deal with the Neumann boundary condition. The
other cases are treated similarly and in fact more easily. The forward problem of
scattering is well-known for short-range perturbations (see e.g. [30, 31, 60, 61, 75,
33, 76, 44], see also [63]). The new issue we have to discuss in this paper is the
difference of conormal derivatives on the boundary associated with unperturbed
and perturbed metrics. Therefore, focusing on this point, we only explain the
outline of the proof of the forward problem under the assumption (1.2) following
the approach in [41], where spectral theory and inverse problems on hyperbolic
spaces are developed in an elementary way.

In the Euclidean space, the first work on the multi-dimensional inverse problem
was done by Faddeev in the case of potential scattering [27]. This was extended
by Saito [69] for short-range potentials, and by Isozaki-Kitada [40] for long-range
potentials. The determination of the obstacle from the scattering matrix of the wave
equation was done by Schiffer and Lax-Phillips [56]. As for the metric perturbation
problem in R"™, we should stress that it is still unknown for the general short-range
perturbations. However, although there seems to be no literature, it is known
that, given the scattering matrices for all energies, one can compute the Dirichlet-
Neumann map for a bounded domain for all energies, which enables us to recover
the local perturbation of the metric by virtue of the boundary control method.
In recent years, inverse scattering problems have been generalized for some non-
compact Riemannian manifolds, see e.g. [32, 41, 43, 68].
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In the cylindrical ends, the physical generalized eigenfunction of the Laplace-
Beltrami operator admits the analytic continuation with respect to the energy pa-
rameter, and this analytically continued eigenfunction is exponentially growing as
y — 00. This sort of non-physical exponentially growing generalized eigenfunction
was first introduced by Faddeev to develop the multi-dimensional Gel’fand-Levitan
theory ([26]). The exponentially growing solutions of Schrédinger equation was
rediscovered in 1980’s and were used to solve the inverse problem for the isotropic
conductivity equation in dimensions n > 2 for C?-smooth conductivities [72], even
in a reconstructive way [64], and in dimension two for C?-conductivities in [65] and
finally for the L>°-conductivities in [5], see review [28]. Later, also the anisotropic
inverse conductivity problem has been solved by applying the exponentially grow-
ing solutions in dimension two [6, 71]. These solutions have also been crucial in
the study of multidimensional inverse scattering problem in the Euclidean space
[66, 35].

The interesting fact is that this apparently mysterious exponentially growing
generalized eigenfunctions appear naturally in the cylindrical domain. Using these
exponentially growing eigenfunctions, it is possible to obtain, from S, (M), the entry
of the scattering matrix corresponding to €21, the Gel’fand spectral data on a part
of the boundary I' = M; x {1} of the non-compact manifold Q* = Q\ (M; x (1, 00)).
The Gel’fand boundary data for this case is the family of the Neumann-Dirichlet
map, A(z), A(z)f = u|F, where u is the solution to the boundary value problem

(~Ag —2)u=0 in QY
dyu=0 on 90NN,
du=0,y=f on TI.

To solve this problem, we use the boundary control (BC) method (see [8] for the
pioneering work and [9], [48] for the detailed exposition). We note that typically
the BC method deals with inverse problem on compact manifolds. The case of
non-compact manifold considered here requires substantial modifications into the
method, since the spectrum is no more discrete and it is also impossible to use
eigenfunctions as coordinate functions. A short description of the BC-method for
non-compact manifolds was given in [50]. Here we provide detailed constructions
for the considered case of a manifold with asymptotically cylindrical ends.

The structure of this paper is as follows. Sections 2, 3, 4 are devoted to a detailed
analysis of scattering on manifolds with asymptotically cylindrical ends. After some
preliminary estimates for the case of a half-cylinder with a product metric in §2, we
discuss the spectral properties of the Laplacin in € in §3. Using these properties,
we develop the scattering theory for such manifolds in §4. The remaining part of
the paper, Sections 5, 6 are devoted to the inverse scattering. In §4, we show that
S11(\) determines the Neumann-Dirichelt map A(z). An important step, which
at the moment requires the product structure of the metric on M; X (0,00), is
the recovery, from physical scattering matrix §11()\), the non-physical scattering
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amplitude. At last, §6 is devoted to the development of the BC-method for non-
compact manifolds. For the convenience of the reader, interested predominantly in
the inversion methods, we make this section independent of the previous ones.

Our manifold €2 is a mathematical model of compound waveguides, e.g. settings
of optical and electric cables, oil, gas and water pipelines, etc, which are the most
typical geometric constructions encountered in the every-day life. As for the inverse
problem, many works have been devoted so far to the distribution of resonances for
the waveguides ([15], [7], [21], [22], [4], [16]). Identification or reconstruction of the
domain or the medium for grating, layers or waveguides are studied by [19], [39],
[67], [25]. In particular, a similar inverse problem for waveguides was considered by
Eskin-Ralston-Yamamoto [25] when € is a slab, (0, B) x R, with the variable sound
speed c(x,y), where ¢(z,y) = c(x) for large |y|. Christiansen [17] proved that in the
planar waveguide R x (—v,7) \ O, one can determine the obstacle O from one or
two entries of the scattering matrix for high energies, provided O is strictly convex,
compact with analytic boundaries. The present paper deals with the forward and
inverse scattering problems for waveguide in a full generality.

The notation in this paper is standard. For a self-adjoint operator A, o(A),
op(A) and 0.ss(A) mean its spectrum, point spectrum and essential spectrum,
respectively. For two Banach spaces Hi,Hz2, B(H1;H2) means the space of all
bounded operators from H; to He. For an operator A on a Hilbert space H, D(A)
denotes its domain of definition. For a Riemannian manifold M, H™ (M) denotes
the usual Sobolev space of order m on M. For a domain D and a Hilbert pace H,
L?(D;H;du) means the space of H-valued L?-functions on D with respect to the
measure du. If H = C, we omit it. For a differentiable manifold M and p € M,
T, (M) denotes the tangent space of M at p. A simplified version of our results is
given in [42].

2. A-PRIORI ESTIMATES IN HALF-CYLINDERS

The forward problem of scattering has a long history, and has been brought into
a satisfactory stage in the case of short-range perturbations. For example, an early
statement of the limiting absorption principle, which is the first important step
for the study of the continuous spectrum, can be found in [36]. For the case of
waveguides, it was proved by [70]. Assuming, roughly speaking, that the ends are
purely Euclidean cylinders outside a compact set, the limiting absorption principle,
eigenfunction expansion theorem, completeness of wave operators, representation
of S-matrices have been studied by Eidus [23], Goldstein [30, 31], Lyford [60, 61],
Wilcox [75], Guillot-Wilcox [33], Edward [44].

Christiansen [16], and Christiansen-Zworski [18] studied the waveguide problem
in the framework of b-metric due to Melrose [62, 63]. Assuming that the ends,
whose manifolds at infinity do not have boundaries, are not necessarily Euclidean
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allowing exponentially decaying perturbations, they derived the trace formula and
spectral asymptotics.

Our assumptions on the ends are similar to those of [15, 16, 18]. The difference
is that we allow general short-range perturbations and also deal with boundary
conditions for the manifolds at infinity. Although this is a folklore result, we feel
it necessary to add the proof, since the main techniques have now been scattered
in many papers. As the method of the proof of limiting absorption principle, we
employ integration by parts due to Eidus. This is an elementary tool, however, gives
no less deeper result than modern machineries. We show the completeness of wave
operators by observing the behavior at infinity of solutions to the wave equation.
This will give an intuition for the propagation of waves in the waveguide. We also
deduce the eigenfunction expansion theorem from the behavior of the resolvent at
infinity. This is an important intermediate step between the forward problem and
the inverse problem.

As a preliminary, let us begin with proving some a-priori estimates for the op-
erator —85 — Ap on Q¢ = M x Ry with Neumann boundary condition, where
y € Ry = (0,00), M is a compact Riemannian manifold, and Ay is the Laplace-
Beltrami operator associated with metric h(z, dz) equipped on M.

2.1. Besov type spaces on cylinder. We define an abstract Besov type space,
which was introduced by Hérmander [1] in the case of R™. Let M be the above
mentioned compact manifold, and (, )as, || - ||z2(ar) be inner product and norm of
L?(M), respectively. We define intervals I,, by

(2n_1a2n}7 n 2 17
I, =
(0,1, n=0.

Let B be the Banach space of L?(M)-valued functions on (0,00) equipped with
norm

0 1/2
1fls = 322 (/ |f<y>||%z<M>dy) .
n=0 In

Its dual space is the set of L?(M)-valued functions u(y) satisfying

[l

1/2
B* = sup 2_71/2 </ |U(y)||%2(M)dy> < OQ.
n>0 I

n

It is easy to see that there exists a constant C' > 0 such that

1/2 1 R 1/2
o sup2/2 ([ o)l s<supR / ||u<y>%2<M)dy>
n>0 I, R>1 0

1/2
< Csup2n? ( / ||v<y>%z<M>dy) .

n>0
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Therefore, we identify B* with the space equipped with norm

| R 1/2
[ulls- = (1831;1;]%/0 U(y)lliz<M)dy> :

We also use the following weighted L? space and weighted Sobolev space: For s € R,
5 f e 1R = [ P dy < o<,
0

H™* 3 u <= |lullgms = [[(1 4+ y)*ull gm (rmx(0,00)) < 00

In the following, ||-|| means ||- |0 and (-, -) denotes the inner product of L?(M xR ).
It often denotes the coupling of two functions f € L?** and g € L*>~% or f € B
and g € B*. The following inclusion relations can be shown easily, and the proof is
omitted.

Lemma 2.1. For s > 1/2, we have
L** cBCL*?cL>c 1 cB c L,

We often make use of the following lemma, whose proof is also elementary and
omitted.

Lemma 2.2. Suppose u € B*. Then

1 F
(21) Jim & [ 1) ey =

if and only if
1 [Ty oo
e Jm o [ () sndy = 0. Vo€ GF((0.00).
2.2. A-priori estimates. Let us consider the following equation in Qg = M xR :

{(—85—Ah—z)u=f in Qo

(2.3)
dyu=0 on 09,

z being a complex parameter, and 0, conormal differentiation on the boundary. In
the following, we often denote by ||0%u| the norm of derivatives of |a|-th order of
u without mentioning local coordinates.

Lemma 2.3. Let z € C be given. Then :
(1) If u, f € L*>* for some s € R, we have

Y logayulls < Cllulls + 11 £1ls)-

la|41<2

(2) If u, f € B*, then we have

105 ul

5=+ [|Oyul

5 < O([u]

s+ fls)-
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Proof. We shall prove (2). Pick x(y) € C§°(R) such that x(y) = 1 (Jy| < 1),
x(y) =0 (Jy] > 2) and put xr(y) = x(y/R). We take the inner product in L*({)
of (2.3) and x%(y)u. We then have

2,y
IxrOyull* + (xrOyu, X (F)u) + IxrOzull® = zllxrull> = (f, xFu),

which implies

1 y
Ixadyul? + erdsal? < € (g (g)ulP + lxaul? + [xafI)

Then we have for R > 1

R R
/0 10,2 arydy + / 10,2 ap

2R 2R
< ¢ / el s + / 1120y | -

Dividing by R and taking the supremum with respect to R, we obtain (2).

Let us prove (1). The 1st order derivatives are dealt with in the same way as
above. We put v = (1 + y)*u. Then v satisfies (=892 — Ay — 2)v = g, where
g € L?(Q). By the a-priori estimates for elliptic operators, we have v € H?(Q),
which proves (1). O

Let Ay < Ay < .-+ — 00 be the eigenvalues of —Aj, and P, the associated
eigenprojection. Then

\/z—l—Ah:Z\/z—)\nPn,
n=1

where for ¢ = e, (r > 0,0 < 6 < 27), we define \/C = /re??/2,
Our next aim is to derive some a-priori estimates for solutions to the equation
(2.3). We use the method of integration by parts due to Eidus ([23]). We put

P(Z) =+/z+ Ay,
Dy (z) =0, FiP(2).
Then the equation (2.3) is rewritten as
(2.2) OyD+(2)u = FiP(2)D1(z)u — f.

Lemma 2.4. Let p(y) € C*(R) be such that p(y) > 0. For a solution u of the
equation (2.3), we put w = Dy (z)u. Then if Imz > 0 we have for any 0 < a < b <
00

b b y=b
| ¢ wlowlinndy <2 [ ol wmonlay + [ellzan)

y=a

Proof. Since w satisfies d,w = —iP(z)w — f, we have

b b b
/ o) (Byw, w) 2 anydy = —i / o) (P(2)w, ) p2arydy — / o) (2 0) 120 dy.
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Taking the real part and integrating by parts, we have
b b
[Pllwlan). = [ @0 Endy

b b
= 2/ w(y)(ImP(Z)ww)Lz(M)dy—2Re/ e(y)(f, w) L2y dy.
a a
Taking notice of Im P(z) > 0 for Imz > 0, we get the lemma. O
Let C; = {2z € C;Imz > 0}.

Lemma 2.5. Let w be as in Lemma 2.4 and suppose that

1 f 2

(23) Jim & [ o qandy =0

Then there exists a constant C' > 0 independent of z € C4 such that
lw@)I72ar) < Clfllsllwls-, Yy €R.

Proof. Taking p(y) = 1 in Lemma 2.4, we have

b
(@)l 72 ary < lw(®)IZ(ary +2/ |(f, w) L2l dy

< lw®Z2an) + Cl S llwlls--
The assumption of the lemma implies libm inf ||w(b)| r2(ar) = 0, which proves the

lemma. O

Corollary 2.6. Under the assumption of Lemma 2.5, there exists a constant C' > 0
such that

lw|s < C|fllg, VzeCsi.

Proof. Lemma 2.5 implies that

1 R
lwl|E. = sup E/o lw®)Z2anydy < Cllfllsllwlls-,

which proves this corollary. (I
Theorem 2.7. For a small § > 0, let
Js ={z € C; ; dist (Rez,0(—Ap)) > 0}

Let u be a solution to (2.3) such that w = Dy (2)u satisfies (2.83). Then there exists
a constant C' > 0 such that
[[ul

s < C|fls
holds uniformly for z € Js.
Proof. Let A(z) = Re P(z) = (P(z) + P(2)*)/2. By the equation (2.2), we have

Oy(w,u)p2(ary = —i(P(2)w, u)r2(ary — (f,u) 2y + (W, Oyu) L2 (ar)-
In view of the formula
—i(P(2)w,u)r2(nry = —2i(A(2)w, w)2(ary + 1(P(2)*w, u) L2 (ar)
= —2i(w, A(2)u) 2(umr) + i(w, P(2)u) L2 (1),



10 HIROSHI ISOZAKI, YAROSLAV KURYLEV, AND MATTI LASSAS

we then have

By (w, u) L2 ary = —2i(w, A(z)w) g2 (ary — (f,w) 2oy + w0l 2 ary -
Using w = dyu — tP(z)u, we compute
230, A()) 2y = 260y A)0) 2 an) + 1Pl o) + (P(2)20, ) 20y
Summing up, we have arrived at
By (w, u) L2 (ary = —2i(Byu, A(2)u) L2(ar) — | P(2)ullZ2(ar)
— ((z 4+ An)u,u) g2 ary = (fsw) 2y + w7200

Taking the imaginary part and integrating in y, we have
b

y=b
Im [(w,u)Lz(M)L:a = —2Re / (Oyu, A(z)u)Lz(M)

a

b b
~Im: / el arydy — Tn / (o) 22 an -

Since A(z) is self-adjoint, we have by integration by parts
b y=b
e [ (0,0, AW andy = [(AG)w w20

y=a

Using Im z > 0, we obtain

(2.4) Im [(w,U)Lz(Mﬂ

where C' is independent of z € C,. We renumber the eigenvalues of —A;, in the

y=b

+ [(A(Z)“’“)LQ(M)E:

b
<]l

Yy=a

increasing order py < po < --- without counting multiplicities and put pg = —o0o,
ie. {Ap;n=1,2,---}and {un;n =1,2---} are the same as subsets of R. For a
sufficiently small § > 0, we put
Jns ={2€Cs; pn_1+06 <Rez < p, —d}.

Assume z € J,, 5 and split v as © = u< + u>, where

Ue = Z Piu, us = Z Pju,

AjS<Hn-—1 Aj 2 Hn
Recall that P; is the eigenprojection associated with A;. We also define w., w~, f<,
f> similarly. Note that w. = Dy (z)uc. Let us remark that (2.3) and therefore
(2.4) hold with w,u, f replaced by w<,u<, f« and ws,us, f, respectively. For
eigenvalues \; < pi,—1, we have Re /2 — \; > V8. Therefore
(2.5) (A(2)uc, uc) 2y = Volucllizca-
Since dyu(0) = 0, we have w<(0) = —iP(z)u<(0). Therefore
—Im (w<(0),u<(0))r2(ar) = Re (P(2)u<(0),u<(0))r2(ar)
= (A(2)u<(0),u<(0)) L2 (ar)-

Letting a = 0, b =t in (2.4), we then have

Im (w< (t), u<(t)) L2y + (A(2)u<(t), u<(®)) L2 ary < Cllf|5lulls--
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Using (2.5), we have

luc ON1Z2ar) < Clwa N2 ar) + If<llBlluclls-)-
Using Corollary 2.6, we then have for R > 1

1 R
E/o luc W) 72andy < C (I1F< 1B + [l f<llsllu<ls-) ,

which implies

(2.6) lu<lls- < Cllf<ll5-
On the other hand, if A\; > p,,, we have Re (\; — z) > 6. Therefore
(2.7) (—8; —Ap — 2)us = (—85 + B, —ilmz)us = f5,

where B, is a uniformly, with respect to z, strictly positive operator on L?(M).
Hence, we have

(2.8) lus[[L> < Clf> 22,

which by Lemma 2.1 implies

(2.9) [us s < Cllf>ls-

The above two inequalities (2.6) and (2.9) prove the theorem. O

3. MANIFOLDS WITH CYLINDRICAL ENDS

3.1. Resolvent equation. We return to the manifold Q@ = KU QU --- U Qn
introduced in §1. Fix a point Py € K arbitrarily, and let dist(P, Pp) be the geodesic
distance with respect to the metric G from Py to P. We put

Qo(R) ={P € Q; dist (P, ) < R}, Q«(R)={P € Q;dist (P, P) > R}.
For R > 0 large enough, take xo € C5°(Q2) such that xo = 1 on Qy(R), xo = 0
on Qo (R +1). Define x; =1 — xo on @, x; = 0on 2\ Q;. Then {x;}}L, is a
partition of unity on .

Let Ag be the Laplace-Beltrami operator for the metric G on 2 endowed with

Neumann boundary condition on 9€2. The conormal differentiation with respect to
G is denoted by 0,. We put

H=-Ag, R(z)=(H-z)""
As in §1, we identify Q; with M; x (0,00), and let h;(x,dx) be the metric on M;.
We compare G with the unperturbed metric Ggo) = (dy)* + h;(z,dz) on Q;. Let
Ao

y be the Laplace-Beltrami operator for G;O) with Neumann boundary condition
J
on 0€2;. The associated conormal differentiation is denoted by 0 ). We put
i

H" =-A RV (z) = (H” — 2)~.

G0
J
Our next concern is the difference between the boundary conditions for H and
H](-O). We put for large R > 0

8Q](R) =00QnN Qj N QOO(R)
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Lemma 3.1. There exists a real function w(z,y) € C*(Q;) such that
{&,w(x,y) =0 on 09Q;(R)

3.1
(3.1) w(z,y) =y+0(y ") as y— .

Proof. By the decay assumption (1.2), letting w(z,y) = y + w(z,y), we should
have 9,0 = —0,y = O(y~17%) on 9Q;(R). Extending the vector field v near the
boundary and integrating along it, we get w = O(y~17). O

For m > 0 and s € R, we define the weighted Sobolev space on the boundary by
e H™*(0Q;(R)) <= (1+y)* € H™(0Q;(R)).
Lemma 3.2. There exists an operator of extension gj such that for m > 1/2 and
¢ € H™(09;(R))
’l/) on aQ] (R),

(3.2) Ovtiy = {0 on 2\ (2 NQ(R~1/2)),

(3.3) supp (£;1) € N Qoo(R — 1)
For m >1/2 and s > 0, it satisfies
(3.4) E; € B(H™* (09 (R)); H™ /2% ().

Proof. Let M’ = Q; N Q (R — 2). We smoothly modify the corner of M’, i.e.
{P € Q;N0NQ; dist(P, Py) = R — 2}, and let M be the resulting manifold. Let v
be the unit outer normal to M. By solving the elliptic boundary value problem

{(—Ag+i)u:0 in M,

(3.5)
Oyu=1% on OM,

we define gjdj = X,;u, where X; € C*(£);) is such that x; = 1 on Q; NQs(R—1/4),
X; =00n Q\ (Q;NQ(R—1/2)). It then satisfies (3.2), (3.3). The property (3.4)
for s = 0 follows from the standard estimate for the elliptic boundary value problem.
Let 0 < s < 1+ ¢ and take ¢p € H™*(0M). For the solution u to the boundary
value problem (3.5), we define u; = (1+w(z,y))%u and 11 = (1+w(z,y))*t, where
w(z,y) is constructed in Lemma 3.1. Then u; is a solution to the boundary value
problem
(-Ag+Li+K)u; =0 in M,
{8,,Mu1 =1y on OM,

where k > 0 is sufficiently large, and L; is a 1st order differential operator with
bounded coefficients, and ¥ = 11 on 09Q;(R). Since the mapping ¢2 — uy is
bounded from H™(OM) to H™+3/2(M), we get (3.4) with 0 < s < 1+ ¢. Repeat-
ing this procedure, we can prove (3.4) for all s > 0. O

For u € H?(Q;) satisfying 0 «yu = 0 on 9Q;(R), we have

(3.6) Oy (xju) = w(ﬂc,y)_l_e"Bju on 0%Q;(R),
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where

(3.7) B; = w(z,y)' (Xj (9 = 0,0) + (auxj))

is a 1st order differential operator on 0€;(R) with bounded coefficients. We put
-

(3.8) & = w(z, )"
Then by (3.1), (3.2) and (3.6), for u € H?(Q) satisfying 8 U= 0 on 0€;(R) the

following formula holds

€0 gj

(3.9) 0,€;Bju =0, (x;u) on 0Q;(R).
Moreover
(3.10) y g, By € B(H(Q); H2(Q) N B(HY2(Q); HY(9).

Suppose u satisfies
(_AG(O) - Z)U = f in Qj,
J
8y<0)u =0 on Qj N of2.
J

Then by (3.9), v; = x,;u — &;Bju satisfies

Ag —2)v; =x;f +V; in
(3.11) (- i = X (2)u
Oyv; =0 on 01,
where
(3.12) Vj(z) = [—A(;,Xj] + Xj(AG(vo) — Ag) + (AG + Z)ngj.

Lemma 3.3. Let x; € C*(Q2) be such that X; =1 on Q;NQs(R—1) and X; =0
outside 25 N Qoo (R — 2). Then for z € R, the following resolvent equations hold :

(3.13) R(2)x; = (x5 = &Bj — R(=)Vi(2) ) B ()%

(3.14) iR() = X5 R ()05 (6 = (EBy)" = Vi(2)'R(2)),

where J; = (det G/det G(O))l/z, and the adjoint x is taken with respect to the inner
product of L*(Q) with volume element from the metric G. Moreover R( (2)J;(E;B;)*
and R;-O)(Z)ijj( )*R(z) are compact on L*(Q).

Proof. Let u = R(O)( 2)X;f for z ¢ R. Then checking the boundary condition
by (3.9), we have v; = XJR§ )X f — 5JBJRJ-O)( z)X;f € D(H), and by (3.11)
(H — 2)v; = x;X; f +Vi(2)u = x;f + V;(2)u, which implies (3.13).

By extending f € L*(2;) to be 0 outside ;, we regard L*(2;) as a closed
subspace of L?(Q). The volume elements dV and dV(O) of G and G(O) satisfy
dv = J;dv”. For A € B(L*(;); L*(%;)), let A* and 4*0) denote their adjoint
operators with respect to the volume element dV and de( , respectively. Then it

is easy to show that
A* =7 A0
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Taking A = Rgo)( ), and noting that R(z)* = R(Z) and R§-0)(z)*(j) = Rg-o)(f),
By (3.10) and (3.12), & B;R\”(2) and R(2)V;(2)J;R\" (z) are

we prove (3.14).
compact on L?(Q), which implies the last assertion of the lemma. O

3.2. Essential spectrum.
Lemma 3.4. o0.s(H) = [0,00).

Proof. Lemma 3.3 implies x;R(z) — X'JflR(O)(z)Jij is compact. Therefore

(3.15) ZXJ T RO (2)Jpx + K (2),

where K(z) is a compact operator and satisfies
(3.16) 1K (2)]| < Clim2[72(1 + |2]),

where || - || denotes the operator norm in L?*(2) and the constant C' is independent
of z. For f(A) € C§°(R), there exists F(z) € C§°(C), called an almost analytic
extension of f, such that F(\) = f(A) for A € R and |0, F(z)| < C,|[Im z|™, ¥n > 0,
and the following formula holds for any self-adjoint operator A :

(3.17) f(A) = 5 / 0.F(2)(z — A)"tdzdz.

(See e.g. [34] or [41].) We replace (2 — A)~! by —R(z) and plug (3.15). The
inequality (3.16) implies ||0,F(2)K (z)|| < C, and the integral over C converges in
the operator norm, hence it gives a compact operator. We then see that o(H) —
Zjvzl ZJ—JIHp(HJ(»O))Jij is compact for any ¢(A) € C§°(R). Since U(H](O)) =
[0, 00), we have <p(H](-O)) =0if p(A\) € C§°((—00,0)). Therefore ¢(H) is compact if
©(X) € C§°((—0,0)), which implies that (—00,0) Noess(H) = 0. For A € (0,00) =
J(HJ(O)) one can construct u, € D(H(O)) such that [lu,| =1, [[(H; " - ANuy| — 0,
and suppu, C {y > R,} with R, — oo. Then letting v, = Xjun &;Bjuy, we
have v, € D(H), ||[(H — X\)v,|| — 0, v, — 0 weakly and ||v,| > C uniformly in n
with a constant C' > 0. This implies A € o.ss(H). O

The set of thresholds for H is defined by
N
(3.18) T(H) = Jop(-An,),

where Aj,; is the Laplace-Beltrami operator on M;. Replacing € in §2 by Q; with
Jj=1,---,N, we define the Besov type spaces B;, B;. We put

N
1£15 = Ixofllza) + > Ixi flls,

j=1

N
lulls= = lIxofllzz@) + Y Ixs
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The weighted L? space L?° and the weighted Sobolev space H™* are defined

similarly.

3.3. Radiation condition. A solution u € B* of the reduced wave equation
(H=MNu=f in Q AX>0,
d,u=0 on 09,

is said to satisfy the outgoing radiation condition if

1" . .
(3.19) Jim E/o 15 (8y = iPj(N))ullF2(ar,ydy = 0, 1 <Vj <N,

where
Pi(z) = \/z+ Ap,;.

If 0, — iP;(X) is replaced by 0, + iP;(\), we say that u satisfies the incoming
radiation condition. In the following, u is always assumed to satisfy the boundary
condition d,u = 0 on 9.

Lemma 3.5. Let A € (0,00) \ T(H). If u € B* satisfies (H — X\)u = 0 and the
outgoing (or incoming) radiation condition, it also satisfies
. .
Jim E/o IxjullZzcar,ydy =0, 1<j<N.
Proof. We take p(t) € C§°((0,00)) such that p(t) > 0, suppp(t) C (1,2) and
Jo" p(t)dt =1, and put
y o0
or)=x (). x= [ ss)as.
t

Then ¢r(y) = 1 for y < R and pgr(y) = 0 for y > 2R. We next construct
Yr € C§°(2) such that g =1 on K and g = ¢r on Q; for 1 < j < N. Then we
have

(Z[H7 d)R]uvu) = (Z[H - >\a Z/JR]% u) =0.
By the construction of ¥g, [H,1r] = 0 on K. By the assumption (1.2), on Q; the
commutator has the form

(3.20) ilH, Y] 230, + L; g,

24
= ﬁp(ﬁ>
where L; g is a 1st order differential operator whose coefficients have the form
1 _y _
(VO (y—c©
X()0™)
and X(y) is either p(y) or p'(y). Let v = (1 + y) “u. Then by Lemma 2.1 and
Lemma 2.3 (1) (which also holds for Ag;), 9,v,9yv € L*~° for some 0 < 6 < 1/2.

Therefore

I C
7 [ (10 + 10,01 eqas ) 0 < oras (1050125 + 1040125).
which tends to 0 as R — oo. Therefore by Lemma 2.2

RIEHOO(L]‘7RU, U)LQ(Qj) =0.
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Hence we have by using (3.20),

(3.21) lim Z / = yxju XU )L2(Mj)dy =0.

R—o0

Assume that u satisﬁes the outgoing radiation condition. Using the inequality

’R/o () (@y = iP5 X51) 123, DY

1/2

1 <y . 2
< Clluls- (35 [ () 160, = PNl
and (3.21), we then have

: L [ 1y
(3.22) Jim. 2 = /0 P (E) (P (X5t X51) 2 a4y = 0.
=
As in the proof of Theorem 2.7, we split x;u into two parts,
Xju< = Ej((=o0, M))xju,  xjus = Ej((A, 00))x;u,
where F;(-) is the spectral projection associated with —Ap;. Then by the short-
range decay assumption of the metric,
(—63 —Ap; = AN)xjus =: fj € Lz(Qj).
Since A € o(—Ay, ), arguing in the same way as in the proof of (2.7),
(=07 — Ap, — N)xjus = (=0; + Bj)xjus,

where Bj; is a self-adjoint operator on L?(M;) such that B; > 6(1 — Ayy,), d > 0
being a constant. Therefore, P;(A)x us € L?(£2;), hence
(3.23) im0 (%) (i x52) g = 0

R—oo R J R ’ L2(Mj)
Since Pj(A)xjus = iC;(N)x,us, where C;(\) is a strictly positive operator on
L%(Mj), this also implies

(3.21) lim / L) g3 o, dy = 0.

R—oo

We show that

(3.25) hm Z / XJU<»XJU<)L2(M )d =0.

In fact, in view of (3.22)7 splitting © = u< + us and using (3.23), to prove (3.25)
we have only to show that

(3.26) lim E/ x]u>,xju<)L2(M )dy =0,

R—o0

and the same assertion with u. and u~ exchanged. Let us note that
‘(Pj(/\)Xju>7 Xju<)L2(M].)| = |(Xju>a ijj()\)*u<)L2(kIj)‘
< Clixjuslllix;u<l-
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Therefore

1
E/ ( )‘(Pj()‘)Xju>7Xju<)L2(Mj)|dy

o2
R
/2 1/2
1 Yy 2 e Yy 2
< (o A ) " (5 [ B et

1 Y , 1/2
< C(R/p(R)|Xju>|L2(JVIJ)dy) ;

since x;u< € B*. By (3.24), this converges to 0. Similarly, we can prove (3.26)
with u< and u~ exchanged.

On the other hand, (P;(A)xju<, xju<) > C||Xju<||2L2(Qj) for a constant C' > 0,
which depends on A. Therefore by (3.25)

1=y
(3.27) Jim 5 [0 (%) el s = o
By (3.24) and (3.27), we complete the proof of the lemma. O

Lemma 3.6. Suppose u € B* satisfies (H — N)u = f for A € (0,00) \ T(H) and
dyu =0 on IN. Assume also for some 1 < j < N, f € L*>*(Q;) for any s > 0, and

.1 R
(3.28) Jim & [ Il s =o.

Then u € L2’5(Qj) for any s > 0. Moreover for any s > 0 and any compact interval
I C(0,00)\7T(H), there exists a constant Cs 1 > 0 such that

(3.29) Ixsullz2+ ;) < Corlllulls- ;) + 1fll2+1(0,)), VA€ L

Proof. We construct counterparts of £ and B; when the roles of G and Gg-o)

~ (0
are interchanged. Namely, there exists an operator of extension Sj( ) such that for
m >1/2 and ¢ € H™(09;(R))

F© [ on O%R),
3}};0)5} 77[1—{0 on Q\(Q,NQ(R—1/2)),

supp (gj(o)w) C QN (R-1),
& € BH™(09,(R)); H™/>*(;)), m>1/2, 5>0.
If 0,u = 0 on 0N, we have
81/;0) (xju) = y_l_GUBJ(-O)u on 09Q;(R),

where
B](-O) _ lerEOXj ((‘%(o) _ ay).
We put J
£0) = y 1O,
Then

8V50>5](0)B§0)u = (9y(p) (Xju).
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Suppose u € B* satisfies (H — N)u = f, A € (0,00) \ 7(H), and d,u = 0 on Of.
We put v; = x;u — X;O)B;O)u. Then v; satisfies
(=02 = Ap, — Ny = x5 f + Lju+ (02 + Ap, + NEVBPw in Q,

(3.30)
8VE0)Uj=0 on an.

Here L; is a 2nd order differential operator with coefficients decaying like O(y~!~).
Note that f; := x;f + Lyu+ (82 + Ay, + NEL B w € L21Heo(q;).

Let vjn = (v5(-;y), ¥n(-))L2(0;), Where ¢, () is the normalized eigenvector as-
sociated with the eigenvalue A, of —Aj;. Then we have

(3.31) (=07 = 1t )Vjm = Gims M =A— An,

where g, € L*»(1+90)/2((—00,00)), and vj,(y) = gjn(y) = 0 for y < 0. Let
ro(z) = (=02 — z)~" in L*(R), i.e.

m@m@=gk[§”%”ww@c

where Im+/z > 0. Then as can be checked easily for any s > 0 and 6 > 0, there
exists a constant Cs s > 0 such that

(1 + [y ro(=a)(L + [y)) " *llBL2(R):L2®R)) < Csi, VYa > 0.
Therefore by (3.31), one can show that
(3.32) Ej((A,00))v; € L2UHe)/2(),

where E;(-) is the spectral projection associated with —Ap, ;.
For A\, < A, we study v, ,, separately. By (3.28),
I )
3.33 lim — in dy = 0.
(3.39) Jim % [ ) Py
In view of (3.33), we see that v, satisfies both of the outgoing and incoming
radiation conditions. Adopting the outgoing radiation condition, we see that v;
is written as v, = 7o(ttn +10)g;jn, i€
i vy o oo ’
Vjm(y) = (/ eiVin(y—y )9‘,n(y/)dy’+/ eiVIin(y _y)g‘,n(y')dy’).
i 27in \ o j , j
Note that g;,, € L*((0,00)), since g;,,, € L>(1+%)/2((0, 00)). Therefore
) R /
li () = Win W=y g (" \dy'.
;0 (y) 2\//Tn/0 e 9j.n(y')dy
The condition (3.33) implies that this limit is equal to 0. which implies
’Z: e . / o0 . /
, — _ VIR =Y) g (o Vdy' WY =Y o ()d ')_
Vjn(Y) 2\/lTn( /y e 9in(y')dy +/y e 9in(y')dy
Using the following Lemma 3.7 (Hardy’s inequality), we have (1 + y)(©0—1)/ Vjn €
L2((0,00)). Using (3.32), we then have v; € L*»(=17<)/2((0,00)). By Lemma
3.2 and the formula x,u = v; + SJ(O)BJ(»O)U, we have u € L*»(~17€)/2(Q;). Thus
we have seen that u gains the decay of order ¢y in ;. Then in (3.31), g;, €

2
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L2(42€0)/2((0,00). Hence v; € L>»(=1%3¢/2)(Q);). Repeating this procedure, we
obtain x;u € L?™(;), Vm > 0. The estimate (3.29) can be proven by re-
examining the above arguments. O

Lemma 3.7. Let f(y) € L'((0,00)) and put
u) = [ v
The for s > 1/2

oo 4 oo
2(s—1) 2d < / 2s 2d )
| e Py < s [Py
For the proof, see [41] Chap. 3, Lemma 3.3. O

Lemma 3.8. Let 0,4q4(H) be the set of X & T (H) for which there exists a non-trivial
solution uw € B* of the equation (H — X\)u = 0 satisfying the radiation condition.
Then o,qq(H) = 0,(H)\ T (H). Moreover it is a discrete subset of R\ T (H) with
possible accumulation points in T (H) and co.

Proof. The first part of the lemma is proved by Lemmas 3.5 and 3.6. Let I be
a compact interval in R\ 7(H), and suppose there exists an infinite number of
eigenvalues (counting multiplicities) in I. Let u,,n = 1,2,--- be the associated
orthonormal eigenvectors.

Take any R > 0 and let xo = x& be the function introduced in the beginning of
this section. We decompose

N
Un = Xt tn + > (1= X6)Xjtn-
=0

Then by (3.29), for any € > 0 there exists R > 0 such that [|(1 — x{)un|r20) <
¢ uniformly in n. By the compactness of the imbedding of H} _(Q) to L2 (),
{XRUn }n is compact in L?(Q). Therefore {u,, },, contains a convergent subsequence,
which is a contradiction. O

It is known that the eigenvalues embedded in oess(H) can accumulate at 7(H)
only from below, see [45].

The set of exceptional points E(H) is now defined by

(3.34) E(H) =T (H)| Jop(H).

Weyl’s formula for the asymptotic distribution of eigenvalues on compact manifolds
and Lemma 3.8 imply that 7 (H) is discrete and £(H) has only finite number of

accumulation points on any compact interval in R.
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3.4. Limiting absorption principle. For a self-adjoint operator H defined in a
Hilbert space H, the limit

lim (H — A i)' = (H - AFi0)"", Xeo(H),

does not exist as a bounded operator on H. However if A is in the continuous
spectrum of H, it is sometimes possible to guarantee the existence of the above limit
in B(X; X*), where X', X* are Banach spaces such that X ¢ H = H* C X*, and
‘H is identified with its dual space via Riesz’ theorem. This fact, called the limiting
absorption principle, is central in studying the absolutely continuous spectrum,
and many works are devoted to it. We employ in this paper the classical method
of integration by parts pioneered by Eidus [23]. The crucial step is to establish
a-priori estimates as in §2 of this paper, and to show the uniqueness of solutions
to the reduced wave equation satisfying the radiation condition. After this hard
analysis part, the remaining arguments are almost routine.

We take any compact interval I C (0,00) \ £(H) and let

J={z2€C;Rezel, Imz#0}.
We first note that Lemma 2.3 also holds for the solution to the equation

(H-—2zu=f in Q
du=0 on 09,

by the standard elliptic regularity estimates. We put v = R(z)f and v; = x,u —
E](O)B](O)u as in the proof of Lemma 3.6, Then v; satisfies (3.30) with X replaced by
z. We can then apply Theorem 2.7 to see that

5 < Cu(lFlls + lull-.),

for any s > 1/2, where C is independent of z € J. Once (3.35) is proved, we can

(3.35) [l

repeat the arguments in Chap 2, §2 of [41] or those of Tkebe-Saito [37] without any
essential change. Note that here and in the sequel, we use (, ) to denote the inner

(u,v):/ﬁu@dv

of L?(Q) as well as the coupling between B and B*, or L** and L?~%.

product

Lemma 3.9. Take s > 1/2 sufficiently close to 1/2.
(1) There exists a constant C > 0 such that

sup |R(2)fll-s < C| fll5-

(2) For any X\ € I and f € B, the strong limit lim._o R(\ = ie€) f exists in L>~5.
(3) I >\ — R(A£i0)f € L*~* is continuous.

Sketch of the proof. Suppose the uniform bound (1) is not true. Then there exist
a sequence z, € J and f, € B such that u, = R(z,)f, satisfies ||u,||—s = 1 and
lfnllz — 0. Without loss of generality, we can assume that z, — A € I. Using
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(3.35) with 0 < s < s and the compactness of the embedding of H7 into L? ,
one can assume that u, converges to some u € B*, and u satisfies the equation
(H — X)u = 0 and the radiation condition (see Corollary 2.6). Therefore u = 0 by
Lemma 3.8. However this contradicts ||u,|—s = 1. The assertions (2) and (3) are

proved in a similar manner. (I
Using this lemma one can prove the following theorem.
Theorem 3.10. (1) For any A € I, lim._,o R(A £ i€)f exists in the weak-+ sense:
3 lim(R(\ & ie) f,9) = (R(\£0)f.0), V/.g € B.
(2) There exists a constant C > 0 such that
RN £i0)flls- < Cllflls, Ael.

Moreover R(X\ £1i0)f satisfies the outgoing radiation condition for A\ +i0 and in-
coming radiation condition for A — 0.

(8) For any f,g € B, I > X — (R(A£10)f,g) is continuous.

(4) Let E(-) be the spectral decomposition of H. Then E([0,00) \ E(H))L?*(Q)
= Hae(H), and we have the following orthogonal decomposition

L*(Q) = Hao(H) @ Hy(H).

Sketch of the proof. Since L*~* (s > 1/2) is dense in B*, (1) follow from Lemma
3.9 (2) and (3.35). The assertion (2) follows from Lemma 3.9 (1) and (3.35). The
remaining assertions are proved in the same way as in Chap 2, §2 of [41] or Tkebe-
Saito [37]. O

Let us recall that for a self-adjoint operator H = ffooo AdE()), the absolutely
continuous subspace for H, H,.(H), is the set of u such that (E(X)u, u) is absolutely
continuous with respect to dA, and the point spectral subspace, H,(H), is the
closure of the linear hull of eigenvectors of H.

4. FORWARD PROBLEM

4.1. Unperturbed spectral representations. Let {Xj}é-\]:o be the partition of
unity defined in §3. Recall the spaces B and B* introduced in §2. For two functions
fyg on Q, f~ g means that

L1 f .

Jim 5 [ ) F6) = 9.0 ey dy =0, 1< <N,

— 00 0

We also use the same notation f ~ g for f, g defined on ;.
Green’s function of —d?/dy* — ¢ on (0,00) with Neumann boundary condition

at y =01is
a1 ) — cos(\/Cy)eV', o<y <y,
Y95 = = )
VC | Ve cos(r/Cy'), 0<y <uy.
Let A\j1 < Aj2 < --- be the eigenvalues of —Aj, with normalized eigenvectors

win(x), n = 1,2,---. Without loss of generality, we assume that ¢, ,(z)’s are
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real-valued. Let H J(-O) = —65 — Ap, with Neumann boundary condition. Then
Rﬁo)(z) = (Hj(.o) —2)~ ! is written as

@) (RO @)= X [ 65z ) (B )i

(Pinf) (@,y) = (f(, ), @im)Pjm (@),
(,) being the inner product of L?*(M;;/det (h;)dz). Note that det(h;j) =
det G§O). For f(z,y) € L*(M; x (0,00); (det G;o))l/zdxdy), we define its cosine
transform by

Fas @) = w7 [ cos (4V3) )

0
Lemma 4.1. For f € B, and X € (0,00) \ 0,(—=Ap,;), we have

RONLi0)f ~ £ivm Y (A=) W AEWVANn F (X = Ajn) P f(2).

Ajn<A

Proof. We first show that the right-hand side of (4.1) is a bounded operator from
B to B*. The sum over the terms in which A;, > A is rewritten as

AN f

- 1 = —kn ly—y'| —kn (y+y")\ £ AP

= > an/o (e +e )fg,n(x,y)dy
)\j,n>>\

where f;, = P;,f and k, = \/A;» — A. Then we have
145 (NS Gl

L / (efkn ly—y'| + efkn (yﬂ/)) <f(’ y')’ ¢j7n>L2(Mj)dy’
0

2

<o Y [T iy

Ajn>A 0
< C/\||f||%2(1v1jx(0,00))'

Hence A;(\) € B(L?; L™= (Ry; L?(M;)) C B(B; B*). To estimate the term in which
Ajn < A, we put

(oo}
wjn(z) = / Gy, y' s N 1130 — X ) fin(z,y)dy'.
0
Then we have
oo
winl@)| < C [ Uiyl
0
Since
[tjnllse < Cllugmlize,  [[finller < Cllfjnlls,
We have proven that Rgo)()\ +10) € B(B;B*).
Now the assertion of the lemma is easy to prove if there exists ng > 0 such that

fim =0 for n > ng, and f;, is compactly supported for n < ng. Since such an f
is dense in B, we have proven the lemma. O
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The generalized eigenfunction of H ;O) is defined for A > A;,
(42) WA = 720 = A) T cos (yy/A = Mg ) i),
This \I/( )(x y; A) is often denoted by \IJEOT)L(/\) in the sequel. It satisfies

(—Ago — TN =0 i
(4.3) ’
2,00\ =0 on 99

The Fourier transformation associated with H; ©) is defined by

(44) FONf = Z X NFA N f,

where X, n is the characteristic functlon of the interval (\; ,,00), and
0 0 0

(FO2F) (@) = ( / v (\) fav >> #in(2)

= fcos(A - )\j,n) j,nf(x>7
where de(O) = (det G(O))l/dedy. Define a subspace of L?((0,00); L%(M;); d\) by

t

Then F\*) defined by (F\* f)(\) = F\” () f for f € C5°(€;) is uniquely extended

(4.5)

H; LQ(()\J‘ ny00); dA) ® j ()

|P”48

(4.6)

M2

fn ijn anL (()\j;mOO); d)\)}

I
—

to a umtary operator
0 ~
FO . L2(Qy) - H;.
We put

N
(4.7) EB

where L?(M;) = L?*(Mj; /det(h;) dz), and and also
(4.8) f<0> (FO,- FD).

By the computation similar to the one to be given in the proof of Lemma 4.3
below, one can show that

o ([RP O+ 0) = BP0 = 10)] £.7) = 17000 oo

Therefore, .7:;0)( ) € B(B; L*(Mj;)), and .7:(0)( \)* € B(L(M;); BY).
Here we must pay attention to the following remarks. The first one is that in
(4.4), .7-"(0)()\) is a finite sum:

(4.9) Z FO

n<>\
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The second remark is that the adjoint * is taken in the following sense:

(410)  (FONF R, mﬂ<)>mm—/ffW)hW”
(h € L?(Mj)). Therefore
(4.11) FON =3 Floy,
and for h € L*(Mj;)
(4.12) (FO0 ) (@) = w0 (@, N (s 25020
. (0) /y\# . 0) (0) (yy*

Since F; 7 (A)* satisfies (H;" — A\)F; "/ (A)* = 0, we have

FOO € B(LA(M;); H>7®), s >1/2,
hence

FON) e BH 25 L3(M;)), s> 1/2

7 I 7)) .

4.2. Perturbed spectral representations. Using £;, B; and V;(z) in Subsection
3.1, for A > A, ,, we define the generalized eigenfunction for H by
(413) () = (G = &B) YA = RAF 0)V; ()T ().

Here putting s = (1 + €0)/2, we regard &;B; and V;()\) in B(H*7%; L»*). Note
that U, , +(\) € B*. This definition easily implies

{ (—Ag - MY, +(A)=0 in Q,

4.14
(4.14) 8,9, +(A)=0 on 0.

The generalized Fourier transformation for H is defined by perturbing F. ;0). We
put for A > X;
(4.15) Fina(N) = Fl N (x5 — (€;B;)" = V;(\)") R(A £ i0),

where J; = (det G/det G;O))l/Q. Note that (£;B;)*,V;(\)* € B(L*»~%; H=%**), and
R(\£i0) € B(L?*; H>=*) N B(H %%, L?>~*), hence (4.15) is well-defined.

Lemma 4.2. For f € C§°(Q2), we have

(4.16) Fine0) @) = ([ Trna W av ) (o)

where dV = (det (G))"/? dady.

Proof. We put u = (x; — (§;B;) (A)*)R(A £1i0)f. Then by using (4.10)
(Fins (N F, )12 (fj%(A)J u, h) 120,

- /Q uFL N (N)*h J;dv?.

J
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We then use (4.12) to see that the right-hand side is equal to

0 71 N\
WO (N AV (h 9jn) paar,
Q;

= (06 = (EBy)* = Vi VRO £ 0) 1,800 ) (s o) g2 ar,)
= (£, ¥n.£(N) (@jns ) L2 (01),

which proves the lemma. ([
The adjoint operator Fj , +(A)* is defined by the following formula:

(4.17) (Fimax N F B2 ary) = (F Finte (MR 20y, h € L*(M;).
Lemma 4.3. The adjoint operator Fj,, +(\)* has the following expression:
(4.18) Fins(N) = (x = &B; = RAF i0)V;(1) F5 (V)"

where the adjoint .7:](2()\)* is taken in the sense of (4.10).

Proof. Let u = (x; — (£;B;)* — V;(A\)*)R(A £ i0)f. Then as is shown in the
proof of Lemma 4.2,

Fon s W zany = [ a7,

= (u, FO (N h) r2(0.
Plugging the form of u, we see that the right-hand side is equal to
(£, (s = &Bj = RO F i0)V;(0))F}5 (V) h) 2,

which proves the lemma. ([l
We define
(419) ZXA n jn:t Z fjn:l:
Ajon <A
(4.20) fi()\) = (fl,i(/\), cee ,fN,i(/\)).

Lemma 4.4. For any A € (0,00) \ E(H) and f € B, we have on Q;

(4.21) RAE0)f ~ £iy/m Y (A= Aju) AWV N E L (NS

>\j,n<>\

Proof. This follows from (3.14), Lemma 4.1 and the definition (4.15). O

Lemma 4.5. For any A € (0,00) \ E(H) and f € B, we have
1

57 (RO +1i0) = R =i0) f, f) = | F= (M f3-

Proof. We prove the case for F;(A). We have only to prove the lemma when
f € C§°(Q). We compute in a way similar to that in Lemma 3.5. Take p(t) €



26 HIROSHI ISOZAKI, YAROSLAV KURYLEV, AND MATTI LASSAS

C§°((0,00)) such that [ p(t)dt = 1, and put x(¢) = [ p(s)ds. Let u = R(A+i0) f

and
N
YR = Xo + ZX(%)XJ'(Z/),
j=1

where {x; };-V:o is the partition of unity on €2, and y in x;(y) is the local coordinate
on §2;. We then have

([H — A\, ¥r]u,u) = (Yru, f) — (f, Yru).

As u € B*, by computing the commutator [H, ¥ g], we then have

N
. 2 Yy
in g (P sy ) = (s f) = (f, ).
Since v = R(\ + i0)f satisfies the radiation condition (see Theorem 3.10 (2)),
(0y —iPj(N))x;u =~ 0. Therefore
N

dm > (oD wPs () = (1)~ ().

Now we note that

; 1 Y . 1 [ |y

Let vy be the term in the right-hand side of (4.21). Using Lemma 4.4, we first
replace u of the right-hand side of (P;(\)u, “)L2(Mj) by v4. We next move P;(\) to

the right-hand side of the inner product, and replace u by vx. Since ’ij()\)go;?) =

VA= N 080 we have Pj(N)Fjnt(A) = /A — Ajn Fjnr(A). The lemma then

follows from a direct computation. (Il

The formula in Lemma 4.5, when integrated with respect to A over (0,00), is
a counterpart of the Parseval formula in the Fourier transformation, and a crucial
step for the spectral representation. Using H; in (4.6), we put

N
(4.22) H=PH,.
j=1

The following theorem can be proved in the same way as in [38] or Chap. 3 of [41].

Theorem 4.6. (1) For \¢ T(H), F+(\) € B(B;h).

(2) The operator (Fif)(A) = FL(N)f defined for f € B is uniquely extended to a
partial isometry with initial set Hq.(H) and final set H.

(3) (FLHP)N) = MF)(N), YA€ (0,00) \E(H), V[ € D(H).

(4) F+(N)* € B(h;B*) is an eigenoperator of H with eigenvalue X\ in the sense
that

(H—NFs(\)*)p =0, Vi €h.
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(5) For any compact interval I C (0,00) \ T(H) and g € H, we have
/ Fr(N)*g(\)dx € L*(Q).

Let I, be a finite union of compact intervals in (0,00) \ E(H) such that I,, C I 41,
Us 1 Iy = (0,00) \ E(H). Then for any f € Hae(H), the inversion formula holds:

f=s—lm [ FL\)"(FLf)(N)dAr

n—oo
n

4.3. Time-dependent scattering theory. Let H(O) 85 — Ap; be the unper-
turbed Laplacian in the end ;.

Theorem 4.7. The wave operator W : @;V_lLQ(Q ;) — L2(Q) defined by

Wi =s—lim Z eV H ey H,

t—=+oo
exists and is complete, i.e. Ran Wy = Hac(H). Moreover
(4.23) Wy = (fi)*f(o),

where F©) is the Fourier transformation defined by (4.8) for the system of Lapla-
: © .. O
cians (H; ", --- ,Hy').

Sketch of the proof. We argue in the same way as in Chap. 2, Theorem 8.9 of
[41]. Take f € Hac(H) such that (Fjn 1 f)(A) € C§°((Ajn,00)) and Fj 4 f =0
except for a finite number of n. Then by Theorem 4.6 and Lemma 4.3

eI f = / eV E L () (Fi f) (\)d
*Z / VA (FON) (Fins £)(NdA
*Z / e g By (LA )) (Fims ) (V)dA

-> /O e ARA—i0)V;(0) (FON) (Fye f) (WA

Because of the decay of &£;, the 2nd term of the right-hand side tends to 0 in L?(2).
Letting A = vH, we have

(H—E*+i0)"' = (A—k+i0)" " (A+k)™?

(4.24)

We then put
g(k) = 26(A+ B) V() (FIO ) (Fjms £ ),

30 = [ e gk,
0
We show that
(4.25) gl <ca+n=c, t>o0.
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In fact, take h € L?(Q) and consider

(G(t), h) = /0 N 2ke "k ( (;f;ﬂj(ﬁ))* (Fims 1) (K, V;(k*)(A+ k)~ 'h)dk

— Z/dvj(o) /Oo (e—i(tk+y\/k2—xj,n) i e—i(tk—y./m—xj,n)) o dk.
n 0

Here we have used the definition (4.5) of .7-";7071) and spitted cos(yy/k? — ;) into
% (e_iy VI =Xin | ey kQ_’\j'") to rewrite the inner product into the integral with

respect to the measure de(O) = (detG’lgO))l/ 2dxdy. Since V;(k?) contains a factor
(1+y)~17¢, by the methods of stationary phase, one can prove

(g(t), k)] < CA+ ) F|All,

which proves (4.25). We use the notation f(t) ~ g(t) if || f(t) —g(¢)|| — 0 as t — oc.
In view of the following Lemma 4.8, we obtain as t — oo

IS [ (EDW) (Fs VA
gn 70
O .
=> e VI L) Finf,
Jn
in L?(Q). This implies the existence of the limit
N
(4.26) s — lim Z VA Xje_lt\/ﬁpac(H) = (.7:(0)) Fi.
t—o0
j=1
Here, P,.(H) is the orthogonal projection onto Hq.(H). Since (.?’-"(()))>'F.7-'Jr is a
partial isometry with initial set H,.(H) and final set L?((2), (4.26) also implies for

g= (gla"' 7gN) € @;V:1L2(Q])

N
(4.27) VTS xe VI g (F,)"FOg)| - 0.
j=1

) A
Let us prove this fact. We put U(t) = Zjvzl VA e tVH  Then (4.26)
implies that U(t) — (.7-'0)*.7:+ =: U strongly, which implies

(4.28) U(t)" = U* weakly.

We show that
N

(4.29) U@ gll = llgll = 1U*gll, 9= (g1, ,9n) € PL*().
j=1

In fact, we have
N

N
—ity/H —ity/H®
U@ 91> =11 xze V5 g2 =D Ixge "V gil%
j=1

J=1
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) it JH©®
By the scattering property of e Vi~ ||(1 - xj)e " H; gi|l — 0, which proves

N N
—ity/H
D e VI g2 = llgslP = Nl
j=1 j=1
Now, (4.28) and (4.29) yield ||[U(t)*g — U*g|| — 0. This completes the proof of
Theorem 4.7 for W,. The assertion for W_ is proved similarly. 0

Lemma 4.8. Let A be a self-adjoint operator on a Hilbert space H. For f(k) €
Co((0,00); H), we put

fi(t) = / TR f (k) de.
0
Then for any e > 0

] / °°<A_m€>-1eﬂ’ftf<k>dkH < [T
0 t

Proof. This is proved in [41], Chap. 2, Lemma 8.10. For the reader’s convenience,

we reproduce the proof. By virtue of the identity

(A —kF ie)*l = j;i/ 6$is(A7k$i6)d57
0

we have
/ (A =k Fie) te®* f(k)dk = +i / eFs(AFIO) £ (s 4 1)ds,
0 0
which proves the lemma. O

4.4. S-matrix. The scattering operator is defined by S = (W+)*W_. We consider
its Fourier transform : § = F(©§ (.7-"(0))*,

Lemma 4.9. We have a direct integral representation:
(SHN)=SNF(N), VfeH, VA>0,

where §(A) = (§jk()\))1<j w<n s a bounded operator on h called the S-matriz, and
is written as follows

*

o~

Sir(N) = 8 = 2miF; . OV (£ )
Proof. Lemma 4.5 implies

5 (BROH0) = R(A = i0) = FL () F (V).
By Lemma 4.3, we then have
FikN)* = Fem(N)* = 20iF (A Fr AWV FL (V)

Then we have by Theorem 4.6 (2), for f,g € H

h

N o0 .
(Fe = FF o) = -2y | (7 0m) (A7W) o), ar

By (4.23), 5 = F, (.7-'_)*. Hence the lemma follows. O
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Let h;()) be the linear subspace of L?(M;) spanned by ¢, ,, such that \;, < A
and put

N
h(\) = ED h;(\).

Then S()) is a partial isometry on h with initial and final set h()). The scattering
amplitude is defined by

AN = Fis V) (F00)
Let Ajm kn(N) @ L2(My) — L?(M;) be given by
(4.30) Ajmn(N) = Fjam s V) (FON)
We then have

§j ()\) - (Sjk;_[j = —2m Z Ajm,kn()\)a
Ajom <A A, n <A
where I; is the identity operator on LQ(M]-). When 3,k and the energy A > 0 is
fixed, (Ajm,kn(N)) is a finite matrix of size (d;, dy), where d; = #{m; A\jm < A}.
Let Ajm kn(A) be defined by

(431) Ajm,k:n()\) = (Ajm,kn()\)spk,n7 @]}m)Lz(]\/IJ_) .
Then we have
(4.32) AjminNh = Ajim on (V) (hy ©rn) L2 (M) @ims YV € L (My,).

The scattering amplitude is computed from the asymptotic expansion of the
generalized eigenfunction in the following way.

Lemma 4.10.

0 i/meVVATAim
Pjm (‘l’k,n,—(/\) - Xj\I/I(c,ZL()\)> ~ —W«‘bm,kn()\)%,m-
Proof. This directly follows from (4.13) and Lemma 4.4. O

5. FROM SCATTERING DATA TO BOUNDARY DATA

5.1. Non-physical scattering amplitude. In this section, we observe waves
coming in from and going out of the end 2; assuming that

(5.1) G1 = (dy)* + hy(x,dx) on 9.
This amounts to studying the scattering amplitude Aj,, 1, (A) of (4.30), which is
rewritten as
At 1n(A) = Feos(A = M) PrmJ1 (X1 = Vi(A)* R(A + i0))

Vi(A) (Feos(A = A1n))" P
Note that B; = 0, because of the assumption (5.1). By the expression (3.12),
V1(A) and Vi (\)* are independent of A and compactly supported in the y-variable.

(5.2)

Therefore, A1, 1, () defined for A > max {\1 ,, A1} is analytically continued to
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the upper half plane C; = {Im A > 0}. This analytic continuation can be extended
to a continuous function on C; U (R \ £(H)). We denote the obtained function for
{A <max{A m, \in}}\EH) by A (nph) (M) and call it the non-physical scattering

1m,1n

amplitude. These functions can be represented by (5.2), where Feos(A — A1) and
Feos(A— A1) are replaced by their analytic continuations. Let

(5:3) @,y N) =7 2T = )Y cosh (/A = A) g1 a(e),

and put, similarly to (4.5)
FuoanMm — NPrnf) (2) = ( [ olorav; ) 1n().

In the following, we always assume that A ¢ £(H). The explicit form of A{""") ())

Im,ln

is given by the following lemma. Recall that the non-physical scattering ampli-
tude A("PM (M) coincides with the physical scattering amplitude Ajy, 1,(A) for

Im,1ln

A > max {)\Lm, )\1,”}'
Lemma 5.1. (1) If i <A< Aip,
A(lzf};)n( ) - fcoso\ - Al,m)Pl,njl (Xl Vl( ) ()\ + ZO))
Vl()‘) (]:cosh(>\1,n - )\)) Pl,n~
(2) [f A1,n < )\ < A1,m7
Ag’,:rzljﬁzl(A) = fcosh(Al,m - A)Pl,mjl (Xl - Vl()\)*R(/\ + ZO))
: V1(>\) (fcos()\ - )\l,n))* Pl,n~
(3) If)\ < min{)\l,m, Al,n},
AP () = Feosn(Mm = N Prans (1 — Vi(A)*R(A + i0))
Vl( ) ( cosh(>\1 n A))* le.
In accordance with (4.13), we define non-physical eigenfunction by
(5.4) D1t (N) = 1100, (A) = RAF i0)1 (A2 (N).

Note that the physical eigenfunction ¥y ,,, —(A) defined for A > Ay, is analyti-

cally continued through the upper half space C to the nonphysical eigenfunction

@1 1, — (A) defined for A < Ay ,,,. The non-physical scattering amplitude is computed

from the asymptotic behavior of non-physical eigenfunction in the following way.
We put

h h
Agﬁfﬁn( A) = (Ag%),l)n(/\)@l,m@1,M)L2(Ml)~
Then we have for h € L*(M;)
nph nph
AT b = ATED () (hy @1n) 12 (0t) P2,
Lemma 5.2. (1) If A1 ;m < A < A1, we have as y — 0o,

. 3 A—A1
_ () o VTV (i)
Pl»m (élﬂla*()\) él,n(A)) - ()\ o Al,m)1/4 Alm ln( )Splan
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(2) If X < max{A1 m,A1,n}, we have as y — oo,

e™i/4 ﬁe—y\/m
(>\1,m _ )\)1/4

with a super exponentially decreasing error, that is, with the error r(y) satisfying

Ir(y)| < Cne™NY for any N > 0.

Pin(®10-(N) = %)) ~ = AL ()P,

Proof. The assertion (1) is proved in the same way as in Lemma 4.8. By (4.1),
letting ¢ = A — Ay, we have as y — oo
jeiVCy oo
e (\/ /) Nt

—= | cos (V') Prmf(x,y)dy

vV o

with a super exponentially decaying error. This, together with (3.14) and Lemma
5.1, proves (2). O

Pl,le()\ + ZO)f(l’,:l/) ~

5.2. Splitting the manifold. We take a compact hypersurface I' C ; having the
following property.

(C-1) T splits 2 into a union: Q = Qepr U Qe 0 that Qezt N Qi = Ty Qipp 1 a
manifold with smooth boundary, and Q..+ C 1. (See figure 2.)

Qi"t Qezt
r

0

FIGURE 2. Surface I' splits 2 to two parts, manifold £2;,; with a
smooth boundary and its complement Q.,; C 1.

Let O C Q;,: be an open, relatively compact set such that it has a smooth
boundary not intersecting 9;,; and that ;,; \ O is connected. Denote Qo =
Qine \ O and

To=

r if 0=0,
20 if O #40.

We put for f,g € L?*(To)

(fag)Fo: - f(:c)g(m)dSz,

dS, being the measure induced from the metric G on I'n. We put Ho = —Ag in
Qo endowed with the Neumann boundary condition:

(5.5) Ov=0 on 0Qp,

v being the unit normal to the boundary. If 2 has only one end, €2;,; is a bounded
region. If € has more than one end, €;,; is unbounded and the spectral theory
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developed for H applies also to Hn. To see this, we have only to replace I by
KU((21 NQ4nt) \ O), and to argue in the same way as in §3 and §4. Let E(Hp) be
op(Hp) when Qe is bounded, and the set of exceptional points for Ho when Qo
is unbounded.

Next we consider the case O = ) so that T'p =T

Lemma 5.3. Suppose A & E(H) U E(Hy), and let U1, _(A) and D1, (X) be
physical and non-physical eigenfunctions for H. Then the linear subspace spanned
by 0y W1 m,—(N) - 0,®1 - (M|, n=1,2,..., is dense in L*(T).

F7
Proof. We show that, if f € L*(T) satisfies

(56) (f, (’),,\I/Ln,,()\))p = (f, 81,<I>1,n,,(>\))p = 0, Vn Z 1,

then f = 0. We define an operator & € B((HY%(T"))"; H~%(Q)), where (H'/2(T"))’
is the dual space of H'/?(T'), by

Orfw) = (f,dw)r, Yw € H*(Q),

and put u = R(A —i0)0r. f by duality. This means that , if G_(\; X, X') is Green’s
function, i.e. the integral (Schwartz) kernel of R(A — i0),

u(X) = (R(\ — 10)6}.£) (X) = / 8, G_(\ X, X') f(X')dSx,

where 0, means the conormal differentiation with respect to the variable X’. Then
u € B*, and by (3.14), we have the following asymptotic expansion on

w37 CaNe VAT (£,0,W1 - (\)p p1a ().

A1,n <A

In particular, if A; , < A

(5.7) (U, 1.1) = Cr(N)e ™ UVAT n (£.9,0 . (N))

| s

Cy () being a constant. In a similar way, we have for Ay, > A
(5.8) (4, 01,0) ~ Cr(N)e VA2 (£,0,81 - (V)1

modulo a super exponentially decaying term. Note that u,, = (u, <p1m,) satisfies the
equation (—65 + A — Au, = 0 for y > a, a being a sufficiently large constant.
In view of the assumption of (5.6) and (5.7), (5.8), we then have (u,¢1,) = 0 for
y > a, hence u(z,y) = 0 for y > a. The unique continuation theorem then implies
u = 0 on ¢z By the property of classical double layer potential, 0, u is continuous
across I', so that d,ulp = 0.

Next we show that v = 0 in ;,;. In the region ;,:, we have (—Ag — \)u = 0.
If Q;n: is bounded, then u = 0 since A is not a Neumann eigenvalue. If £2;,; is not
bounded, u satisfies the incoming radiation condition, since so does u in 2. Then
u =0 in Q¢ by Lemma 3.4. As u = R(A —i0)drf € L? (), it follows from the
above that w = 0in Q. Applying H — A, we have 01 f = 0 as a distribution, hence
f=0onT. O
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5.3. Interior boundary value problem. For z € C\ £(Hp), we consider the
following boundary value problem

(Ho—2)u=0 in Qp,
(5.9) dyu=0 on 000 \Top,

du=fecH"*To) on To.

The incoming radiation condition is also imposed, if €2;,; is unbounded and z € R.
The Neumann-Dirichlet map (N-D map) is then defined by

(5.10) Ao(2)f = u|FO,
where u is the solution to (5.9). When O = ), we use for the N-D map of the
operator Hy the notation Ap(z) = A(z).

Now we consider the operator theoretical meaning of the N-D map. Note that
from now on O may be a non-empty set. We put F = (F, Fp), where F, is the

generalized Fourier transform for Ho (which is absent when €;,,; is bounded) and
Fp is defined by

fp : HP(HO) Su ((u7’(/J1), (ua 1/)2)7' ")7

and where H,(Hp) is the point spectral subspace for Hp and v; is the eigenfunction
associated with the eigenvalue \; of Hon. There are two kinds of generalized Fourier
transformation, 7 and F_. Both choices will do as F.. Then F is a unitary

(5.11) F i L*(Qm) — He CY
where d = dim H,(Hp). If d = 0o, C? is replaced by ¢2. Moreover, we have
_  F.(\)*Fo(N) Ny
12 Ho — 1— ————2dA
(512) (o =97t = [ R e 32

where P; are the eigenprojections associated with eigenvalues );, numbered count-
ing multiplicities by ¢« = 1,2,...,d, and the right-hand side converges in the sense
of strong limit in L?(Qp).

Let 70, € B(H'(Q0); H'/?(I'0)) be the trace operator to I'o,

ot H'Y(Q0) 3 f = f|, € H/?(To).

We define dr,, € B((H'/?(T'0))’; (H'(Q0))’) as the adjoint of rr,:
(Orofrw) 2@ = (Firrow)r2(re), [ € (H?(To)), we H' (Qo).
With this in mind we write
TTo = Orp-
Lemma 5.4. For z ¢ E(Hp), the N-D map has the following representation
Ao(z) = 6f,(Ho — 2) " ér,
_ /°° 0o PN FeMiro = O Pidro.
0 A—z Ai — 2

=1
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Proof. For f € Hl/Z(F@), take f € H?(Qo) such that 6,,]? = f on I'p and
f has compact support in €;,;. Then the solution u of (5.9) is written as u =
f—(Hp —2)"Y=Ag — 2)f. Let g = Fo(A\)(Ag + 2)f. Then for any h € Hips,
where Hiy, is defined by (4.22) with j =2,..., N.

(FeW(A +2)f,h) = (Mg + 2) f, Fe(N)*h)
= (00 frrro FeN)h) 12(re) + (F (Ag + 2)Fe(N)"h)
= (f.rro Fe(\) W) 12we) + (F, (= A+ 2)Fe(N)h).
This implies
FoO (A +2)f = FoN)oro [+ (=X + 2)F.(A) f,
Hence

= F N Fe(A )(AG+Z Fel )5rof P
/O - d\ = / A\ — FiF.f.

Similarly,

M&

Pi(Ag + P f .
/\szz Z = Z:ZIPZf

Since F: Fof + Ei:l Pif = f, by (5.12)7 these imply that
u=(Ho —2)""dro f,

which proves the lemma. O

Let us call the set
* * * d
(5:18) {(A 07 FelN) FoWoro) s A € (0,00) \ E(Ho) f U { (Xis 7 Pidro ) |

where d = dim H,(Hp), the boundary spectral projection (BSP) for Hp on I'p.
On the other hand, the set

(5.14)  {(ANFWire) i A€ (0,00 \ E(Ho) f U { (Al ) }

is called the boundary spectral data (BSD) on I'e.
By using the formula (3.17), we have the following lemma.

d

i=1

Lemma 5.5. For a bounded Borel function p(X\) with support in R\7T (Hp), where
T(Hp) is defined by (3.18) with j =2,--- , N, we have

550 (Ho)ore = / so(A)&%Ofc(A)f(A)arodHZw )6t Pidre.
0

i=1
Proof. By the formulae (3.17) and (5.12), this lemma holds for any ¢(A\) € C§°(R\
T(Hp)). The general case the follows from the approximation. O

Usually BSD is referred as given data in the inverse boundary value problems.
What is actually used in our reconstruction for the manifold is the BSP.

Lemma 5.6. Let O C Qe Then knowing the N-D map Ao(z) for all z ¢ o(Hp)
is equivalent to knowing the BSP for Ho.
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Proof. By Lemma 5.4, one can compute the N-D map by using BSP. Taking ¢()\)
as the characteristic function of the interval [a,t) and taking note of the remark
after (3.34), we differentiate the formula in Lemma 5.5 with respect to ¢ to recover
6p, Fe(t)* Fe(t)or, for t € R\ E(Hp). Since

d * 0o S* *
Z 5Fo Pi(SFo _ Ao(z) _ / 61“@]:0()‘) fc()\)(SFO
0

Pt P A—z dA,
one can obtain eigenvalues \; as the poles of the right-hand side. The residues
in these poles provide us with &7 Z/\J:/\i Pjér,,. This determines the terms
o, Pjor, for indexes j such that A\; = A;, up to an orthogonal transformation
of the eigenspace associated to the eigenvalue \;, see [48, Lem. 4.9] or [49]. Thus

we can determine the BSP for Hp. O

We complete this section by the following result used later to prove Theorem 1.1.
Let Q) r = 1,2, be as in Theorem 1.1 We take I' as above, which moreover has
the following property: Ggl) = G§2) on Qeyy = o) — @

ext exrt:

We put the superscript
(") for all relevant operators and functions explained above. Let A((X), 7 = 1,2
be the N-D map for HQ()T)7 that is, when O = (). The basic idea of the following
Lemma is due to Eidus [23].

Lemma 5.7. Under the assumptions of Theorem 1.1, we have A (\) = AP ())
for A € (0,00) \ Uy 2(E(HM) U S(HV()T))), and BSP’s for Hél) and Héz) coincide
onI'.

Proof. Since §ﬂ)(x\) = §8)(/\), the physical scattering amplitudes coincide,
hence so do non-physical scattering amplitudes by analytic continuation. Let
w=0") _()-0F (A andv =) _(\)=®{°) _(A). Thensince H) = H?) =
—07 — Ap, on Qeqr, wand v satisfy (=97 — Ay, —A\)u =0 and (=9; — Ay, —A\)v =0
in Q¢z¢. Using Lemma 5.2 and arguing in the same way as in the proof of Lemma
5.3, we have u = v = 0 in Q¢z. Therefore, \11527 and (I)Yr)u— as well as their
normal derivatives coincide for r = 1,2 and for all n € Z,. Since they satisfy the
equation (5.9) for Hy = Hér), we have A(X) = A®)()\) due to Lemma 5.3. The
last statement now follows immediately from Lemma 5.6. O

6. BOUNDARY CONTROL METHOD FOR MANIFOLDS WITH ASYMPTOTICALLY
CYLINDRICAL ENDS

In this section we reconstruct the isometry type of the manifold (€;,:, G) using
given data.

Theorem 6.1. Assume that we are given the set I' as a differentiable manifold, the
metric G on T, and the BSP for Hy. These data determine the manifold (Q;nt, G)
up to an isometry.

For proving this theorem, we use the boundary control (BC) method for inverse
problems. The method goes back to [8] where it was used to recover the isotropic
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FiGURE 3. We will construct the manifold €2;,,; by iterating local
constructions. First, a neighborhood U; C Q;,; of ¥ C T is re-
constructed. Next, a ball O = B(X1,p) C U; is removed from
the manifold and data analogous to measurements on JO are con-
structed. After that, the metric is reconstructed in a larger ball
B(Xy,7), and the procedure is iterated to reconstruct the whole
manifold ;,,;.

wave velocity in the acoustic equation in a domain in R™. In [11] it was developed
to prove the analog of Theorem 6.1 for compact manifolds when BSD is given on
0. The method was then extended to a large class of elliptic (and associated
hyperbolic) operators on compact manifolds in e.g. [9, 46, 52, 49, 51], see also [48].
Later it was also extended to a number of inverse problems for systems on compact
manifolds, e.g. [10, 55, 54]. The BC method combines Tataru’s uniqueness results
in the control theory for PDE’s with Blagovestchenskii’s identity that gives the
inner product of the solutions of the wave equation in terms of the boundary data.
This identity was originally used in the study of one-dimensional inverse problems,
see [12, 13]. The reconstruction of non-compact manifolds is considered previously
in the conference proceedings [50] and in [14] with different kind of data, using
iterated time reversal for solutions of the wave equation. The reconstruction of
(Qint, G) below is based on matching local reconstructions. Geometrically, this
procedure is similar to the one described in [48], Sec. 4.4. However, the analytic
technique used here is different. In [48] (see also [47]), the reconstruction is based
on the combination of the use of Gaussian beams and the continuation of the
eigenfunctions. In this section we develop a technique based on the continuation
of Green’s function and BSP which is suitable for the non-compact (as well as
compact) manifolds.

The proof of Theorem 6.1 is divided into a series of lemmas. Our reconstruction
of (Qint, G) is of recurrent nature. We will begin with the case when O = ) so
that we are given just the set 'o = I as a differentiable manifold, the metric on it,
and the BSP for the operator Hy on I'. We apply the boundary control method to
reconstruct the metric G on some neighborhood Uy of I'. Then, we will take a point
X1 € U \T and p > 0 such that B(Xy,2p) C Uy, where B(X1,r) denotes the ball
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of radius r with center at X;. We take O = B(X, p) and show that we can find
the BSP for the operator Hp on I'o = 0O. Then we apply the boundary control
method starting from ', which would allow us to recover (¢, G) in a larger
neighborhood Us D U; of I'. Proceeding in this way, we will eventually recover
the whole of (Q;,:, G). Therefore, our further considerations deal with arbitrary
O C Qi including the case O = 0.

6.1. Blagovestchenskii’s identity. Let us first consider the initial boundary value
problem
0?u=Agu, in Qo xRy,
(6.1) ul,_y=0w|,_, =0, in Qo,
du=f, in 0o xRy, suppfCloxR,.
Lemma 6.2. Assume that we are given the set I'o as a differentiable manifold,

the metric G on T'o and the BSP for Ho on I'o. Then for any given f,h €
C(To xRy) and t,s > 0 these data uniquely determine

(! (), uh(s)) = / o (X, 1) e (X, ) dVx,
Qo

where uf (t) and u"(t) are solutions of (6.1) with boundary data f and h, corre-
spondingly.

Proof. Let
sin(v/\t)

St ==

Then the solution u/(t) is written as

/ ds/ dAS(t — 5, \) Fe(N)* Fe(N)ory, f(s)
/ dsZS Xi)Pidr,, f(s).

Using the similar decomposition for u"(s) and the fact that F,(u)F.(\)* = 6(u—2A\),
we obtain the following formula:
(6.2)

:/ dt//SdS//ood/\g(t—t”s—5’,)\) (5t PN FelN)oro (). () 1o

/ dt' / ds’' Zs t—t',s =" ) (6 Pidro f(t), 1(5")) o ry) »
where S(t,s,A) = S(t,A)S(s, A). Observe that the right-hand side depends only on
BSP and the metric on I'p. O

Above, the formula (6.2) is a generalization of Blagovestchenskii identity (see
[48, Theorem 3.7]) for non-compact manifolds.
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6.2. Finite propagation property of waves. Let us next introduce some nota-
tions. For t > 0 and ¥ C I'p arbitrary, let

Qo(z,t) = {X € Qo ; d@(X,E) < t}
be the domain of influence of ¥ at time ¢. Here, dp(X,Y) is the distance between
X and Y in Qp. We use also the notation Qo (Y,t) = Qo ({Y'},t). More generally,
when I = {(;,4;)}/_, is a finite collection of pairs (X;,t;), where X; C I'o and
t; > 0, we denote

J
Qo(I) = | Qo (;,t;) = {X € Qo ; do(X,%;) < t; for some j=1,...,J}.
j=1

For any measurable set B C Qp, we denote L*(B) = {v € L*(Q0); vlo,\p = 0},
identifying functions and their zero continuations.

Lemma 6.3. Assume that we are given the set I'o as a differentiable manifold, the
metric on T'o and the BSP for Ho onTo. Then, for any given f € C°(T'o x Ry),
T >0, and I = {(Ej,tj)}jzl, where ¥; C I'o are open sets or single points, and
t; <T, we can determine

(6.3) aro(f) = /Q - ! (T)|2 V.

Proof. When ¥ C I'p is an open set and h € C§°(Z x Ry), it follows from the
finite velocity of wave propagation (see e.g. [57, Sec. 4.2], see also [41, Ch. 6]) that
the wave u”(t) = u”(-,t) is supported in the domain Qp(¥,t) at time ¢t > 0. It
follows from Tataru’s seminal unique continuation result, see [73, 74], that the set
(6.4) {u"(t); he CE(E x Ry)}
is dense in L?(Qp(X,t)), see e.g. [48, Theorem 3.10]. This clearly implies that,
when 7' > 0 and I = {(%;,1;) ]le, where X; are open and t; < T, the set

X7 = {W"(T); h=hi+-+hy, hj € C(Z; x [T —t;,T))}

= span;_p g {Uh(tj)§ h e Cg°(¥; x [0,t5])}
is dense in L?(Qo(1)).
Next, we consider the non-linear functional

arr(f) = mf{|lw! "(D)F20p); b =N+ +hy, hy € C5°(8; x [T —t;,T))}
where f € C°(To x Ry), T > 0, and I = {(%;,;)}/_,, ¥; C o are open, and
t; < T. By the formula (6.2), the BSP and the metric on I'o determine the value
arr(f) for any f. Moreover, as u/~"(T) = uf(T) — v"(T) and X7 is dense in
L?(Qo(I)), we see that
(6.5) arr(f) = |1 = Xao @) ()72 00);

where Xq,,(r)() is the characteristic function of the set Qo (I) on Q. This proves
the lemma for the case when all ¥; are open.



40 HIROSHI ISOZAKI, YAROSLAV KURYLEV, AND MATTI LASSAS

(k)
J

I'o, k = 1,2,--- to be open neighborhoods of X; such that E§-k+1) C Z§-k) and

an Eg.k) = {Xj;}. For those j’s for which ; is open, we define Eg.k) = ¥;. Denote

the corresponding finite collection of (E§k), t;) by I(k). Then

If for some j, the set 3; is just a point X; € I'p, we define for those j’s X" C

(oo}

Qo(I(k+1)) CQo(I(k), Qo) =[)R(k)),
k=1

and for any b € L?(Qp),

(]‘7XQo(I(k:)))b*>(1*XQO(I))Z)7 a.e. as k — oo.

As [(1 = Xao(1(k)))b()] < [(1 = Xao(1))b(+)], a.e., using the monotone convergence
theorem, we see that

aI(k),T(f) — | (1 - XQo(I))Uf(T)H%%QO) = aI,T(f)~
Thus, the BSP and the metric on I'o determine ay 1 (f) for such I’s. O

Definition 6.4. Let I = {(X;,t;) 3]:1, I' = {(¥},t)) 3’:1 and T" > 0, where
¥;, 35 C Lo and t;,t; < T. We say that the relation I > I’ is valid on manifold

Qo if
(6.6) Qo(I')\ Qo(I) has measure zero.

Lemma 6.5. Let I = {(X;,t;) f:p I'={(¥,t}) 3-]:1 and T > 0, where ;,% C
T'o are open sets or single points and tj,t;- < T. Assume that we are given the set
T'o as a differentiable manifold, the metric on I'o, the BSP for Ho on o, and the
collections I and I'. Then we can determine whether the relation I > I’ is valid on

manifold Qo or not.

Proof. The relation I > I’ is valid on manifold Qe if and only if

(6.7) arr(f) <apr(f) forall feCTo xRy).

Indeed, the equivalence of (6.6) and (6.7) follows from (6.5) and the fact that, by
Tataru’s density result (6.4), the functions uf (T'), f € C§°(T'o x Ry), are dense in
L?(Qo(To,T)). As for given f, by Lemma 6.3, we can evaluate both sides of (6.7),
using the BSP and the metric on I'p, these data determine, for any pair (I,I'), if
the relation I > I’ is valid or not. O

For any Xo € Qs \ 0Qint, introduce the exponential map

expy, : (§,1) = Y(xo,0) (1),
where £ € Sx,(Qnt) = {n € Tx,(Qnt);In] = 1} and 0 < t < $(Xo,&). Here
Y(Xo.¢)(t) is the geodesic on 2, parametrized by the arclength, with v x,.¢)(0) = Xo,
Y(x0,6)(0) = &, and [0, 5(Xo,)) is the maximal interval of ¢, when v(x, ¢)(t) stays
in Qine, that is, s(Xo,&) = sup{t; V(xy.)([0,)) C Qint \ OQint }. Denote by

(6.8) s(Xo) = éesiilf(ﬂ) 5(Xo,¢)
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so that
B(X(Ja S(XO)) C Qint \ annt
Define now

7(Xo0,8) = sup  {t; dp(v(xo,0) (1), Xo) =t}
0<t<s(Xo)

At last, define

6.9 Xo)=  inf Xo, €).
(6.9) 7(Xo) gesif,l(ssz( 0:€)

In geometric terms, the above definition of 7(X() means that in the ball B(Xy, 7(Xy)) C
Qint \ OQint, it is possible to introduce the Riemannian normal coordinates

X — (f,t) €€ SXO(th)7O <t< T(XQ)

which satisfy v(x,.e)(t) = X.
We also need the boundary exponential map

expr, : {(Z,t) eTo xRy ;0 <t <s0(Z)} 3 (Z,1) = vz.)(t) € Qo.

Here v is the interior unit normal (with respect to Qo) to 'o and

(6.10) s0(Z) = sup{t > 0; v(2.,)((0,1)) C Qo \ 00}

For any Z € T'p, let

(6.11) t0(Z) = sup {t;do(vz.,)(t),lo) =1t}
0<t<so(Z)

In the following, we impose the following condition (C-2) on .

(C-2) For O =, ¥ is an open subset of T" such that dg(3,dT) > 0, and for O # 0,
¥ =00.

We define

(6.12) To(X) = ZiIéfETO(Z)'

In geometric terms, the above definition of 70 (32) means that, in the set
L(Z,70(2) = {1z, 1); Z€ S,0<t <10(2)} C (R0 \020) UL,
it is possible to introduce the boundary normal coordinates
X—(Z1),ZeZ 0<t<10(X)
satisfying X = v(z,)(t). Observe that when O = B(X,p), X € Qipnt \ 0Qn: and
p > 0 is small enough, then

T0(00) = 7(X) — p.

Lemma 6.6. Assume that X C T'p satisfies condition (C-2). Let Y € ¥, Z €
Fo, t < 10(%), and X = 7y, (t). Assume that we are given the set I'o as a
differentiable manifold, the metric on I'o and the BSP for Ho on I'o. Then we
can determine the distance do(X, Z) on Qo.
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Proof. Note that as t < 70(X2), the set Qo (Y,t) \ Qo(To,t — &) contains a non-
empty open set for all € > 0. For s, > 0, let us denote (see Fig. 4)

Ié(t) - {(Kt), (Fo,t - 5)}3 Ié(ta 5) - {(Za 5)3 (F07t - 5)}

b

J

FIGURE 4. In the figure O = ) and s is small enough so that the
set Qo (Y, 1)\ Qo(To,t — ¢) is not contained in Qp(Z,s). This is
the situation when I.(t,s) 2 I.(t).

Y r VA

Let us next show that for any r > 0 there is €y > 0 such that
Qo(}/,t)\ﬂo(ro,t—é“) CB(X,’I"), when ¢ < gg.

If this is not true, there are r > 0, a sequence ¢; — 0, and X; € Qp(Y,t) \
Qo(To,t —¢;) such that do(X;, X) > r. As Qp(Y,t) is compact, by considering a
subsequence, we can assume that X; converge to X € Qo (Y,t). Then

do(X,Y) = lim do(X;,Y) <t,

do(X,Tp) = jlijgo do(X;,To) > t,
implying that Y is a closest point of T to X and d@(X, Y') =t. Let us recall that
the shortest curve from a point in 20 to I'p, which end point is an interior point
of T, is a normal geodesic to T'p. Thus, we see that X = Yevw)(t) = X, which is
in contradiction to d(X, X) > r. Thus, the existence of o for any 7 is proven.
The above implies that when s > d(X, Z), the set Qo (Y,t) \ Qo(To,t — ¢) is
contained in Q¢ (Z, s) for all sufficiently small € > 0 and therefore,

(6.13)  there is 1 > 0 such that I/(t,s) > I.(¢) for all 0 < & < &7.

On the other hand, for s < d(X, Z), the set Qo (Y,t) \ Qo(To,t —e) # 0 do not
intersect with Qo (Z, s) at any € > 0 small enough and thus (6.13) does not hold.
Thus, by Lemma 6.5, we can find do (X, Z) for any Z € T'p as the infimum of all
s > 0 for which (6.13) hold. d
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For ¥ C T'p satisfying (C-2) and 0 < T < 70(X), let Ny r and My 1 be the sets
Ner={X €Qo; X =yyu,)(t), 0<t<T, Y €3},

6.14
( ) ME,T = {X c Qo; X = V(Y,u)(t% 0<t< T, Y € E} C NE,T = MZ,T~

Note that Msx 1 is open in Q.

6.3. Boundary distance functions and reconstruction of topology. Let us
next consider the collection of the boundary distance functions associated with
I'o. For each X € Q@, the corresponding restricted boundary distance function,
rx € C(To) (note that T'p is compact) is given by

rx ZFO—>R+, TX(Z):do(X,Z>, Z elo.

The restricted boundary distance functions define the boundary distance map Ro :
Qo — C(To), Ro(X) =rx. The boundary distance representation of Ny, C Qo
is the set

Ro(NgﬁT) = {TX c C(Fo); X e NE,T},

that is, the image of Ns ¢ in Rp. Clearly Rp : Qo — C(T'p) is continuous.

Lemma 6.7. Assume that we are given the set I'p as a differentiable manifold, the
metric on T'o, the BSP for Ho on I'p, an open set ¥ C Lo satisfying condition

(C-2), and 0 < T < 170(X). Then we can determine the set
Ro(Ns,r) = Ro({y(v.)(t); Y €5, 0<t < T}).

Proof. By Lemma 6.6, for Y € ¥, ¢t < T and Z € I'p, we can find dp(X, Z) where
X = Yy (t) from BSP. This gives us the function rx(Z), Z € I'p, and for such
X’s. Thus, BSP and the metric on I'o determine the set Ro(Ms r). Using (6.14),
we obtain Ro(Nx, 1) by closure of Rp(Mx, 1) in C(T'o). O

Consider properties of Rp. Assume that rx = ry for some X,Y € Ny . Let
Z € T'o be the point where the function rx attains its minimum. Then, it is the
closest point of I'p to X. Thus, the shortest geodesic from X to Z is normal to
Fo, ie. X = yz,,)(t) with t = rx(Z). The same arguments show that Z is also
the closest point of ' to Y and ¢t = ry(Z), and hence Y = (7, (t). Thus X =Y
and Rp is injective on Ny 7.

Thus, map Ro : Nsr — Ro(Ns 1) is a bijective continuous map defined on
a compact set, implying that it is a homeomorphism. This implies that the map
Ro : Ms 1+ — Ro(Ms, 1) is a homeomorphism. As BSP and the metric on I'p
determine the manifold Rp(Ms r) with its topological structure inherited from
C(Tv), we see that these data determine the manifold My, 1 as a topological space.

Lemma 6.8. The set Ro(Mx 1) C C(To) can be endowed, in a constructive way,
with a differentiable structure and a metric tensor G, so that (Ro(Ms 1), G) be-
comes a manifold which is isometric to (Mx, v, G) with Rp being an isometry.
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For compact manifolds, the result analogous to Lemma 6.8 is presented in detail
in [48, Sect. 3.8]. Since the proof is based on local constructions, it works for
non-compact manifolds without any change. However, for the convenience of the
reader, we present this construction.

Proof. Let us define the evaluation functions, Fz, Z € I'p,

EZ SR(/)(MXT)HR, Ez(rx):”f‘x(Z):d@(X,Z).

For r(-) € Ro(Ms 1) corresponding to a point X € My r, ie. r(-) = rx(-), we
can choose points Z1,...,Z, € I'n close to the nearest point of I'p to X so that
X = (do(X, Z;))}_; forms a system of coordinates on Qo near X, see [48, Lem.
2.14]. Similarly, the functions Ez;, j = 1,...,n, form a system of coordinates
in Ro(Ms,r) near ry. These coordinates provide for Ro(Ms, 1) a differential
structure which makes it diffeomorphic to manifold M 7.

Let us denote by G the metric on Ro (M ) which makes it isometric to (Mx 7, G),
that is, G = ((Ro)™1)*G. Let r € Ro(Ms 1) and X € My 7 be such that r = rx.
Let Zj is a point where r obtains its minimum, that is, the closest point of I'p to X.
When Z is close to Zj, the differentials of functions E are covectors of length 1 on
(Ro(Ms; 1), G), see [48, Lem. 2.15]. This is equivalent to the fact that the gradients
of the distance functions X +— dp(X, Z) have length one. By this observation, it
is possible to find infinitely many covectors dEz, Z € I'p of length 1 at any point
r of Ro(Myx r). Using such vectors, one can reconstruct the metric tensor G at
r. By the above considerations, BSP determines the manifold (Myx 1, G) up to an
isometry. (I

6.4. Continuation of the data. Let us now consider the case when O = ) and
we are given the set I' as a differentiable manifold, the metric G on I', and the BSP
for Hp. Assume that there are two manifolds QE}% and Qgi)t such that I' is isometric
to subsets ') C anfL)t for 7 = 1,2 and that the BSP for Héj), Jj = 1,2, coincides
with the given data. Let now ¥ C I satisfy condition (C-2) and

0 < T < min(ry"(T), 5% (%))
Then the above constructions show that the manifolds

MY ={X €0 X =yy,(t), 0<t<T, Y ex}

wnt?

with 7 = 1 and j = 2, are isometric. Thus, we can consider the set MS)T, denoted by

U; as a subset of both manifolds QE:& and Qgi)t, and, by the previous considerations,
we can construct a metric G on it which makes (Uy, Q) isometric to (Mg)T, GU)),
7 =1,2.

‘We continue the construction by continuation of the data using Green’s functions,

cf. [58, 59]. To this end, let z € C\R. and consider the Schwartz kernel Gp(z;Y,Y”)
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of the operator (Hp — z)~!. It satisfies the equation

(6.15) (Ho — 2)Go(z;-,Y') =6y, Y, Y €Qo=Qin: \ O,
0,Go(z;+,Y" )|oa, = 0.

We denote G(2;Y,Y’) = Go(z: Y,Y’) when O = 0.

Lemma 6.9. Let U C Q;, be a connected neighborhood of an open set ¥ C T,
where ¥ satisfies condition (C-2) with O = 0. Let Xg € U\ Qins and p > 0 be
such that O = B(Xo,p) C U\ 0Qint. Assume that we are given the metric tensor
G in U. Then BSP on T for the operator Hy determines G(z;Y,Y') for Y,Y' e U
and z € C\ E(Hy). Moreover, these data determine BSP on I'o for the operator
Hp.

Proof. By Lemma 5.6, BSP on I determines the N-D map A(z) at I'xI". By Lemma
5.4, the Schwartz kernel of the N-D map A(z) at I' x I' coincides with G(z;Y,Y”).
Thus we know the function G(z;Y,Y”) for Y,Y’ € . As the Neumann boundary
values of Y — G(z;Y,Y’) on I' \ {Y’'} vanish, using the Unique Continuation
Principle for the elliptic equation (6.15) in the Y variable, we see that the values
of G(z;Y,Y’) are uniquely determined for Y/ € ¥ and Y € U \ {Y’}. Using the
symmetry G(z;Y,Y’) = G(Z;Y',Y) and again the Unique Continuation Principle,
now in the Y’ variable, we can determine the values of G(z;Y,Y’) in {(Y,Y’) €
UxU; Y #Y'}. Considering G(z;Y,Y”) as a locally integrable function, we see
that it is defined a.e. in U x U.

For Y/ € (QonU) \ 90, denote by G&'(2;Y,Y’) a smooth extension of
Go(zY,Y’) into O. Then

(—Ac = 2)GF' (5 Y,Y') = 0(YV.Y') = F(Y.Y") € C*°(Qins),
where supp F(-,Y’) C O. Therefore,
Go(z;Y,Y') =G(z;Y,Y) +/ Gz Y, Y')FY",Y"dVyn.
In particular, 3
(6.16) 9,0\ G(zY,Y") + /O Do) Gz Y. YV F(Y", Y )dVyn =0, Y € 00,

where v(Y) is the unit normal to @ at Y. On the other hand, if F(-,Y") € C*(U),
supp F(-,Y’) C O, satisfies (6.16), the function
(6.17) G(2Y,Y") +/ Gz Y, YVF(Y",YdVyn, Y,Y €U\O,

16)
is Go(z;Y,Y’). As we have in our disposal G(z;Y,Y”) for Y, Y’ € U, we can verify
for a given F', condition (6.16).
M) @

Now, we return to €23, €2,}

with I' and BSP on I being the same. We denote the
associated functions appearing above by adding the superscript (j). Let (6.16) hold
with G(z;Y,Y"), F(Y",Y') replaced by G (2;Y,Y"), FD(Y” Y"), respectively.

Since G (2;Y,Y') = G@(2;Y,Y’) on U x U, (6.16) also holds with G(z;Y,Y”),
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F(Y",Y") replaced by G (2;Y,Y"), F)(Y",Y"), respectively. Thus, for Y,Y’ €
U\ O, we have

Gg)(z;}cyf):c;(j)(z;y,y’)+/ G (%Y, Y\ FO (YY", YdVyr, j=1,2,
o

so that

GO(zY,Y)=G2 (YY), 2z€C\R, Y,Y €eU\O.
In particular, this implies that AS)(z) = Ag)(z), z € C\R. Then by Lemma 5.6,
BSP’s for Hg) and Hg) coincide. O

Next we show that we can use these data to determine the critical distance which
we use in the step-by-step construction of the manifold.

Lemma 6.10. Let Xg € Qe \ 0Qint and 0 < p < 7(Xg)/2. Let O = B(Xoq,p)
and T'o = 00. Assume that we are given the set T'o as a differentiable manifold,
the metric G’FO on I'p, and the BSP for Ho on I'o. Then these data determine
To(Fo) = T(XQ) —p.

Proof. Let us assume that ¢y < 7(Xg) — p. Then, for any Y € T, the set
Qo(Y,to) \ Qo(To,to — €) contains an open neighborhood of vy, (to —€/2) and,
therefore, has positive measure. Hence, if t < 7(Xy) — p, then the condition

(6.18) VY €eToVe>0: I, :={(To,t —e)} # Iy, = {(Y,t)}

is valid.
Let us next assume that condition (6.18) is valid and consider its consequences.
First, observe that by (6.8) and (6.9), we have either

(a) 8(Xo) = 7(Xo) and there is Y € T'p such that X = vy(y,,)(7(Xo) — p) € s,
or

(b) s(Xo) > 7(Xp) and there are Y € T'p and s such that s(Xgo) > s > 7(Xg) — p
and do vy, (s),T'o) < s.

Let us consider these two cases separately.

(a) It follows from (6.8) and (6.9) that X is a closest point to Xo on 0.
Therefore, the geodesic 7y, intersects 0Qin; normally at X = vy,)(s), s =
7(Xo) — p-

Assume next that ¢t > 0 is such that

(6.19) Ve>0: Iy # Iy,
Then for any € > 0 there is
(6.20) X € QoY )\ Qo(To,t —¢).

As Qo(Y,t) is relatively compact, there are €, — 0 and X,, = X, such that
X, — X' € Qs as n — oco. Then

(6.21) do(X")Y)=1t, do(X',To)=t.
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This shows that Y is the closest point of I'p to X’ in Q. Consider a shortest curve
u(s) from Y to X’. By [2], a shortest curve between two points on a manifold with
boundary is a C'-curve. Moreover, it is a geodesic on Qp \ Q0. Since u(s) is a
shortest curve from X’ to 9Qp, it is normal to 9Qp at Y. Thus p(s) = vy, (s), s <
7(Xo) — p. However, vy, (s) hits 0Qj,; normally at s = 7(Xo) — p. Therefore, by
the short-cut arguments, we see that the curve 7y, ([0, 7(Xo) — p]) C Qo can not
be extended to a longer curve which is a shortest curve between Y and its other end
point. Thus p C y(y,)([0,7(Xo) — p]), implying that ¢t = do (Y, X’) < 7(Xo) — p.
Hence in the case (a) the condition (6.18) implies that ¢ < 7(Xg) — p.

(b) In this case arguments are similar but slightly simpler. Again, assume that
t > 0 is such that (6.19) is satisfied. Again, there are ¢, > 0 and X, = X,
satisfying (6.20), such that X,, — X’ and X' € Q;,,; satisfies (6.21). Moreover, a
shortest curve yu(s) from Y to X’ coincides with the normal geodesic y(y,,)(s) for
small values of s. Since the geodesic 7(y,,)([0,s']) is a shortest curve between its
end points for s’ < 7(Xy) — p but not for s(Xg) — p > s’ > 7(Xp) — p, we see that
1 C Yy ([0, 7(Xo) — p]) and thus t < 7(Xo) — p.

Therefore, in both cases (a) and (b), the condition (6.18) implies that ¢t < 7(Xg)—
p. Combining these facts, we see that

7(Xo) — p = sup{t > 0; condition (6.18) is satisfied for ¢}.

The lemma then follows from this and Lemma 6.5. O

6.5. Proof of Theorem 6.1. We are now in a position to complete the proof of
Theorem 6.1.

6.5.1. Local reconstruction of Riemannian structure. We start our considerations
with O = 0. Let ¥ C T satisfies condition (C-2) and T' > 0 be sufficiently small.
In fact, we can consider any 0 < T' < 74(X). Using Lemma 6.7 we see that the set
Ry(Ms,r) C C(I') is uniquely determined. On this set we introduce the boundary

normal coordinates,

o ’
r(-) = (Z,1), t—g}gy(Z),

where Z is the unique point on ¥ on which r(-) attains its minimum. Observe that
these coordinates on Ry(Msx 1) coincide with the boundary normal coordinates of
the point X € ,,,; such that
r() =rx().
Thus, Ry(Ms, 1) with the above coordinates is diffeomorphic to Mx 7.
Next we use Lemma 6.8 to endow Ry(Msx ) with Riemannian metric, G, so that

(Rg(Mx 1), G) is isometric to the manifold (M r, G).

Remark. For the inverse scattering problem considered in the introduction, Sec-
tion 6.5.1 is not necessary, because we know a priori the Riemannian structure of
the open set (Qin: \ 0Qin:) N Q1. However, to make the results of §6 appropriate
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for general non-compact manifolds with asymptotically cylindrical ends, we have
included this step.

6.5.2. Iteration of local reconstruction. To describe the procedure which we will
iterate, let us assume that U; C €2;,; is a connected neighborhood ¥ C I' which
satisfies condition (C-2) with O = () and that we know the Riemannian manifold
(U1, G) up to an isometry. Since the set (Rp(Ms 1, G)) is already determined, we
can take U; = My 1, where T' > 0 is sufficiently small .

Choose X; € Uy and p > 0 such that O = B(Xy,p) C U;. By Lemma 6.9 we
can determine G(z;Y,Y”) for all Y,Y’ € U; and z € C\ R. Moreover, it gives
us BSP on 00. Therefore by Lemma 6.10, these data determine 70(I'p), hence
7(X1) = 70(To) + p. Take any X € B(X;,7)\ O, where 7 = 7(X1), and let YV
be the intersection of 0O and the geodesic with end points X; and X. Taking any
Z € 90 and applying Lemma 6.6, we can then find dp(X, Z).

Using, similarly to the above, Lemmas 6.7 and 6.8, we can find the image of the
embedding Rep : B(X1,7)\ O — C(00O). We then recover, in the boundary normal
coordinates associated with 90O, i.e. the Riemannian normal coordinates centered
at X;, the metric tensor G on B(X1,7) \ B(X1,p), and, since G on B(X1,p) is
known, on the whole B(Xy,7). This construction makes it possible to introduce
the structure of the differentiable manifold on U | | B(X7,7) which we considered,
by now, as a disjoint union of two Riemannian manifolds. Next we glue these two
components together. To this end we observe that, since O C U, we have in our
disposal Green’s function G(z;Y,Y”) for Y, Y’ € O and z € C\R. The set O can be
considered also as the subset B(Xy, p) of B(X1,7), and thus we know the function
G(zY,Y')for Y, Y’ € B(Xy,p) e.g. in the Riemannian normal coordinates centered
at X;. Thus, using the Unique Continuation Principle, we can determine, in the
Riemannian normal coordinates, the function G(z;Y,Y”) for all Y € B(X;,7) and
Y’ € B(Xy,p).

Since Y — G(z;Y,Y") is a smooth function in Q;,: \{Y } and G(#;Y,Y”’) — oo as
Y’ =Y, we see that for Y1,Ys € Qipe, we have Y7 = Y5 if and only if G,(Y1,Y’) =
G.(Ys,Y’) for al Y’ € Q;pt, z € C\ R. Using the Unique Continuation Principle,
this is equivalent to G(z;Y1,Y’) = G(2;Ys,Y’) for all Y € B(Xy,p), z € C\ R.
Next, let us define that the points Xy € Uy and Xp € B(X;,7) are equivalent
and denote Xy ~ Xp if G(z; Xy, Y') = G(z; Xp,Y') for all Y’ € B(X1,p), z €
C\ R. Then the manifold Uy = U; U B(X1,7) C Qe is diffeomorphic to manifold
(Uy | | B(X1,7))/ ~, which is obtained by glueing together the equivalent points on
Uy and B(X1, 7). As we know the metric tensor on both U; and B(X1, p), we have
reconstructed a Riemannian manifold (Usz, G) C (Qine, G) up to an isometry.

6.5.3. Maximal reconstruction. Let us iterate the above process, that is, we start
from an open set ¥ C T satisfying condition (C-2) with O = 0, construct its
neighborhood Uy, and iterate the construction by choosing at each step j =1,2,...
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a point X; € U; and constructing a Riemannian manifold isometric to U1 =
U UB(X;,7(X;)) C Qine.

Consider the open sets in Q;,: \ 9+ which can be reconstructed, with the
metric, when we are given the set I" with its metric and the BSP on I". As the
collection of these sets is closed with respect to taking the union, consider maximal
open set Upazr C Qint \ 0Q4ny which can be reconstructed, with its metric, from the
set I with its metric and the BSP on I'. Let us show that Usar = Qint \ 0Qint.
Since Qint \ OQins is connected, it suffices to show that U, is open and closed
in Q;p:. By construction, U,,., is open. Let now X & 0€;,: be a limit point
of Unaz, 1€, X = lim, 00 X, Xp € Upaz. Denote a = d(X,09Q;,¢) so that if
Y € B(X,a/4), then s(Y) > 3a/4, see (6.8). Since the cut locus distance of the
Riemannian normal coordinates is continuous with respect to the center, see e.g.
[50, Sec. 2.1] or [29], there is § > 0 such that 7(Y) > ¢ for all Y € B(X,a/4).

Let now X, € U satisfy the inequality d(X,,X) < ¢ = min(a/4,§/4).
Let us assume that X, has a neighborhood B(X,,p,), with a sufficiently small
pn < d(X,,X), which can be reconstructed using N(n) iteration steps, that is,
B(Xpn, pn) C Un(ny. Then 7(X,,) > 40 so that X € B(X,,7(X,)). By Lemma 6.9,
we can find the BSP for the operator Hp with O = B(X,,,7(X,,)) and, using one
more iteration step, reconstruct the Riemannian structure on Uy () UB(Xy, 7(X5))
which includes the point X. Therefore, the point X is in U,q,. This shows that
Umnaz is relatively open and closed in Q¢ \ 0Qine. Thus, Unaz = Qine \ 0Qin.

The above shows that using an enumerable number of iteration steps we can
construct a Riemannian manifold isometric to (Qin: \ 0Qint, G). Thus we have
reconstructed the Riemannian manifold (Q4,¢ \ 0Qint, G) up to an isometry.

It remains to identify the differentiable and Riemannian structures near 9€2;,;.
Observe that ;¢ is just the closure of ;,+\ 08, with respect to the distance func-
tion generated by the metric G on Q¢ \ Q. Moreover, for any open relatively
compact set X C 9, there exists 6 > 0 such that 7(X) > § > 0.

Let 0 < t < § and consider the set

S = {X € Qe \ 0ny 3 d(X, 0ns) = t, d(X,Z) =t, for some Z € X}

This implies that for X € X; the closest point Z € Q;,,; is in ¥ and X = vz, (¢).
Therefore, ¥; is a smooth (n — 1)-dimensional open submanifold in £;,; of points
having the form X = vz ,)(t), Z € ¥. This makes it possible to introduce the
boundary normal coordinates in Msy; s which provides the differentiable structure
near Y. Writing the metric tensor G in these coordinates and extending this ten-
sor continuously on X, we find the metric tensor in 2;,; in the boundary normal
coordinates associated to X. ([l

6.6. Proof of Theorem 1.1. Having Theorem 6.1 in our disposal, Theorem 1.1
follows immediately from Lemma 5.7. O
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