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Abstract

Let m > 1 be an integer and 7w a permutation of I = {1,--- ,n}. For
any ring R, we provide a systematic construction of rings A which contain
R as a subring and enjoy the following properties: (a) 1 = >, e; with
the e; orthogonal idempotents; (b) e;x = ze; for all ¢ € I and =z € R;
(c) e;Ae; # 0 for all 4,5 € I; (d) e;Aa 2 ejA4 unless i = j; (e) every
eiAe; is a local ring whenever so is R; (f) e;Aa = Hompg(Aeq(;), Rr)
and aAer;) = aHompg(e;A, rR) for all i € I; and (g) there exists a
ring automorphism n € Aut(A) such that n(e;) = e for all i € I.
Furthermore, for any nonempty w-stable subset J of I, the mapping cone
of the multiplication map @ie] Ae; ®r e;Aa — Ay is a tilting complex.

Let A be aring and e € A an idempotent. Assume A contains a subring R such
that ze = ex for all z € R, Aep is finitely generated and eA 4 is embedded in
Homp(Ae, Rg)a as a submodule. Then A/AeA is finitely presented as a right
A-module and Hom 4 (A/AeA, eA) = 0. Thus by [5, Proposition 1.2] there exists
a tilting complex (see [13]) of the form

T > 0->T'"'5T" 50— ...

such that T° € add((1 — e)A4), T~! € add(eA4) and eA[l] € add(T*). This
type of tilting complex plays an important role in the theory of derived equiv-
alences. For instance, Rickard [14] showed that the Brauer tree algebras over a
field with the same numerical invariants are derived equivalent to each other and
then Okuyama pointed out that such derived equivalences are given as iterations
of derived equivalences induced by tilting complexes of the above type. Our aim
is to provide a way to construct extensions A of a given ring R containing such
an idempotent. To do so, we need the notion of Frobenius extensions of rings
due to Nakayama-Tsuzuku [10, 11] (cf. also Kasch [6, 7]) which we modify as
follows. Let A be a ring containing a ring R as a subring. Then A is said to
be a Frobenius extension of R if the following conditions are satisfied: (F1) Ag
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and rA are finitely generated projective; and (F2) A4 = Hompg(A4, Rr)4 and
AA 2 psHompg(A, gR). We will see that Frobenius extensions preserve various
homological properties (cf. [6], [7], [9], [10], [11] and so on). For instance, the
following hold: inj dim A4 < inj dim Ry and inj dim 4 A < inj dim gR; if R is
a noetherian ring satisfying the Auslander condition (see [1]) then so is A; and,
if R is a quasi-Frobenius ring, i.e., a selfinjective artinian ring then so is A.

For any integer n > 1, any permutation w of I = {1,--- ,n} and any ring R,
we will provide a way to construct a Frobenius extension A of R which enjoys
the following properties: (a) 1 = ), ;e; with the e; orthogonal idempotents;
(b) e;z = we; for all i € I and ¢ € R; (c) e;Ae; # 0 for all ¢,j € I; (d)
eiAa # e;Aa unless i = j; (e) every e;Ae; is a local ring whenever so is R;
(f) esAx = Homp(Aer(;), Rr)a and aAer;) = aHomp(e;A, pR) for all i € I;
and (g) there exists a ring automorphism 1 € Aut(A) such that n(e;) = ex()
for all 4 € I. In particular, for any nonempty m-stable subset J of I, we get a
desired idempotent e = 3 jes €. In case T is cyclic, we have constructed such
a Frobenius extension in [4] (cf. also [8] and [12]). We generalize this construc-
tion. Namely, we define an appropriate multiplication on a free right R-module
A with a basis {e;;}i jer U{vi}icr,, where In = {i € I | (i) = i}, and then set
e; = e;; for i € I. To do so, we need a certain pair (t,w) of an integer ¢t > 1
and a mapping w : I x I — Z and a certain pair (¢, o) of a nonunit ¢ € R and a
ring automorphism ¢ € Aut(R). Although the ring structure of A depends on
the choice of (¢t,w) and (c, o), the properties (a)—(g) above are always enjoyed.
Finally, consider the case where c is regular. Then we will see that if Ij is empty
then A can be embedded as a subring in the n x n full matrix ring M, (R) over
R, and that if i € I'\ Iy then A is derived equivalent to a generalized triangular
matrix ring

e;Ae; Extl(A/Ae;A e;A)
( 0 AJAe; A )

and Ext) (A/Ae; A, e;A) = er-1(;)(A/Ae;A) as right (A/Ae; A)-modules.

For a ring R, we denote by Z(R) the center of R, by R* the set of units in
R and by Aut(R) the group of ring automorphisms of R. We denote by Mod-R
the category of right R-modules and sometimes consider left R-modules as right
R°P-modules, where R°P denotes the opposite ring of R. We use the notation
Xpg (resp., gX) to stress that the module X considered is a right (resp., left)
R-module. For a module X, by an injective resolution of X we mean a cochain
complex I* of injective modules such that I* = 0 for i < 0, H(I*) = 0 for i > 0
and HY(I*) = X, where H'(—) denotes the i*" cohomology. We refer to [2] for
standard homological algebra in module categories.

The authors would like to express their gratitude to T. Shiba who checked
patiently the associativity of the ring A constructed in Section 3.

1 Definition and basic properties

In this note, a ring A is said to be an extension of a ring R if A contains R as a
subring. We start by modifying the notion of Frobenius extensions of rings due



to Nakayama-Tsuzuku [10, 11] (cf. also Kasch [6, 7]) as follows.

Definition 1.1. Let A be an extension of a ring R. Then A is said to be a
Frobenius extension of R if the following conditions are satisfied:

(F1) Ar and rA are finitely generated projective; and

(FQ) Ay = HOmR(A,RR)A and 4 A = AHomR(A, RR)

Remark 1.2. Let A be an extension of a ring R and assume there exists an
isomorphism of right A-modules ¢ : A4 = Hompg(A, Rg) . Then the following
hold.

(1) There exists a ring homomorphism 6 : R — A such that z¢(1) = ¢(1)0(z)
for all x € R. In particular, ¢ is an isomorphism of R-A-bimodules if and only
if 9(x) = x for all z € R.

(2) Assume Ap is finitely generated projective. Then rHompg(A, Rg) is
finitely generated projective and we have an isomorphism of A-R-bimodules

AAR :> AHOH]R(HOIHR(A, RR), RR)Ra a — (h = h(a))

Thus, if ¢ is an isomorphism of R-A-bimodules, then rA is finitely gener-
ated projective and we have an isomorphism of A-R-bimodules ¢ : 4Ar =
aHomp (A, gR) g such that ¢(a)(b) = ¢(b)(a) for all a,b € A.

Throughout the rest of this section, A is a Frobenius extension of R. We
fix an isomorphism of right A-modules ¢ : A4 = Hompg(A, Rg)a. Then, as
remarked above, there exists a ring homomorphism 0 : R — A such that z¢(1) =
¢(1)f(z) for all € R. For a right (resp., left) A-module M, (resp., 4L) we
denote by My (resp., gryL) the right (resp., left) R-module on which R
operates via 8 : R — A. Then ¢ yields an isomorphism of R-A-bimodules
® : gr)Aa = rHompg(A, Rr)a. Similarly, we fix an isomorphism of left A-
modules ¢ : 44 5 aHompg(A, gR). Then there exists a ring homomorphism
n: R — A such that ¥ (1)z = n(z)y(1) for all z € R. For a right (resp., left) A-
module My (resp., 4L) we denote by M, gy (resp., ,(ryL) the right (resp., left)
R-module on which R operates via n: R — A. Then 1 yields an isomorphism
of A-R-bimodules 77[} : AAn(R) = AHOIHR(A, RR)R- Note that G(R)A and AU(R)
are finitely generated projective.

Recall that in [10, 11] A is said to be a Frobenius extension of second kind
if @ induces a ring automorphism of R and to be a Frobenius extension of first
kind if §(z) = « for all x € R. However, we will see in Section 3 that §(R) # R
in general. In the following, we collect several basic properties of Frobenius
extensions (cf. [6], [7], [9], [10], [11] and so on). By symmetry, “right” and
“left” can be exchanged in the following statements.

Remark 1.3. Let X € Mod-R, M € Mod-A and L € Mod-A°P. Then we have
the following bifunctorial isomorphisms:

(1) Hompg(M, X ®r A) = Homp(M,(r), X);



(2) Homy(Homp (A, X), M) = Hompg(X, My(g)); and
(3) Hompg(A,X)®4 L = X ®r g(r)L-

Proof. Since rA and AR are finitely generated projective, we have functorial
isomorphisms in Mod-A

X ®r A= Hompg(Hompg(A, gR), X),2 ® a — (h+— zh(a)),

X ®g Homp (A, Rg) = Hompg(A4,X),2® h — (a +— zh(a))

[

which are special cases of Watt’s theorem (cf. [15]). Since 4Hompg (A, rR)r
AAy(r), we have bifunctorial isomorphisms

Hom4 (M, X ®g A) = Hom4 (M, Homg(A,(g), X))
=~ Homp(M ®4 Ay(r), X)
= HOInR(Mn(R),X).

Similarly, since pRHompg(A, Rr)a = g(r)Aa, we have bifunctorial isomorphisms

Hom 4 (Homg (A, X), M) = Homy (X ®r gryA, M)
= Homp(X, Homa(gry A, M))
= Hompg (X, My(r)),
Homp(A4,X)®4 L= X ®rgr)A®a L =X ®rgr)L-
O

The first two isomorphisms of the following preliminary lemma are known
as Eckmann-Shapiro lemma.

Lemma 1.4. Let X € Mod-R, M € Mod-A and L € Mod-A°P. Then for any
1 > 0 we have the following bifunctorial isomorphisms:

(1) Ext’y(M,Homp (A, X)) = Exte (M, X);

(2) Exty(X @r A, M) = Ext’ (X, M);

(8) Tor}(X @r A, L) = Tor®(X, L);

(4) Exty (M, X ®p A) = Ext}(M,r), X);

(5) Ext’y(Homp(A, X), M) = Extys(X, Mp(g)); and
(6) Tor{(Homp(A, X), L) = Torf (X, g(r)L).

Proof. See [2, Chapter VI, Section 4] for the first three isomorphisms; (1) follows
by the projectivity of Ag and (2), (3) follow by the flatness of pA.

Similarly, according to Remark 1.3, the last three isomorphisms follow by
the exactness of — ®p A and Hompg (A4, —). O



Proposition 1.5. The following hold.
(1) If R is right noetherian (resp., artinian), so is A.

(2) Ext’y (M, A) = Ext’s (M, R) for all M € Mod-A and i > 0. In particular,
inj dim A4 < inj dim Rpg.

(8) If I* is an injective resolution of Rr, then Homp(A,I*®) is an injective
resolution of Aa with flat dim Hompg(A,I")4 < flat dim Iy for all i > 0.

Proof. (1) follows by the fact that Ag is finitely generated. Also, since A4 &
Homp(A, Rg)a, (2) follows by Lemma 1.4(1). Finally, since Homp(A, —) is
exact, and since A4 = Homp(A4, Rr)a, (3) follows by (1), (6) of Lemma 1.4. O

Lemma 1.6. Assume the inclusion R — A is a split monomorphism of R-R-

bimodules. Then for any X € Mod-R the following hold.
(1) inj dim Hompg(A, X)4 = inj dim X ®r A4 = inj dim Xg.
(2) proj dim Hompg(A, X)4 = proj dim X ® A4 = proj dim Xg.
(3) flat dim Hompg(A, X)4 = flat dim X ®p A4 = flat dim Xp.

Proof. Note that every X € Mod-R is a direct summand of both Hompg(A4, X)r
and X ®p Ag.

(1) By Lemma 1.4(1) inj dim Hompg(A, X), < inj dim Xg. Conversely,
assume inj dim Hompg(A, X)4 = d < co. Then for any Y € Mod-R and ¢ > d
by Lemma 1.4(1) Ext’(Hompg(A,Y), X) = 0 and hence Extz(Y, X) = 0. Thus
inj dim Xp <d.

Similarly, by Lemma 1.4(4) inj dim X ® A4 < inj dim Xg. Conversely,
assume inj dim X ® g A4 = d < oo. Then for any ¥ € Mod-R and i > d
by Lemma 1.4(2) Exth(Y, X ®r A) = 0 and hence Exth(Y,X) = 0. Thus
inj dim Xr <d.

(2) and (3) follow by the same arguments as in (1). O

Proposition 1.7. Assume the inclusion R — A is a split monomorphism of
R-R-bimodules. Then the following hold.

(1) If A is right noetherian (resp., artinian), so is R.

(2) inj dim A4 = inj dim Rg.

(3) If I* is an injective resolution of Rg, then Hompg(A,I®) is an injective
resolution of Aa with flat dim Hompg (A, I*)4 = flat dim I% for alli > 0.

Proof. (1) Take a homomorphism of R-R-bimodules v : A — R such that
v(z) = z for all z € R. Then «v(aAd) = a for all right ideals a of R and the
assertion follows.

(2) Since A4 =2 Hompg (A, Rg)a, this follows by Lemma 1.6(1).

(3) follows by Proposition 1.5(3) and Lemma 1.6(3). O

Definition 1.8. A Frobenius extension A of R is said to be split if the inclusion
R — A is a split monomorphism of R-R-bimodules.



2 Notation

To construct a desired Frobenius extension, we fix the following notation which
will be kept throughout this and the next sections.

Let n > 1 be an integer, 7 a permutation of I = {1,--- ,n} and Iy = {i €
I|7(i)=1}. Let t > 1 be an integer, let w : I x I — Z be a mapping and define
a mapping x : I — Z as follows:

(Z) . t ifi € Iy,
=06, 7()) itie I\ I

We assume the following conditions are satisfied:

(W1) w(i,i) =0 for all 4 € T;

(W2) w(i, ) +w(j, k) > w(i, k) for all 4,5,k € I;
(W3) w(i,j) +w(4,7) > 1 unless i = j; and

(W4) w(i, j) + w(j, (i) = x(i) unless i = j € Io.

Example 2.1. Let ¢ = 2 and define w : I x I — Z as follows: w(i,j) = 0 if
i=j,w(i,j)=21if j =7n(i) # i and w(i,j) = 1 otherwise. Then the conditions
(W1)—-(W4) are satisfied.

Lemma 2.2. We have w(w (i), 7(j)) = w(i,j) — x(¢) + x(4) for all i,5 € I.

X\J
Proof. We may assume i # j. In case j # 7 (i), by (W4) {w(i,j)—x()}+x(j) =
—w(g,7(i) + {w(y, (1) + w(r (@), 7(j))} = w( (1),7(5)). Assume j = (i).
Then i € I'\ Ip and w(i, j) = x(i) + x(j) = w(i, (i) — x(2) + x(7 (i) = x (7 (7).
Note that by (W1) w(w(j),w@;(z’))) = 0. Thus, since 7(i) # w(j), by (W4)

x(m(i)) = w(m (i), w(4)) + w(w(5), 7(x (i) = W(W(i)a (). L

For the sake of convenience, we define a mapping A : I x I x I — Z as follows:
)‘(i,ja k) - W(Z,j) + W(j, k) - W(’i, k)

for all 7,5,k € I. Tt is easy to see that the following hold:

(L1) A(i,7,k) > 0 for all 4,5,k € I;

(L2) A(4,7,k) =0 if either ¢ = j or j = k;

(L3) A(i,7,9) = A(J,4,5) > 1 unless i = j;

(L4) A(¢,5,7(¢)) =0forall i € T\ Iy and j € I; and
(L5) A(4,7,4) = x(7) for all ¢t € Iy and j € T\ {i}.

Lemma 2.3. The following hold.
(1) w(i, j)+w(j, k) = A, 4, k) +w(i, k) for all i,5,k € 1.
(2) A, 4, k) + A, k, 1) = A4, 3,0) + A4, k, 1) for alli,j, k,lel.
(8) AX(w(@),7(j),n(k)) = A(i, 4, k) for alli,j,k € 1.



(4) Mi,5,k) = A4, k, i) for alli € Iy and j,k € I\ {i}.

(
Proof. (1) and (2) follow by the definition and (3) follows by Lemma 2.2.
0. 0

Also, we fix a ring R together with a pair of a nonunit ¢ € R\ R* and a
ring automorphism o € Aut(R) satisfying the following condition:

(¥*) o(c) =cand xzc = co(z) for all z € R.

This is obviously satisfied if either ¢ = 0 and o is arbitrary, or ¢ € Z(R) and
o = idg. We provide a non-trivial example.

Example 2.4. Let k[X] be a polynomial ring in one variable X over a commu-
tative ring k and a = (X™) an ideal of k[X] generated by X™ with m > 3. Set
R =k[X]/a,x =X +aand ¢ = 2" with m > r > (m+1)/2. Then there exists
o € Aut(R) such that o(f(x)) = f(z + ¢) for all f(X) € k[X]. It is easy to see
that the condition (x) is satisfied.

Here, we deal with the case of n = 1. Let S be a free right R-module with a
basis {e,v} and define the multiplication on S subject to the following axioms:

(S1) €2 = ¢, v? = —vct and ev = v = ve; and

(S2) ze = ex and xv = vot(x) for all z € R.

Lemma 2.5. The following hold.
(1) S is an associative ring with 1 = e.

(2) S is a split Frobenius extension of R, where R is considered as a subring
of S wvia the injective ring homomorphism R — S, x — ex.

(8) If R is local, so is S.

Proof. (1) and (2) will be proved in the next section (see Theorem 3.1).

(3) Let m = R\ R* and 9 = em+vR. It is easy to see that 9 is an ideal of
S. We claim that 9t = S\ S*. Take a basis {«, p} for gHompg(S, Rg) such that
a = ea(a)+vp(a) for all @ € S. Then for any a,b € A we have a(ab) = a(a)a(b)
and p(ab) = o'(a(a))p(d) + pla)a(b) — ctat(p(a))p(b). For any a € S* we have
ala) € R* and a € S\ M. Let a € S\ M. Then a(a) € R* and, since ¢! € m,
a(a) — ctp(a) € R*. Thus, by setting = ot(a(a)) " *p(a)(ctp(a) — ala))™t, we
have (ea(a)™!+wvz)a = e. Similarly, a has a right inverse too. Thusa € §*. O

3 Construction

Let A be a free right R-module with a basis {e;;}; jer U{vi}icr, and define the
multiplication on A subject to the following axioms:

(A1) e;jer; = 0 unless j = k;

(A2) e;jei = eirc3%) unless i =k € Iy and j € T\ {i};



A3) eijej; = v; + esicX® for alli € I and j € T\ {i};

A4) v;v; = 0 unless i = j and v} = —v;cX@ for all i € Iy;

AB) viej, = 0 = e;5v; unless i = j = k and v;e;; = v; = e;v; for all ¢ € Iy;
A6) we;; = e;j0°9)(x) for all 4,5 € I and = € R; and

A7) 2v; = v;0XD(z) for all i € Iy and x € R.

NN N N

As usual, we require ¢” = 1 even if ¢ = 0. We fix a basis {a;; }i jer U{pitier,
for RHompg(A, Rgr) such that

a= Z eijoqi(a) + Z v;pi(a)

i,J€l i€ly

for all a € A. Recall that x(i) =t for all ¢ € Iy. For any a,b € A we have

ab= > eijeiuo® M (aij(a))ay(b)

i,5,k€l
+ > vi{o" (@) pi(b) + pila)aii (b) — c'o' (pi(a))pi(b)}
i€ly
= > a0 (g (a)a®) + Y wio*U ) (ag(a))agi(b)
ig.kel i€ly,jeI\{i}
+ Z vi{o! (aii(a))pi(b) + pi(a)aii(b) — c'a’ (pi(a))pi(b)}
i€lp

and hence the following hold:

(M1) agr(ab) =3 ¢; A3 g0k (o (a)) i (b) for all 4,k € I; and

(M2) pi(ab) = 32 ;e 4y o0 (aij(a))aji(b) + 0" (cuii(a)) pi (b) + pi(a) i (b) —
ctot(p;(a))p;(b) for all i € Io.

In the following, we set e; = e;; and «; = «;; for i € I. Note that by (W1),
(A6) xe; = e;x for all i € T and x € R, and that by (L2), (A1), (A2) and (A5)
1= Eid e; with the e; orthogonal idempotents.

Theorem 3.1. The following hold.

(1) A is an associative ring with 1 = Y, ;e;, where the e; are orthogonal
idempotents.

(2) e;jAe; = e;R+ v R for alli € Iy and e;Ae; = e;;R unless i = j € Iy. In
particular, e;Ae; = S as rings for all i € Iy and e;Ae; =2 R as rings for
all i€ I\ Io.

(3) e;Aa 2% e;Ax unless i = j.

(4) eiAa = Hompg(Aer(), Rr)a and gAey;y = aHompg(e;A, rR) for all i €
I, so that for any nonempty n-stable subset J of I, by settinge =3, ; e,
we have eA 4 = Hompg(Ae, Rr)a and 4Ae = sHompg(eA, rR).



(5) A is a split Frobenius extension of R, where R is considered as a subring
of A wvia the injective ring homomorphism R — A,z +— ), e;r.

Proof. (1) Let a1,a2,a3 € A. For any 4,0 € I by (M1) we have

a;i(a(azas))

= Z AN G0 (a5(ar)) i (azas)
Jjel

_ ZC)\(i,j,l)o_w(j,l)(aij(a1>){zCA(j,k,l)o.w(k,l)(ajk(GQ))akl(a?))}
jel kel

= 37 AEIDRAGED AGEDTD (5 (1)) 8D (i (az) o (as),
jkel

ai((araz)as)

= Z C/\(i’k’l)dw(k’l)(aik(a1a2))akl(a3)
kel

_ ZCA(i,k,l)o_w(k,l)({Z C)\(i,j,k)o,w(j,k)(aij(al))ajk(az)})akl(a3)
kel Jjel

_ Z CA(i,kJ)H(m,k)Uw(k,l)w(xk)(aij(al))aw(’“’“(ajk(az))akl(ag)
jkel

and hence by (1), (2) of Lemma 2.3 a;;(a;(azas)) = a;((a1az)as). Similarly,



for any i € Iy by (M1), (M2) we have

pi(ai(azas))
= Y 0*Uay(a1))aji(azas)

JeN{i}

+ o' (ai(ar))pi(asaz) + pi(ar)ai(azaz) — c'a'(pi(a1))pi(azas)
= > U (a(a){D ] AFD o ®D (i (az))ani(as)}

JeI\{i} kel
+ol(aila){ Y 0*U ai(a2))ajilas) + o (ai(az))pi(as)
JEI\{i}
+ pilaz)ai(as) — c'a'(pi(az))pi(as)}

+ pi(a){)_ A0 v0 (a;5(az))aji(as)}
jerI

—ctal(pi(ar)){ Z am az))aji(as) + o' (ai(az))pi(as)
JEIN\{i}
+ pi(az)ai(az) — c'a'(pi(az))pi(as)}
= Y AORIAURITOD (0 (a1))o ) (ae(az) o as)
J.keI\{i}
+ Y U (ag;(an)ayi(az)ai(as)
JEI\{i}
+ Y o'(aian)oP ) (agi(az))agi(as) + o (ai(ar))o’ (ailas))pi(as)
JEI\{i}
+ o (aiar))pi(az)ai(az) — c'a® (ai(ar))o" (pi(az))pias)
+ Z ctat(pi(a1)o* 9D (auj(as))ajilas) + pi(ar)a;(ag)a;(as)
JEN{i}
= Y o' (pi(a1))0* ) (aij(az))ajilas) — o' (pi(ar))o’ (i(az))pi(as)
JEI\{i}

— ctot(pi(ar))pi(az)aias) + * o (pi(ar))o (pi(az))pias),
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pi((araz)as)
> 0¥U (ais(araz))agi(as)
JEI\{i}
+ o' (ai(araz))pi(az) + pi(araz)ai(az) — c'o(pi(aras))pi(as)
= Y U AR B (g (ar))ak;(az)})ei(as)

JEINi} kel

+o' (> A6 (y(ar))asi(az) ) pias)

+{ Y 0¥V aij(ar)ai(az) + o (ai(ar))pi(az)

JeI\{i}
+ pi(ar)ei(az) — c'a' (pi(ar))pi(az) yei(as)
—cot({ > U (ayi(a1))ji(asz) + o' (ai(ar))piaz)
JEI\{i}
+ pilar)ai(az) — c'a' (pi(a1))pi(az)})pi(as)

= > Ao ag(ar))e ) (any(az) i as)

J.keI\{i}
+ Y of(ai(ar)e P (ai;(az))agi(as)
JeIN\{i}
+ Y o0 (a(ar))o (ji(az))pilas)
JeIN\{i}

+ o' (ai(ar))o (ai(az))pi(as)
+ Y 00 (aii(ar)agi(az)ei(as) + o' (@i(ar))pi(as)ai(as)
JeI\{i}
+ pi(ar)ai(ag)ai(az) — c'a'(pi(ar))pi(as)ai(as)
= Y o0 (a5(an))o (ai(az))pilas)
JeI\{i}
— o (ai(ar))o" (pi(az))pi(as) — c'o’(pi(ar))o (i(az)) pi(as)
+ o (piar))ot (pi(az))pilas)

and hence by (1), (4) of Lemma 2.3 p;(a1(azas)) = pi((a1a2)as).

(2) Immediate by the construction.

(3) Let 4,5 € I and assume there exists an isomorphism h : ;A4 = e;A4.
Let a € e;A with e; = h(a) = h(e;)a. Since h(ae;) = h(a)e; = e; = h(a),
a = aej € e;Ae; and e; € ejAe;Ae;. Suppose to the contrary that ¢ # j.
Then by (2) ejAel-Aej = €jA€i6iA€j = ejiRein = ejiein. Ifj el \ Io, then
ejiei; R = ech(j’iJ)R. Also, if j € Iy, then ejie;;R = (vj + ejct)R. In either
case, we have e; ¢ ej;e;; R, a contradiction.
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(4) Consider first the case i € I\ Iy. We claim that the homomorphism
¢i : e;Aa — Homp(Aer(;), Rr)A, 0 — 0 xi)a
is an isomorphism. For any a,b € A by (L4), (M1) we have

(ai,w(i)a)(b) = Q; w(i)(ab)
= AT (0;5(a)) g m iy (D)

jel

= Z o7 (@) (@))tj (i) (D).

jeI

Thus o; ra = Zjel aw(j’“(i))(aij(a))ajm(i) for all @ € A. In particular,
O n()Cif = Qj (i) for all j € I and ¢; is bijective. Next, let i € I. We
claim that the homomorphism

¢; i e;Ax — Hompg(Ae;, Rp)a,a — pa
is an isomorphism. For any a,b € A by (M2) we have

(pia)b = pi(ab)
= Y 0*U(ay;(a))azi(b) + o' (i(a))pi ()
JEIN{i}
+ pi(a)ai(b) — "o (pi(a))pi(b)-

Thus pia = 3 e p iy 09 (ij(a))aji + pi(a)ai + o' (i(a) — ¢ ps(a))pi for all
a € A. For any a € ¢;A with p;a = 0, we have «;;(a) = 0 for all j € T\ {i},
pi(a) = 0 and «a;(a) — c'p;i(a) = 0, so that a = 0. Thus ¢; is monic. Also, we
have p;e;; = aj; for all j € T\ {i}, pie; = p; and p;(e;c* + v;) = a;, so that ¢;
is epic.

(5) It follows by (1), (4) that A4 = Homp(A, Rg)a. Similarly, we have
AA = qHomp(A, rR). Finally, let ¢ : R — A,z +— ), e;x. Forany i € I, a;
is R-R-bilinear and satisfies ;o = idg. O

Recall that a ring R is said to be quasi-Frobenius if it is selfinjective and
artinian on both sides. It follows by Propositions 1.5, 1.7 that A is quasi-
Frobenius if and only if so is R.

Corollary 3.2. Assume R is local. Then the following hold.
(1) e;Ae; is local for alli € I, so that A is semiperfect.
(2) A is connected, i.e., indecomposable as a ring.
(3) A is basic.
(4) If R is quasi-Frobenius, so is A with soc(e;Aa) = ex;)A/ex)MN for all
i € I, where M is the Jacobson radical of A.

12



Proof. (1) By Lemma 2.5(3) and Theorem 3.1(2).

(2) By Theorem 3.1(2).

(3) By Theorem 3.1(3).

(4) Let m = R\ R*. It is not difficult to see that M = > ., e;m +
Zie[,jel\{z’} e R+ Zielo v;R. Let i € I. Note that e;A4 is indecompos-
able by (1) and is injective by Proposition 1.5(2). Also, by Theorem 3.1(4)
eiAx = Homp(Aer(;), Rr)a. Since Aeyy/Mer ;) = R/m as right R-modules,
there exists 0 # h € Hompg(Aer(;), Rr) with h(Mer(;)) = 0. Then A9 = 0 and
her @y # 0. Thus soc(Hompg(Aer iy, Rr)a) = hA = er)AferyM. O

The permutation 7 of I may be considered as a permutation of {e;}ier.
We claim that this permutation can be extended to a ring automorphism of A.
As an additive group, A has an automorphism 7 such that for any a € A the
following hold:

(H1) ar(iyn()(n(a)) = 0¥ (q5(a)) for all i, 5 € I; and

(H2) pi(n(a)) = X (p;(a)) for all i € Io.

Proposition 3.3. The mapping n is a ring automorphism of A satisfying the
following conditions:

(1) m(eij) = ex(iyn(y) for all i, j € I;

(2) n(v;) = v; for alli € Iy; and

(3) n(x) =X ics exyoX D (x) for all z € R.

Proof. 1t is easy to see that the required conditions are satisfied. In particular,
we have n(1) = 1. Let a,b € A. For any i,k € I by (H1), (M1) we have

aw(i),ﬂk)(n(ab))
= o*®) (i (ab))
_ Jx(k)({z ANBIR) g2 UR) (0, (a)) o (b))
jel
=" ARG RFCGR) (0 (a))oX B (a (b)),
jerl

r (i), m(k) (M) (b))

= AOT@DAEN G DTN () ) (1(a)) () i) (1(D))
JeI

= Zc/\(W(i)ﬂr(j),fr(k))aw(fr(j),ﬂ(k))(Ux(j)(aij(a)))gx(k)(ajk(b))
jEI

= Zc/\(ﬂ(i)ﬂr(j)-,fr(k))gw(fr(j)m(k))+x(j)(aij(a)))ax(k)(ajk(b))
jEI

13



and hence by Lemmas 2.2, 2.3(3) ax(i),xk) (1(ab)) = ar(s),= k) (n(a)n(b)). Also,
for any ¢ € Iy, since x(i) = t, by (H2), (M2) we have

pi(n(ab))
= o(pi(ab))
=o'({ 3 00D (ai;(a)ayi(b) + o' (ai(a))pi(b)
JeI\{i}
+ pi(@)ai(b) — ot (ps(a))pi(B)})
3 o0 (a5(a))ot (agi(b) + 0% (ai(a))ot (pi(b)
JEI\{i}
+ 0t (pi(a))ot (i (B)) — o (pi(a))ot (pi(D)),

pi(n(a)n(b))

Y o ITON () 2y (1) () i) (1(D))
jei\{i}
+at< w0 (@) pi (1(8)) + pi(n(@)) (o (n(b)
o' (ps(n(®)ps(n(v)))
- Z aw(”W“”( X0 (a5 (a)))o" (0 (1))
jen{i
+ 0" (0" (@) (ps(1) + 0" (pia) 0" (e (0))
~ o' (0" (pi(a)o" (1))
= Y o TOTORO (ay(a))0" (053 (0)) + 0™ (ai(a))o (pi (D))

JE€N{i}
+ ' (pi(a))o (e (b)) — c'a® (pi(a))a’ (pi(b)
and hence by Lemma 2.2 p;(n(ab)) = p;(n(a)n(d)). O

Remark 3.4. We have seen in the proof of Theorem 3.1(4) that there exists an
isomorphism ¢ : A4 = Hompg(A, Rg)a such that ¢(1)(a) = ZieI\IO iy (@) +
Yicr, pila) for all a € A. Set 6 = =" € Aut(A). Then z¢(1) = ¢(1)6(z) for
all z € R (cf. Remark 1.2(1)).

Remark 3.5. Set w; = v; + ;X for i € Iy and w; = ei (i) fori € I\ Iy. Then
the following hold.

(1) {eij}ijer U{w;}icr, is a basis for Ar and gives rise to another description
of the multiplication of A.

(2) d(w;) = gy for all i € I, where ¢ is the same as in Remark 3.4.

(3) Set w=)_,.;w;. Then n(w) = w and aw = wn(a) for all a € A, so that
(R, ¢,0) can be replaced by (A, w,n) in our construction.
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In the following, we denote by M, (R) the n x n full matrix ring over R.
Recall that ¢ is said to be regular if cx # 0 and xc # 0 for any 0 # = € R.

Proposition 3.6. For any i € I there exists a ring homomorphism
&+ A= Mu(R),a > (Ao (. (a)))ker-

Assume c is reqular. Then Ker §; = Zjelo v;R. In particular, if Iy is empty,
then &; is injective.

Proof. Tt is easy to see that &(1) is the unit matrix. Let a,b € A. Obviously,
&i(a+b) =&(a)+ &(b). Also, for any j,1 € I by (M1) and (1), (2) of Lemma
2.3 we have

C)\(i,j,l)a,fw(i,l) (ajl (ab))

— CA(i,j,l)a_fw(i,l)({Z c)\(j,k,l)o_w(k,l) (ajk(af))akl(b)})

kel
_ Z cA(i,j,l)—&-A(j,k,l)O_w(k,l)—w(i,l) (ajk(a))o_—w(i,l) (akl(b))
kel
— Z C)\(i,j,k)Jr)\(i,k,l)o_)\(i,k,l)fw(i,k) (ajk(a))o_fw(i,l) (akl(b))
kel
= DA 4 (a) HAH D0 (a4 ()
kel
and hence &;(ab) = &;(a)&;(b). The last assertion is obvious. O

4 Tilting complexes

In this section, we provide a construction of two-term tilting complexes associ-
ated with a certain type of idempotent (cf. [5]).

For a ring A we denote by K(Mod-A) (resp., D(Mod-A)) the homotopy
(resp., derived) category of cochain complexes over Mod-A and consider mod-
ules as complexes concentrated in degree zero. We use the notation (—)[m] to
denote the m-shift of complexes. Also, we denote by P, the full subcategory
of Mod-A consisting of finitely generated projective modules and by KP(P4)
the full triangulated subcategory of K(Mod-A) consisting of bounded complexes
over P,4. Finally, for an object X in an additive category 2 we denote by
add(X) the full additive subcategory of 2 whose objects are direct summands
of finite direct sums of copies of X and by X (™) the direct sum of m copies of
X. We refer to [13] for tilting complexes and derived equivalences and to [3],
[16] for derived categories.

Let A be an extension of a ring R and e € A an idempotent. Assume
xe = ex for all x € R, Aep is finitely generated projective and eA4 is em-
bedded in Homp(Ae, Rg)a as a submodule. Note first that we have a ring
homomorphism ¢ : R — eAe, x — ex. Let

B:Ae®peAs — Ap,a®@b— ab
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be the multiplication map and S*® its mapping cone. Set TP = eA[l], Ty =
(1—e)A®4S8® and T* =Ty ® Ty. Note that Ty is the mapping cone of the
multiplication map

(1-e)ARspu:(1—e)Ade®peds — (1 —e)Aa.
Note also that Ae ® g eA4 € add(eA4). Since the multiplication map
eARap:eAe g eAy — eAy

is a split epimorphism and its kernel belongs to add(eA4), we have eA®4 S® €
add(T7) and hence S*® € add(T").

Proposition 4.1. The following hold.
(1) T*® is a tilting complex.

(2) Assume p is monic. Then Endgioda-a)(T'®) is isomorphic to the following
generalized triangular matriz ring

eAe Exth(A/AeA,eA)
0 AJAeA ‘

Assume further that ¢ is an isomorphism and there exists an idempotent
f € A such that Hompg(Ae, RR)a = fAa. Then Extl(A/AcA, eA) =
f(A/AeA) as right (A/AeA)-modules.
Proof. (1) Obviously, T* € KP(P4) and Homg (voa-4) (T®, T®[m]) = 0 un-
less =1 < m < 1. Since e(A/AeA) = 0, A/AeA = (1 — e)(A/AeA) and
HO(T*) = A/AeA. Thus, since Homa(eA, A/AeA) = (A/AeA)e = 0, it fol-
lows that Homa (T, (1 — €)A ®4 p) is epic and Homgioa-a)(T®, T*[1]) = 0.
Also,

Homy(A/AeA,Homp(Ae, Rg)) =2 Homp((A/AeA)e, Rg) =0

and hence Hom4(A/AeA,eA) = 0. Thus Hom (H?(T*),7=1) = 0 and hence
Homg (vod-a) (T®, T®[—1]) = 0. Next, we have a distinguished triangle in KP(Pa)
of the form

A— S* — (Ade®peA)[l] —.

Since S* € add(T*), and since (Ade®preA)[l] € add(Ty), it follows that add(T®)
generates KP(P,) as a triangulated category.

(2) We have Endg (vod-4)(T7) = Enda(eds) = eAe. Also, since (1—e) A ap
is monic, we have Homgioa-4)(17, 75 ) = 0. Furthermore,

Endy (mod-2)(T3) = Endp(mod-a)(T5)
= Endp(Moa-4)(A/AeA)
~ End4(A/AcA)
>~ A/AeA,
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Homg Mod-4) (75, T7) = Homp(noa-4) (15, T7)
= Homp(mod-4) (A/AeA, eA[l])
>~ Ext!(A/AeA, eA).
Consequently, Endgnod-4)(T®) is isomorphic to the desired generalized trian-
gular matrix ring.
Next, assume ¢ is an isomorphism and there exists an idempotent f € A

such that Homp(Ae, Rg)a = fA4. For any M € Mod-A we have functorial
isomorphisms

Homy (M, fA) = Homa (M, Homp(Ae, Rg)) = Homp(M ®4 Ae, Rp).

Thus, since p ® 4 Ae is an isomorphism, so is Hom 4 (i, fA). Then by applying
Homy (—, fA) to the exact sequence

0— Ae®@peA s A— AJAeA — 0,

we have Hom(A/AeA, fA) = 0 and Ext!(4/AeA, fA) = 0. Note that fAe =
R as right R-modules. Thus, by applying fA® 4 — to the above exact sequence,
we get an exact sequence of the form

0—eAs — fAa — f(AJAeA)s — 0
to which we apply Hom 4 (A/AeA, —) to conclude that
f(A/AeA) =2 Homu(A/AeA, f(A/AeA))
>~ Ext!(A/AeA,eA)
as right (A/AeA)-modules. O

Remark 4.2. Let K = Ker(eA ®4 p) and assume add(K 4) = add(eA4). Then
add(S®) = add(7T®) and S*® is a tilting complex.

Proof. Note that eA ®4 S* = K[1] in KP(P4). Since eA4 € add(K ), we have
T € add(eA®4S®). Thus T* € add(S*®) and hence add(S®) = add(T®). Then,
since T is a tilting complex, so is S°. O

In the following examples, A is the Frobenius extension of R constructed in
the preceding section. We use the same notation as in the preceding section.

Example 4.3. Let J be a nonempty m-stable subset of I and set e = EjEJ €;.

~

Then ze = ex for all x € R, Aeg is finitely generated projective and eAy =
Homp(Ae, Rg) 4. In this case, the mapping cone of the multiplication map

@Aej (593 ejAA — Aa
JjeJ

is a tilting complex.

17



Proof. We have seen in the preceding section that all the conditions are satisfied.
Let Jo = J NI and d the number of elements of J. Set d; = d for j € Jy and
dj =d—1for j e J\ Jy. Note that d; > 1 for all j € J. Since we have a split
exact sequence in Mod-A of the form

0— @ejA(dj) — @eAej ®re;jA—eA—0,
jeJ jeJ
the last assertion follows by the same argument as in Remark 4.2. 0

Example 4.4. Assume c is regular and I \ Ij is not empty. Let i € I\ Iy and
set e = e; and f = er-1(;). Then the following conditions are satisfied:

(1) ze = ex for all x € R, Aeg is finitely generated projective and eA 4 is
embedded in Homp(Ae, Rg)a as a submodule;

(2) the multiplication map Ae ®g eA — A, a ® b +— ab is monic;
(3) the ring homomorphism R — eAe, x — ex is an isomorphism; and
(4) Homp(Ae, Rr)a = fA4.

Proof. We denote by u : Ae; ®r ;A — A, a ® b — ab the multiplication map.
Note that Ae; ®r e;A is a free right R-module with a basis {e;; ® €} ier,
and that eje; = ejlc’\(j’i’l) unless j = [ € Iy and eje;; = vj + ech(j) for all
j € Iy. Thus, since ¢ is regular, it is easy to see that p is monic. Also, for any
a € e;A we have (oa)(ej;) = a;(aej;) = ANHIDg@00) (q;5(a)) for all j € T and
hence cza = .o 906900 (a;5(a))ayi, so that by the regularity of ¢ the
homomorphism
e;Aa — Homp(Ae;, Rr)a,a — aja

is monic. We have seen in the preceding section that the remaining conditions
are satisfied. O
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