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INTEGRAL GEOMETRY ON PRODUCT OF SPHERES
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1. Introduction and Result

One of the oldest results in integral geometry is the Poincaré formula for the

average of the intersection number of two curves. Many di¤erential geometers

have studied the Poincaré formula from various points of view. In particular,

R. Howard [1] generalized this formula in Riemannian homogeneous spaces and

obtained the following formula.

Theorem 1.1 [1]. Let G=K be a Riemannian homogeneous space with a G-

invariant Riemannian metric, and let M and N be submanifolds of G=K with

dim M þ dim N ¼ dimðG=KÞ. Assume that G is unimodular and for almost all

g A G, M and gN intersect transversely. Thenð
G

]ðM V gNÞ dmGðgÞ ¼
ð
M�N

sKðT?
x M;T?

y NÞ dmM�Nðx; yÞ;

where ]ðXÞ denotes the number of points in X and sKðT?
x M;T?

y NÞ is defined by

(2.1) below.

This theorem plays an important role in this paper. In the case that

G=K ¼ R2, this formula implies the classical Poincaré’s one. In the case that G=K

is a space of constant curvature, the isotropy group K acts transitively on the

Grassmann manifolds consisting of subspaces in ToðG=KÞ, so sKðT?
x M;T?

y NÞ
on the right side of the above integral in Theorem 1.1 is constant. Namely,

sKðV ;WÞ is independent on V and W. Hence we can have clearly expressed

sKðT?
x M;T?

y NÞ, that is,

sSOðnÞðT?
x M

p;T?
y N

qÞ ¼ volðS0Þ volðSOðnþ 1ÞÞ
volðSpÞ volðSqÞ :
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In the case that G=K is a two-point homogeneous space of dimension n, Howard

[1] showed that

sKðT?
x M

1;T?
y N

n�1Þ ¼ volðKÞ volðS0Þ volðSnÞ
volðS1Þ volðSn�1Þ :

Although Theorem 1.1 holds in a general situation, sKðT?
x M;T?

y NÞ is

complicated generally, and is not in a concrete enough form to be easily used.

Moreover, unfortunately, there exist few results of the concrete calculation for

sKðT?
x M;T?

y NÞ. For example in the case that G=K is an n-dimensional complex

projective space CPn, for any real surfaces M and any complex hypersurfaces N,

the author and Tasaki [2] gave

sUð1Þ�UðnÞðT?
x M;T?

y NÞ ¼ volðUðnþ 1ÞÞ
2 volðCP1Þ volðCPn�1Þ ð1 þ cos2 yxÞ

using the Kähler angle yx of M at x. Recently, for any two real surfaces M and

N in CP2, they evaluated the following in [3].

sUð1Þ�Uð2ÞðT?
x M;T?

y NÞ ¼ volðUð3ÞÞ
volðRP2Þ2

ð2 þ 2 cos2 yx cos2 ty þ sin2 yx sin2 tyÞ

As for other the concrete results for sKðT?
x M;T?

y NÞ, we know of no example

yet. For details see [1] and [5].

In this paper, under this motivation, we shall explicitly describe sKð� ; �Þ
and formulate a Poincaré formula for one-dimensional and 3-dimensional sub-

manifolds in the product of unit sphere S2. The purpose of this paper is to prove

the following:

Theorem 1.2. Let M be a submanifold of S2 � S2 of dimension 1 and N a

submanifold of dimension 3. Assume that for almost all g A SOð3Þ � SOð3Þ, M and

gN intersect transversely. For any point x A M (resp. y A N), sin yx and cos yx

(resp. sin ty and cos ty) denote the length of the first and second component of unit

vector ux ¼ ðu1; u2Þ (resp. vy ¼ ðv1; v2Þ) of TxM (resp. T?
y N), respectively. Then we

have

ð
SOð3Þ�SOð3Þ

]ðM V gNÞ dmSOð3Þ�SOð3ÞðgÞ ¼
ð
M�N

sðyx; tyÞ dmM�Nðx; yÞ;

where
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sðyx; tyÞ ¼

16cxy 2E
sxy

cxy

� �
� 1 �

s2
xy

c2
xy

 !
K

sxy

cxy

� �( )
; if sxy a cxy;

16sxy 2E
cxy

sxy

� �
� 1 �

c2
xy

s2
xy

 !
K

cxy

sxy

� �( )
; if sxy b cxy:

8>>>>><
>>>>>:

Here K and E are the first and second kind of complete elliptic integral, and

sxy ¼ sin yx sin ty, cxy ¼ cos yx cos ty.

The author would like to express his gratitude to Professor H. Tasaki for his

valuable suggestions during the preparation of this paper. The author is indebted

to the refree suggesting some revisions of this paper.

2. Preliminaries

In this section we shall review the Poincaré formula on Riemannian homo-

geneous spaces given by Howard [1] and the elliptic integrals.

Let E be a finite dimensional real vector space with an inner product. For

vector subspaces V and W with orthonormal bases v1; . . . ; vp and w1; . . . ;wq re-

spectively, we define sðV ;WÞ by

sðV ;WÞ ¼ jv15 � � �5vp5w15 � � �5wqj:

This definition is independent of the choice of orthonormal bases. Furthermore, if

pþ q ¼ dim E then

sðV ;WÞ ¼ sðV?;W?Þ:

Let G be a Lie group and K a closed subgroup of G. We assume that G has a

left invariant Riemannian metric that is also invariant under the right actions of

elements of K. This metric induces a G-invariant Riemannian metric on G=K . We

denote by o the origin of G=K . If x; y A G=K and V is a vector subspace of TxðG=KÞ
and W is a vector subspace of TyðG=KÞ then we define sKðV ;WÞ by

sKðV ;WÞ ¼
ð
K

sððdgxÞ�1
o V ; dk�1

o ðdgyÞ�1
o WÞ dmKðkÞð2:1Þ

where gx and gy are elements of G such that gxo ¼ x and gyo ¼ y. This definition

is independent of the choice of gx and gy in G such that gxo ¼ x and gyo ¼ y.

The action of SOð2Þ � SOð2Þ to R4 is defined by A � v ¼ vA�1 for v A R4 and

A A SOð2Þ � SOð2Þ.
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We now recall that the incomplete elliptic integrals of the first and second kind

are defined by

Fðc; kÞ ¼
ðc

0

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � k2 sin2 y

p 0 < k < 1;

Eðc; kÞ ¼
ðc

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � k2 sin2 y

p
dy 0 < k < 1;

respectively. If c ¼ p=2 then the integrals are called the complete elliptic integral

of the first and second kind, and are denoted by KðkÞ and EðkÞ or simply K and

E respectively. It is trivial that Kð0Þ ¼ Eð0Þ ¼ p=2.

3. Proof of Theorem 1.2

Let S2 be the standard sphere of dimension 2. The special orthogonal

group SOð3Þ acts transitively on S2. The isotropy subgroup of SOð3Þ at a point

in S2 is SOð2Þ. Thus S2 � S2 can be realized as a homogeneous space

ðSOð3Þ � SOð3ÞÞ=ðSOð2Þ � SOð2ÞÞ. Let soð3Þ � soð3Þ be the Lie algebra of

SOð3Þ � SOð3Þ. Define an inner product on soð3Þ � soð3Þ by

ðX ;YÞ ¼ � 1

2
TraceðXY Þ ðX ;Y A soð3Þ � soð3ÞÞ:

We extend this inner product ð� ; �Þ on soð3Þ � soð3Þ to the left invariant Rie-

mannian metric on SOð3Þ � SOð3Þ. Then we obtain a biinvariant Riemannian

metric on SOð3Þ � SOð3Þ. This biinvariant Riemannian metric on SOð3Þ � SOð3Þ
induces an ðSOð3Þ � SOð3ÞÞ-invariant Riemannian metric on ðSOð3Þ � SOð3ÞÞ=
ðSOð2Þ � SOð2ÞÞ.

Let M be a submanifold of S2 � S2 of dimension 1 and N a submanifold of

dimension 3. By Theorem 1.1, we haveð
SOð3Þ�SOð3Þ

]ðM V gNÞ dmSOð3Þ�SOð3ÞðgÞð3:1Þ

¼
ð
M�N

sSOð2Þ�SOð2ÞðTxM;TyNÞ dmM�Nðx; yÞ:

Let ux ¼ ðu1; u2Þ and vy ¼ ðv1; v2Þ be unit vectors of TxM and T?
y N respec-

tively. By the action of SOð2Þ � SOð2Þ, we can transport ux and vy to

ððsin yx; 0Þ; ðcos yx; 0ÞÞ and ððsin ty; 0Þ; ðcos ty; 0ÞÞ respectively. Thus we can take

ðð�cos ty; 0Þ; ðsin ty; 0ÞÞ; ðð0; 1Þ; ð0; 0ÞÞ; ðð0; 0Þ; ð0; 1ÞÞ
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as an orthonormal basis of TyN. We can simply write

sðyx; tyÞ ¼ sSOð2Þ�SOð2ÞðTxM;TyNÞ;

since sSOð2Þ�SOð2ÞðTxM;TyNÞ is dependent only on yx and ty.

Let e1; . . . ; e4 be the standard orthonormal basis of R4. Then we have

sðk�1TxM;TyNÞ

¼ jk�1ðsin ye1 þ cos ye3Þ5ð�cos te1 þ sin te3Þ5e25e4j

¼ jðsin ye1 þ cos ye3Þk5ð�cos te1 þ sin te3Þ5e25e4j

¼ jsin y sin t cos aþ cos y cos t cos bj;

where

k ¼

cos a �sin a 0 0

sin a cos a 0 0

0 0 cos b �sin b

0 0 sin b cos b

2
6664

3
7775A SOð2Þ � SOð2Þ:

Put sin y sin t ¼ s and cos y cos t ¼ c then we have

sðy; tÞ ¼
ð
SOð2Þ�SOð2Þ

jsin y sin t cos aþ cos y cos t cos bj dmSOð2Þ�SOð2ÞðkÞ

¼
ð2p

0

ð2p

0

js cos aþ c cos bj dadb:

We here give the following lemma to compute the above integral.

Lemma 3.1. Let S1ðrÞ be a circle with radius r. If jaja 1 then

ð
S 1ðrÞ

jraþ x1j dmS 1ðrÞðxÞ ¼ 2r2ðaðp� 2 arccos aÞ þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � a2

p
Þ:

We can easily show this lemma and omit its proof.

It is su‰cient to calculate the following:

ð2p

0

ð2p

0

jt cos aþ cos bj dadb; ð0a ta 1Þ:
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Using Lemma 3.1 and the complete elliptic integral, we obtainð2p

0

ð2p

0

jt cos aþ cos bj dadb

¼
ð2p

0

2ðt cos aðp� 2 arccosðt cos aÞÞ þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � t2 cos2 a

p
Þ da

¼ 16ð1 þ t2Þ
ð t

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2

p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p dx� 32

ð t
0

x2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2

p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p dx

¼ 16ð1 þ t2ÞKðtÞ � 32ðKðtÞ � EðtÞÞ

¼ 32EðtÞ � 16ð1 � t2ÞKðtÞ:

Hence we have the following:

sðy; tÞ ¼
ð2p

0

ð2p

0

js cos aþ c cos bj dadb

¼

32cE
s

c

� �
� 16c 1 � s

c

� �2
 !

K
s

c

� �
; if sa c

32sE
c

s

� �
� 16s 1 � c

s

� �2
 !

K
c

s

� �
; if sb c:

8>>>>>><
>>>>>>:

Thus (3.1) implies Theorem 1.2.

Remark 3.2. Let M ¼ S1 and N ¼ S1 � S2 in Theorem 1.2. Then, for

almost all g A SOð3Þ � SOð3Þ, we have ]ðM V gNÞ ¼ 2. Thus we haveð
SOð3Þ�SOð3Þ

]ðM V gNÞ dmSOð3Þ�SOð3ÞðgÞ ¼ 2 volðSOð3ÞÞ volðSOð3ÞÞ:

Finally we can give the following corollary as an application of the integral

formula in Theorem 1.2.

Corollary 3.3. Under the hypothesis of Theorem 1.2:

(1) If N ¼ S1 � S2 then we have

1

volðSOð3Þ � SOð3ÞÞ

ð
SOð3Þ�SOð3Þ

]ðM V gNÞ dmSOð3Þ�SOð3ÞðgÞa
volðMÞ

p
:

The inequality becomes an equality if and only if M is a curve in S2.
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(2) If M ¼ S1 ðHS2Þ then we have

1

volðSOð3Þ � SOð3ÞÞ

ð
SOð3Þ�SOð3Þ

]ðM V gNÞ dmSOð3Þ�SOð3ÞðgÞa
volðNÞ

4p2
:

The equality holds if and only if N is a submanifold of L� S2. Here L is a curve

in S2.

Proof. (1) In this case we can take sin yxe1 þ cos yxe3 and e2; e3; e4 as an

orthonormal basis of TxM and TyN respectively. Here e1; e2; e3; e4 is the standard

orthonormal basis of R4. Thus we obtain

sðyx; tyÞ ¼ 32 sin yxEð0Þ � 16 sin yxKð0Þ ¼ 8p sin yx:

We therefore have

ð
SOð3Þ�SOð3Þ

]ðM V gNÞ dmSOð3Þ�SOð3ÞðgÞ ¼
ð
M�N

8p sin yx dmM�Nðx; yÞ

¼ 8p volðNÞ
ð
M

sin yx dmMðxÞ

a 8p volðNÞ volðMÞ:

Using known facts that

volðNÞ ¼ volðS1 � S2Þ ¼ volðSOð3ÞÞ ¼ 8p2;

completes the proof.

(2) In this case we can obtain

sðyx; tyÞ ¼ 8p sin ty:

This, by a computation similar to that in (1), completes the proof. r
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