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§1. Introduction

The theory of indefinite complex submanifolds of an indefinite complex space
form is one of interesting topics in differential geometry and it is investigated by
many geometers from the various different points of view, see [1], [5], [8], [9], [12],
[19] and [20] for examples. Romero [18] gave a nice survey in this direction. Their
method in [1] and [3] seems to be interesting because they apply the Liouville-type

inequality
Az kf

for a non-negative function f, where k is positive constant.

Let M be an n-dimensional submanifold of an (n + p)-dimensional complex
space form M"?(c) of constant holomorphic sectional curvature ¢. Chern
pointed out that it is interesting to study the distribution of the values of the
squared norm %, of the second fundamental form « of M. The first value is of
course 0 in the case where M is totally geodesic. The purpose of this paper is to
investigate the Chern-type problem in the space-like Kihler geometry. The
Chern-type problem in the space-like Kdhler geometry can be written as follows

PROBLEM. Let M be an n-dimensional complete space-like complex sub-
manifold of an (n + p)-dimensional indefinite complex hyperbolic space CH?(c)
of constant holomorphic sectional curvature ¢ and of index 2p(>0). Then does
there exists a constant d in such a way that if it satisfies hy > d, then M is totally
geodesic?
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In this paper, we prove the following

THEOREM. Let M be an n(Z=3)-dimensional complete space-like complex
submanifold of an (n+ p)-dimensional indefinite complex hyperbolic space
CH}*'"(c) of constant holomorphic sectional curvature ¢ and of index 2p(>0). If M
is not totally geodesic and p < (1/2)n(n+ 1), then the squared norm hy of the
second fundamental form o of M satisfies

hy > cnp(n + 2) ,

2(n+2p)
where the equality holds if and only if M is a complex projective space CP"(c/2),
o is parallel and p = (1/2)n(n+ 1).

§2. Semi-definite Kihler Manifolds

We begin with recalling basic formulas on semi-definite Kéhler manifolds.
Let M be an n(=2)-dimensional connected semi-definite Kdahler manifold
equipped with a semi-definite Kihler metric tensor ¢ and almost complex
structure J. For the semi-definite Kahler structure {g,J}, it follows that J is
integrable and the index of g is even, say 25 (0 < s < n). In the case where the
index 2s is contained in the range 0 < s < n, the structure {g,J} is said to be
indefinite Kdhler structure and, in particular, in the case where s =0 or n, it 1s
said to be Kdhler structure.

In this section, we shall consider M an n(Z=2)-dimensional connected semi-
definite Kéhler manifold of index 2s, 0 £ s < n. Then a local unitary frame field
{E;} ={E\,...,E,} on a neighborhood of M can be chosen. This is a complex
linear frame which is orthonormal with respect to the semi-definite K&hler metric
g of M, that is, g(E;, Ex) = ¢y, where

gg=—1 or 1 according as 0 <j<sors+1=j=n
Its dual frame field {w;} = {wi,...,w,} consists of complex valued I-forms of
(1,0) on M such that w;(Ex)=¢dx and w,...,w,, @,...,o, are linearly

independent. Thus the natural extension g¢ of the semi-definite Kéhler metric g of
M can be expressed as ¢ = 2}, gjw; ® @;. Associated with the frame field {E;},
there exist complex valued forms wy, where the indices i and k run over the
range 1,...,n. They are usually called connection forms on M such that they
satisfy the structure equations of M:

(2.1) dw; + Zejw"j A wj = 0, wj+a;= 0,
J
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(22) dw,-j + Zé‘ka)ik A Wij = Q,‘j,
k

(2.3) Q,‘j = Z'gkglRfjkka A @y,
k.l

where Q = (Q;) (resp. Rl—jk]) denotes the curvature form (resp. the components of
the semi-definite Riemannian curvature tensor R) of M. The second formula of
(2.1) means the skew-Hermitian symmetricity of Q;, which is equivalent to the
symmetric condition

R

R k-

kT T
Moreover, the first Bianchi identity implies the further symmetric relations

(2.4) R -=R .=R

ikl — gt = [ = Rijk?"
Next, relative to the frame field chosen above, the Ricci tensor S of M can be

expressed as follows:

(25) S = Z E;Cj(SUT(D,' ® cﬁj + ST/CT), ® C()j),
ij

where S-= &R S-. = S;. The scalar curvature K of M is also given by
y k i

kkif = ji

(2.6) K=2) ¢S
-

The semi-definite Kihler manifold M is said to be Einstein if the Ricci tensor S is
given by

K
Now, the components Rz, and Ryt (resp. S5 and S,.jf,;) of the covariant

derivative of the Riemannian curvature tensor R (resp. the Ricci tensor S) are
obtained by

Z Srzz(R;jkf,,,,,(Ulri + R,f/-k[_ﬁ,wm) = dR?j/(/_

m

- z :8”7(R171/k7(0’”i + Rlekfwmj + R71‘1717w’71k + R?}'klﬁ(u””[)7
m

> el Sqox + Sgon) = dSz— > e( Sz + Sziy).
k k

The second Bianchi formula is given by
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R?jkim = Rlijik ’

and hence we have
SiGi = Zgl e Ki = 22615177’
J

where dK =}, &(Ko; + K;@;). The components Sz, and Sj7 of the covariant
derivative of S 7 are expressed by

(2.7) Za; z]ua’l + Suklan Za;( @l + Sz 05 + S; lek)

By the exterior differentiation of the definition of Sz and taking account of
(2.7), the Ricci formula for the Ricci tensor S is given by

Sai— Sime = E:gm Teim Sy lem]Sw)'

A plane section P of the tangent space T, M of M at any point x is said to be
non-degenerate, provided that the restriction g.|p, of g« to P is non-degenerate. It
is easily seen that P is non-degenerate if and only if it has a basis {u, v} such that
g(u,u)g(v,v) — g(u, v)? # 0, and a holomorphic plane spanned by u and Ju is non-
degenerate if and only if it contains a vector v such that g(v,v) # 0. The sectional
curvature of the non-degenerate holomorphic plane P spanned by u and Ju is
called the holomorphic sectional curvature, which is denoted by H(P) = H(u). The
semi-definite Kihler manifold M is said to be of constant holomorphic sectional
curvature if its holomorphic sectional curvatures H(P) are constant for all non-
degenerate holomorphic planes P and for all points of M. Then M is called a
semi-definite complex space form, which is denoted by M (c) provided that it is
of constant holomorphic sectional curvature ¢/, of complex dimension n and of
index 2s. The standard models of semi-definite complex space forms are the
following three kinds which are given by Barros and Romero [4] and Wolf [21]:
the semi-definite complex Euclidean space C!, the semi-definite complex pro-
jective space CP(c') or the semi-definite complex hyperbolic space CH(c'),
according as ¢’ =0, ¢/ > 0 or ¢/ < 0. For any integer s (0 < s < n), it is seen by
[4] and [21] that they are only complete, simply connected and connected semi-
definite complex space forms of dimension »n and of index 2s.

The Riemannian curvature tensor Ry; of M (¢") is given by

/

C . e o
(2.8) RszkT = —2—8j8k(0,‘j()k1 + oikéjl)-
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§3. Semi-definite Complex Submanifolds

This section is concerned with semi-definite complex submanifolds of a semi-
definite Kahler manifold. First of all, some basic formulas for the theory of semi-
definite complex submanifolds are prepared.

Let (M',g’) be an (n+ p)-dimensional connected semi-definite Kihler
manifold of index 2(s+17) (0 <s<n,0<r<p) and let M be an n-dimensional
connected semi-definite complex submanifold of index 2s of M’. Then M is the
semi-definite Kdhler manifold endowed with the induced metric tensor g. We
choose a local unitary frame field {E4} = {E,...,E,.,} on a neighborhood of
M’ in such a way that restricted to M, E, ..., E, are tangent to M and the others
are normal to M. Here and in the sequel, the following convention on the range
of indices is used throughout this paper, unless otherwise stated:

AB,...=1,....n,n+1,....n+p,
ij,...=1,...,n,
Xy,...=n+1,...,n+p.

With respect to the unitary frame field {E}, let {w4} = {w;, @} be its dual
frame field. Then the Kaihler metric tensor ¢’ of M’ is given by ¢’ =
2% 48404 ® @4. The canonical forms w4 and the connection forms wyp of the
ambient space satisfy the structure equations

dw 4+ E egwgp A wp =10, wyp+dpgs =0,
B

(3.1) dwyp + ZGCCOAC AN Wcp = Q,C!Bv
C

r_ ! =
QAB = E SCSDRA—B(,BCOC AN Wp,
C,D

where Q' = (Q/,) (resp. R ) denotes the curvature form with respect to the
unitary frame field {E4} (resp. components of the semi-definite Riemannian
curvature tensor R’) of M'. Restricting these forms to the submanifold M, we

have
(3.2) wy =0,

and the induced semi-definite Kahler metric tensor g of index 2s of M is given by
g=23;¢w; ®c;. Then {E;} is a local unitary frame field with respect to this
metric and {w;} is a local dual frame field due to {E;}, which consists of complex
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valued 1-forms of type (1,0) on M. Moreover, wy,...,w,, @,...,o, are linearly
independent, and they are said to be canonical 1-forms on M. Tt follows from
(3.2) and Cartan’s lemma that the exterior derivatives of (3.2) give rise to

(3.3) Wi =Y ghiw, hy=h;.
J

The quadratic form ), ; | &g ® w; ® E, with values in the normal bundle
is called the second fundamental form of the submanifold M. From the structure
equations of M’, it follows that the structure equations for M are similarly given

d(,(),' + Zﬁjwy AN Wj = 0, Wijj + CT)j,‘ = 0,
J
(3.4) a,'a),-j + Zekw,-k N W = Q,-j,
k

Q= E skc/R;jﬁcuk A @y,
k1

where Q = (Q;) (resp. RF;‘/J) denotes the curvature form with respect to the

unitary frame field {E;} (resp. components of the semi-definite Riemannian
curvature tensor R) of M.
Moreover, the following relationships are obtained:

dwy, + E 80 A W=y = Ly,

(3.5)
Q. = Zskg, Rjykka A @y,
k.l

where Q,, is called the normal curvature form of M. For the Riemannian
curvature tensors R and R’ of M and M’, respectively, it follows from (3.1), (3.3)
and (3.4) that we have the Gauss equation

(3.6) Ry = Réﬁ - Z ey,
and by means of (3.1), (3.3) and (3.5), we have
i x5y
Rfcyki = R,\"yki + Z thkfhﬁ//'
J

Using (2.5), (2.6) and (3.6), components of the Ricci tensor S and the scalar
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curvature K of M are given by

Z ‘p"ka; i
(3.7)

K = 2 (Z 8j8kR/l;kjjT - hZ) )
.k

where hZ_: 12-2 =) L Ekéx h;}j,’: and p =), ejhi
Now components hj and h - of the covariant derivative of the second
fundamental form of M are glven by

Yo+ hian) = diy = > ex(how + hiow) + > ehfos,.
k k ¥

Then, substituting dh; into the exterior derivative of (3.3), we have

X RY RY X _plo_
hije = hjie = Mg, iz = —Ror,

Similarly components hl Yy and /2 - of the covariant derivative of h‘k can be
defined by

Z &M cor + h;kl{f),) = dhy; — Z &(hj i + hiy o) + h;J‘f,a)/k) + Ze}vh?;kwx).
/ / ¥y

and by the simple calculation the Ricci formula for the second fundamental form

are given by

X _ X
hijkl = h(jlkv
X R X
hi,'kT_ h,ﬁk - Z (lelrhr] /kj) ;) Z% Wk;
r

In particular, let the ambient space be an (n+ p)-dimensional semi-definite
complex space form M/} (c) of constant holomorphic sectional curvature ¢ and
of index 2(s+1) (0 <5<n,0 <1< p). Then, from (2.8), (3.6) and (3.7), we get

¢ . YT X
(3.8) R?j/J = Egjek(éijékl + 5fk§j1) — z gxh}khilv
(l’l + I)C 2 X
(39) S[] = 3 8,’5,]’ - hij_" hl]/; =0.

And hence from (3.8) we obtain

(3.10)  h;= (gkh,,(sk,ﬂ,hjka,ﬂjhk, 1) — ZF, (B3I + ki, + ki),
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Here, we calculate the Laplacian of the squared norm /4, = |«|, of the second
fundamental form « on M. The Laplacian Ah, of the function 4, is by definition
given as

Ay =2 eigenes(hihy)

ij,k,x

=2 ) eiggenex( chy + by + b+ hihiz).
i,j k,x

Hence we have by the second equation of (3.9) and (3.10)

3.11 Ahy = c(n+ 2)hy — dhy — 2TrA% +2 Eigierexh X h
] itk
i,j,k,x

ijk>

where hy =3, a,ajh h2 TrA* is the trace of the matrix 42 and A4 =
(Af) = Zi,j s,g/hxh

§4. Space-like Complex Submanifolds

Let M’ = CH;*?(c) be an (n + p)-dimensional indefinite complex hyperbolic
space of index 2p(> 0) and let M be an n(=2)-dimensional space-like complex
submanifold of M'. First of all, we will estimate the Laplacian of the squared
norm A, of the second fundamental form. By (3.8), we have

(41) jjkk Z gkhjkhjk ] 7 k7

where we have used the fact that & = —1.

Since M is space-like, the normal space of M is time-like. So, the matrix
H= (hfl;) is a negative semi-definite Hermitian one and hence all eigenvalues iz
of H are non-positive real valued functions on M. The matrix 4 = (47) is a
positive semi-definite Hermitian one and hence all eigenvalues u, of 4 are non-
negative real valued functions on M. Thus it is easily seen that

Zuj:TrH:hz, Zyx:TrA:—hz,
J X

(4.2) Zﬂf = ”2

1
Bz Trd? = iz b
=T
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Also from the estimating of the squared norm of

xpX hz
> {ex hi — w1 (040Kt + dudjr) } ;

X
it follows that
2
4.3 Trd4* > —= 1?2
(43) = nn+1) %
where the equality holds if and only if M is a complex space form. By (3.11),
(4.2) and (4.3), we have

Ahy < c(n+ 2)hy — 4hy — 2TrA?

<c(n+2)h — (n+2)h3,

4
nn+1)
where the equality holds if and only if M is a complex space form and the second
fundamental form of M is parallel. Let f be a non-negative function defined by
—hy. Then the above inequality is reduced to

(4.4) Af 2 c(n+2)f + (n+2)f?,

n(n+1)

where the equality folds if and only if M is a complex space form and the second
fundamental form of M is parallel.

On the other hand, the Laplacian Ak, of h; is also estimated in the different
type by (3.11) and (4.2). That is, we have

2
Ay £ cln+ 2Dk — - (n + 2p)h3,

where the equality holds if and only if M is Einstein and the second fundamental
form of M is parallel. So, the function f defined by —h, satisfies

(5) AfZe(n+2)f + % (n+2)/2,

where the equality holds if and only if M is Einstein and the second fundamental
form of M is parallel.

Now, applying the generalized maximum principle due to Omori [16] and
Yau [22], Choi, Kwon and Suh [6] proved recently the following theorem.

THEOREM 4.1. Let M be a complete Riemannian manifold whose Ricci tensor
is bounded from below and let F be any polynomial of one variable x with constant
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coefficients ¢, ...,cpr1 such that
F(x) =cox" + xR e,

where n =2, n—k > 0 and ¢y > ciqr. If a C*-function f satisfies Af = F(f), then
we have F(sup f) 0.

Owing to the above theorem, we estimate the squared norm 4, of the second
fundamental form o of M.

THEOREM 4.2. Let M be an n(=2)-dimensional complete space-like complex
submanifold of an (n-+ p)-dimensional indefinite complex hyperbolic space
CH}*?(c) of constant holomorphic sectional curvature ¢ and of index 2p(> 0).
Then the squared norm hy of the second fundamental form x of M satisfies

= Snlnt 1) i pz dnlnt ),

&o

or

1
> j < - 1
hy = 2(n+2p>np(n+2) if p<-nn+1),

2
where both equalities hold if and only if M is a complex space form M"(c/2), o is
parallel and p = (1/2)n(n+1).

ProoF. We can choose a suitable unitary frame field {E),..., E,} so that
the negative semi-definite Hermitian matrix H = (hjzz?) can be diagonalized. Then
the Ricci curvature S of M is given by

C
Sy =5+ 1) =,

where we have used (3.9) and g; is an eigenvalue of the negative semi-definite
Hermitian matrix H. Thus the Ricci tensor is bounded from below. Moreover,
the non-negative function f = —h, satisfies the Liouville type inequalities (4.4)
and (4.5). If we define a polynomial F(x) by

F(x) :n(n1+ 1)(n+2)x{cn(n+ 1) +4x}

(resp. F(x) = %x{cnp(n +2)+2(n+2p)x}),

then F satisfies conditions of Theorem 4.1. So, we can apply Theorem 4.1 to the
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function f and hence we obtain
F(supf) =0, e, supf{en(n+1)+4supf} <0
(resp. sup f{cnp(n+2) +2(n+2p)sup f} < 0).
This means that if M is not totally geodesic, then
cnin+1)+4supf <0, 1ie., dhy Zcn(n+1)
(resp. enp(n+2)+2(n+2p) supf <0, ie., 2(n+2p)hy = cnp(n +2)),

where the equality holds if and only if M is a complex space form M"(c') (resp.
Einstein) and « is parallel, then, since the scalar curvature K of M is given by

(4.6) K=cnn+1)-2h.

Comparing this with (3.9), we see that the first equality holds if and only if
¢’ =c¢/2. On the other hand, the second equality holds if and only if 4 is a
constant (c¢/(2(n + 2p)))np(n + 2) and « is parallel. Tt implies that

By = (n+z):§n(n+1),

¢
2(n+2p) P
from which it follows that
p=3nn+1).

It completes the proof. O

REMARK 4.1. Under the same assumption as stated in Theorem 4.2, we get

h = é—in(n +1) and h = np(n+2).

¢
2(n+2p)

Here, in order to prove our main theorem, we will consider the totally real
bisectional curvature of M. A plane section P in the tangent space 7. M of M at
any point x in M is said to be totally real if P is orthogonal to JP. For the non-
degenerate totally real plane P spanned by orthonormal vectors # and v, the

totally real bisectional curvature B(u,v) is defined by
g(R(u, Ju)Jv,v)

4.7 B(u,v) = —-"———.

&7 = e

For a space-like complex submanifold, using the first Bianchi identity to (4.7) and
fundamental properties of the Riemannian curvature tensor of a space-like
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complex submanifold, we get
(4.8) B(u,v) = g(R(u, v)o,u) + g(R(u, Jv)Jv,u) = K(u,v) + K(u, Jv),

where K(u,v) means the sectional curvature of the plane spanned by u and v.

From now on, we suppose that u and v are space-like orthonormal vectors
in the non-degenerate totally real plane P. If we put u’ = (1/v2)(u+v) and
v/ = (1/V2)(u —v), then it is easily seen that

/

g’ u'y =1, g, v)y=1 g o) =0.
Thus we get \
B(u',v") = g(R(u', Ju")Jv',v") = H{H(u) + H(v) + 2B(u,v) — 4K (u, Jv)},

where H(u) = K(u,Ju) means the holomorphic sectional curvature of the holo-
morphic plane spanned by » and Ju. Hence we have

(4.9) 4B(u’,v") — 2B(u,v) = H(u) + H(v) — 4K (u, Jv).

If we put u” = (1/v/2)(u+Jv) and v" = (1/v2)(Ju +v), then we get
g u")y =1, g(0",v")=1, gu"v")=0.

Using the similar method as in (4.9), we have

(4.10) 4B(u",v") — 2B(u,v) = H(u) + H(v) — 4K (u, v).

Summing up (4.9) and (4.10) and taking account of (4.8), we obtain

(4.11) 2B(u',v") + 2B(u" ,v") = H(u) + H(v).

In the sequel, let 5(M) or a(M) be the supremum or the infimum of the set B
of totally real bisectional curvatures on M. Suppose that the totally real
bisectional curvature is bounded from above (resp. below) by a constant b
(resp. a). From (4.11), it follows that

(4.12) H(u) + H(v) < 4b (resp. =4a).

We can choose a unitary frame field {E), E>, ..., E,} on a neighborhood of

M. With respect to this unitary frame field, let {w;, ws, .. .,wp,} be a dual frame

field. The holomorphic sectional curvature H(E;) of the holomorphic plane
defined by E; is given by

H(E;) = g(R(E;, E;)E}, Ej) = Ry

On the other hand, it is easily seen that the plane spanned by E; and E; (j # k)
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is totally real and the totally real bisectional curvature B(E;, E;) is given by

(4.13) B(Ej, Ex) = g(R(E;, E))Ey, Ex) = Rz J#k.

From the inequality (4.12) for u = E; and v = E;, we have
(4.14) Ro=+ Ry ,w < 4b (resp. Z4a), j#k.

iij kkkk =

Thus we have

(4.15) D (Rez+ Ryyz) < 2bn(n — 1) (resp. =2an(n — 1)),
J<k

which implies that

(4.16) Z R-- < 2bn (resp. =2an),

=

where the equality holds if and only if Ryz=2b (resp. = 2a) for any index j.

Since the scalar curvature K is given by

=2 < R//kk - 2(2 Wil Z ijk)

we have by (4.15)

K<ZZR/~W-+2bnn—l (res =2 ZRJ—M——i—Zann—l))
j

from which we have

(4.17) D Rz

where the equality holds if and only if Ryz =0 (resp. =a) for any distinct
indices j and k. In this case, M is locally congruent to M"(b)(resp. M"(a)) due to
Houh [7]. Also (4.14) gives us > ek(Ry + Rigyz) < 4b(n — 1) (resp. 24a(n — 1)),
so that

(n—2)R jJ//+ZRkkkk <4b(n—1) (resp. Z4a(n—1)).

From this together with (4.17), it follows that we have
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(n—2)Ry; < (n—l)(n+4)—§

(4.18)

<resp. zan—-1)(n+4) - §)7

for any index j, so that the holomorphic sectional curvature R 1s bounded from
above (resp. below) for n = 3. Moreover, the equality holds for some index j if
and only if M is locally congruent to M"(2b)(resp. M"(2a)).

Since the Ricci curvature S Is given by

7= Ry + Z ik
k#j

we have by (4.13)

Sj= Ry +b(n—1) (resp. ZR;-+a(n—1))

and hence, from (4.18), we get
(4.19) X
(resp. = =2 ){4a( D(n+1) —K}).

On the other hand, using (4.19), we get

K=28:42) S

k#j

<285+~ L= D){db(n— )(n+ 1) - K}

-2

1
(rexp. §2Sj7+n - 2(n —D{da(n—1)(n+1) - K}),
and hence we have

S7z {(2n = 3)K —4b(n— 1)’ (n + 1)}

1
2(n—2)
(4.20)

resp. < 2n — 3)K —4a(n — 1)*(n + 1)})

1
2(n—2) {

Combining this with (4.18) and (4.20), we get
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1
SkR

/]kk—n_7{(n_1)K (l’l —3n+2)b}

(4.21) |
(resp. < m{(n — DK - (2n* =3n+ 2)a}>

for any distinct indices ; and k.
First of all, before we estimate the supremum of B, we treat here the infimum
a(M).

THEOREM 4.3. Let M be an n(Z3)-dimensional complete space-like complex
submanifold of CH)*P(c), p > 0. Then we have

(1) a(M) =

-&Iﬁ

(2) a(M) < nn+p+1).

¢
2(n+ 1)(n+ 2p)

ProOOF. Since the totally real bisectional curvatures are bounded from below
by (4.1), there exists a constant a such that

Rj =z a forany j k(j#k).

Hence, by (4.16), (4.17) and (4.6), we have

2an < ZR < zn(n+1)—hy—an(n—1).

I\Jlﬁ

Thus we get
(4.22) 2hy < (¢ = 2a)n(n+1).

From the estimate of A, in Theorem 4.2 together with (4.22), it follows that we
get

(4a—cnn+1) 0.

It completes the proof of the first assertion.
Also, from Theorem 4.2 and (4.22), we can easily prove the second assertion.

O

REMARK 4.2. (1) The above first assertion is essentially proved by Ki and
Suh [10]. But their one is unfortunately incomplete in order to apply another
Liouville-type theorem, so the gap is here recovered.
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(2) Theorem 4.3 can be restated by the following

aM)< < if p> %n(n+ 1),

o

4

. 1

a(M
Next, we estimate the supremum b(M) of the totally real bisectional cur-
vatures of the space-like complex submanifold M.

THEOREM 4.4. Let M be an n(=3)-dimensional complete space-like sub-
manifold of an (n + p)-dimensional indefinite complex hyperbolic space CH,*P(c)
of constant holomorphic sectional curvature ¢ and of index 2p(>0). Then the
supremum b(M) of the totally real bisectional curvatures of M satisfies

b(M) < — (n* —2n+2).

2(n—2)

Proor. By Remark 4.1, it is seen that the squared norm A, of the second
fundamental form of M is restricted by

(4.23) 0=h 2 :in(n+1),

where the second equality holds if and only if M is a complex space form
M"(c/2) and the second fundamental form of M is parallel. By (4.21), we see
that any totally real bisectional curvature R]jk/?( Jj # k) satisfies

(4.24) ’Li {(n—= DK — (2n* =3n+2)a(M)},

Rj_'jkE = Hn—
where the equality holds if and only if a(M) = ¢/4. By the definition of b(M),
we have

1

b(M) = 1

{(n— DK — (2n* = 3n+2)a(M)}.

Together with (4.6) and the result a(M) = ¢/2 by (4.1), we obtain

c 2
2 n-2

(4.25) b(M) < (n— )hy.

where the equality holds if and only if a(M) = ¢/2. From (4.23) and (4.25), it
turns out to be
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b(M) < _Zn%j(;ﬂ —2n+2).

By conditions for the equalities of (4.24) and (4.25), we have the conclusion.

[10]
[11]
[12
[13]
[14]
[15]
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