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REPRESENTATIONS OF A LINK GROUP

By

Moto-0 TAKAHASHI

In this paper we shall consider the link L illustrated in the Figure 1, and
construct representations of the link group of L.
The link group n(L) has the following presentations:

n(L) =~ (X0, %1, X2, %3, X4, Xs|[x;, i1 x5y = 1, i = 0,1,...5 (mod. 6))
= (X0, X1, X2, X3, X4, X5, Y0, V1, Y2, V3, V4, V5|
[xi, 1] =1, xi_lx;Lllyi_l =1,i=0,1,...,5 (mod. 6)),

where [x,y] = xyx~!y~!. Note that, in the last presentation, it holds that
yoy2ys =1 and y1y3ys = 1.

Now, representations of n(L) to PSL(2,C) can be constructed using the
following theorem. We set ¢(z) = (z+ 1/z)/2 and s(z) = (z — 1/z)/2.

THEOREM. Let Ay, A2, A4, Hy, i, 14 be complex numbers not equal to
0, £1. Suppose that we can take complex numbers A;, 43, As, gy, 43, s not
equal to 0, +1, satisfying the following conditions (i) and (ii): for i =1,3,5
(mod. 6)

(1) e(di) = e(pi_1)e(pig)
He(Aim1)e(Airr) — e(Aies) ps(ui1)s (1) /{s(Ai-1)5(Ai1) },
(i) s(Ai)e(us)/s(u) = —c(Aimi)e(pir)s(pi_y)/5(Ai1
—c(piy)e(pir)s(pir) /s(Aivr)
—(ti43)5(Aiv3)s(pi1)s (i) {5 (ptis3) s(ttim1 ) s (1) -

Then, we can take 4; e SL(2,C) (i=0,1,...,5 (mod.6)) to construct a non-
abelian representation of n(L) to PSL(2,C) by corresponding
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Figure 1
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i=0,1,...,5 (mod. 6).

RemarRk. The conditions (i) & (ii) are equivalent to the following (iii) &
(iv), for (1)+(i1) makes (iii) and (i)—(ii) makes (iv):

(i) s(ei/ i) _ s(piga/Aiv1)s(im1 /A1) s(Airaptina)S(ttig1)S (1)

s(:ui) Bl S(A‘H-l)s(}-i—l) S(MH_:;)S(A,'_H)S(/L'_I)
(iv) s(Aits;) _ S(Aix1py1)S(Aim1445-1) _ S5/ Aia)s(iiy)s(ii_y)
s() s(Ai+1)s(4i-1) s(tiy3)s(hivt)s(ic1)

ReMARK 2. Fori=1,3,5 (mod. 6), ¢(4;) is determined by (i). Let the value
of the right-hand side of (i) be a, then A; is determined by the equation
Ai+1/4; =2a, or the quadratic equation Aiz —2al;+1=0. In some special
cases the two roots of the equation x?> —2ax +1 =0 may be among 0, +1.
Except these cases 1;(# 0, +1) exists.

Suppose that A; exists. Then g; is determined by (ii). Let the value of the
right-hand side of (ii) be . Then ; is determined by the equation (x; +1/4;)/

(#; — 1/w;) = b/s(4;), so
=+ +/—(s(A) + b/ (s(A;) — b).

In some special cases these values are among 0, +1. Except these cases y;
(#£0, 1) exists.

ReMARK 3. In the theorem we have assumed that A; # +1. But in the
case A, ==+1 (parabolic case), where 0 <i <5, if we modify (i), (ii) by re-
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placing s(y;)/s(4;) by a; and by replacing y,-—»A,-(/(l)i 171_>A; 1 by
1
+1 1

y,~—>Ai( 0 il)Ai_l and by replacing x,~—>A,~<’l(l)" 1?1,)'4"_1 by x;—

A,~<i(_)1 ;H)Ai_ . Then we also have a representation.

REMARK 4. By using this theorem, I would like to construct a bi-rational
representation (i.e. a homorphism into the group of bi-rational transformations
of a certain algebraic variety) of the mapping class group of the closed ori-
entable surface of genus 2. This will be carried out in the subsequent paper.

Roughly speaking, it follows from this theorem that the space of the non-
equivalent representations of n(L) to PSL(2,C) has the complex dimension at
least 6.

PrOOF OF THE THEOREM. For i=0,2,4 (mod. 6), let

Uin Ui
Ui = )
Uiz Ui

where
uj = M, upp = Aodods — 1,
Ai+2('1i—2 - 1)
_ j'i — /‘Li+2/1,'_2 _ /11'+2(Ai—2 - Aij'i+2)
G ), — ) T T LR, —y
(A — DA, = 1) i — 1)

Then, it is easy to check that UyU,Us = E and

o 0 o0 AN
(0 l/Ao)U4(0 l/zz)U"(o l/a)UZ‘E’

e=(o 1)

Moreover it holds that, for i =0,2,4 (mod. 6),

where

e(Ai) — e(Air2)c(Aiza) + $(Ais2)s(Ai2) 1)
25(Ai12)s(4i-2)

UilUiq =
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and

c(j'i) - C(AH—Z)C(lt 2) - S(}-i+2)5(li_2) .

Uinliz = 25(Aiv2)s(4i-2)

So, by putting Ay = E, Ay = Uy, A4 = U;'!, we have, for i = 0,2,4 (mod. 6),
Ui = 47542, and

(a5 ) Hals ) la(s e ==

For i =0,2,4 (mod. 6), let

/1,' 0 Hi 0
Y; = 4; AL Xi=4;1 " A7
(5 )i m=all )4

Then, we have YyY,Y4 = E, which corresponds the relator ypy2ys = 1.
Next we compute the trace of X;_; +1, for i=1,3,5 (mod. 6).

Tr(Xi-1 X751)

.0 gy O
=Tf(Ai—1(M : )Ai_—llAH—l( fHurt )Ai_+11>
U V7 0
.0 gy O
=Tr((ﬂ ! )A,ZIIA,-H( ftte )AilllAH)
0 1/wiq 0 Hit1
.0 Vg 0
=Tr(<ﬂ 1 )Ui+3( o )Ui:rls)
0 1/p,y 0 i

= ﬂifl(“i+3,l”i+3,4/ Hiy — ﬂi+1uz‘+3,2ui+3,3)

+ (M1 Mig 31 Uig3,4 — Uig32Uis3 3/ Miy) [ Bioy

i1, b
= (h+ l+1)u;+3 1Uir34 — (#i—l#iﬂ +

) Uir32Ui33
,ui+1 Hi

Hi 1M

_ (EJr@) ¢(4ix3) = e(Air1)e(Aiz1) + $(Ai1)s(Ai-1)
Miyt Moy 25(Ai1)s(Ai-1)

1 ) c(Air3) — c(Aipr)e(Aic1) — s(Aig1)s(Ai 1)
Hi 18 25(Ai1)s(2 i1)

- (ﬂivlﬂﬁl +
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by (1). Now,
Hi H;
Sl 28 = 2 (e )e(ign) — S(—1)S(i))s
/"i+l Hiy
Hi—iMiv1 T+ = 2(c(ui_1)e(pipy) + S(im1)s(iz1))-
Hi—1Hiv
So,

Tr(Xi1X51)
= 2(c(ii1)e(pint) — s(ti1)5(i1))
~(eins) = e(hir1)e(Aimr) + 5(Air1)s(Ri-1))/ (25(Ais1)s(Ai-1))
= 2e(pir)e(tiyr) + s(pi-1)s(#i11))
< (e(Air3) = e(Aix1)e(Aim1) — 8(Air1)s(Ai1))/ (25(Ai1)$(Ai-1))
= 2(c(p—r)e(tinr) + (c(Ai-1)e(Airt) — €(Aia3))s(tizs)s(tis1))/ (5(Aim1)s(Air1))
= 2¢(4).

Here we have used the hypothesis of the theorem. Thus,

1
Tr(Xi1X;31) = A +o

Xi-1X;! eSL(2,C) and 4 # £ 1. So, there exists an 4; € SL(2, C) such that

X X7 = 4 B 00
P TR0 14,

Now we put, for i =1,3,5 (mod. 6),

A 0
YF:A( i 0 )Aﬂ, XF:A(#' AL
0 1/4 0 1/

Then, we have ¥; = X;_ X} i+1» Which corresponds to the relator y; = x,-,lxt.jrll, for
i=1,3,5 (mod. 6).

Obviously, [X;, Y)] = E, for i =0,1,...,5 (mod. 6). It remains to prove that
Y ~ Xi_ 1X+1, for i=0,2,4 (mod. 6), where 4 ~ B means that 4 =¢B, for
some scalar £ # 0.
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Now Y; ~ X;_1 X} is equivalent to

A 0 _ Ui 0 1/, 0
Ai A: 1 ~ A i—1 A-_l }{Ax i+1 )A-_l
(0 1//11') ! { 11( 0 1/#i-1) =t * 0 Hit1 Hl
or
A 0 Hiv1 0 —1 —1<ﬂi~1 0 )
Vi Vi~V Vi 2
(0 1/11') H( 0 1/w l+1 ' 0 1/uy @
where V; = A7} 4.
Now, for i =1,3,5 (mod. 6),
A0
XX l=4"" AL 3
i ‘(0 1/4,-) ' )
So,
A 0 A0
A X XA :ATIA,-( ' A4 =vi 7 AL
AR Y7 0 1/4)7"
Also,
_ _ Hiy 0 Vw0 3
Ai—ll’Yi*I‘XH-{Ai—l :( t )Ui+3( Ui+§'
0 1/p,y 0 Hit
Hence we have
A0 - Hiy 0 Vg 0
Vi vit=(" U; . e
l<0 1/%‘) ! ( 0 1/#;'_1) +3( 0 Hi1 3
Let
V, = (Uil Uiz)
Vi3  Ui4
Then,

0
1/4i

ol

(,u,-_ 1 (i3 1034/ iy ) — i3 2Uig3 3li0)

-

l/ﬂi+1
0

(

0 0

1/piy

-1
Ui+3

Hitq

(/B — M1 )3 33 8/ 1

Avitvia — Vi3 [ A
(Ai — 1/ Ai)vizvia

(1/4i — Ai)vavi
VitV /i — Aiviavi3

)

Hi1 (#i+1 - l/lli+1)ui+3,1ui+3,2

(/tl-+1 Ui 1 Uig34 — Uin32Uig3 3/ Miy1) /i

)
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Hence
o = — S(ti ) tim1 (ict — :+3/1z+1)(/10/12'14 —1)
o s()Ai-1 (Al = 1) ’
_ s(ﬂi+1)ii—1(lz+3 — Ai1Ais1) (Aig1 — Aim1Aig3)
Vi3ljg = — ) 2 )
ﬂi—ls(}'i)lt-t%(lz 1~ ) (}‘1+1 1)
e o c(pti—1)S(pip){c(ir1)e(diz1) — c(hia)} | s(pimy)e(Higy)
vllvl4 + 1712013 - S(Ai)s(lﬂ_l)s(/{[‘]) + S(;\,i) ’

for i=1,3,5 (mod. 6). Hence, for i =0,2,4 (mod. 6),

S(piy2)pi(Ai — Aic2dina) (Aodada — 1)
s(hir) (A, = 1)

S(,ui+2)'1i(ii—2 - /11'}4+2)( i+2 — Ai ;Lt 2) (4)
#is(Ais1 )}*?—2 ('1;2 1) (A’zz+2 1) ’

c(p)s(isn){e(Ris2)c() = e(Riz2)} | s(t)<(iz2)

Derb Vi 4 T Dirl 2013 = 5(Air1)s(Aiz2)s(4:) $(Ait1)

Vip1,10i+12 = — )

Vit1,30i414 = —

Next, for i =1,3,5 (mod. 6), by (3),

-1 A0 -1
Az+1X1 1X+1A:+l Ai+1Ai 0 l/i,- 4; Air1

Ir*l il II
i+ / ) i+1-
AISO,

- Hi 0 _ Vw0
AN X X A = Ai+11Ai1( )AillAHl( o
0 1/m 0 Hit1

1 { Hi1 0 Vi 0
= Ui+§( ) Ui+3< g
0 1w 0 Hit1
Hence we have

a4 O o B 0 1y O
V* 1 I/x — U 1 i—1 : ( i+ .
’“(OIMJ + ”<0 lmH>U“ 0
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Hence by (1),
S(pi_ i1 A1 (Aigr — Aim1dizs) (Aodade — 1)
() Aisa(Aly — 1)

s 1) (hict = Aigadiz)(Aigs — Aim1dig1)
S(}‘i)iui+l)‘i—1'1i+3()“i2—1 - 1)('11'24—1 - 1)2 ,

Vit1,2Vi+14 = s

Vir1,1Vi413 =

o el )s(uis){e(Ains) = c(Aip)e(Aic)} s(uipr)e(piy)
Uit 1,10i414 + Vi1 20i413 = -
LD + Dit1 2031, 5031)5Chin1)sChi1) ()

for i=1,3,5 (mod. 6). Hence, for i =0,2,4 (mod. 6), we have

s(i_p)pihi=2(Ai — AiaAiv2)(Rodads — 1)
s(Ai—1)dir2 (A — 1)
_ S(tip)(Aica = Air2di)(Aix2 — Ao — 4y)
Vi3 = P ) p)
s(Ai-1)pidi-adiva(A, — 1)(4 = 1)

c(p)s(@i-){e(Aiva) — e(A)e(Ai-a)}  s(p)e(pis)
s(lhl)s(i,-)s(li_z) S(/li_l) )

Vialig =

b

: )

VilUig + Vi3 =

Now we prove (2). Let

i 0 Uiy 0 » a; b
Vin Vi = )
0 l/l, 0 l/,uiH C1 dl
V;l Hiy 0 o = a; by 7
0 1/, ¢ d

(i=0,2,4 mod. 6) and we prove that
ay b1 a) b2
(4] d] () dp_ .

a1 = (01,1041 411 — Vir120i41,3/ Mig1)s

and

Now,

bi = Ai(1/ By = Mip1)Vie1,10041,2,

1= (/‘i:L11/#i+1)Ui+1,3Ui+1,4/Ai7
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dy = (Vi1,1041,4/ Hig1 — Vir1,20i138i51)/ Ais
ay = Vi Viai_y — vi2Vi3/ Byt

by = w;y — 1/1i_1)vi2via,

e = (/@i — i—y)vinvis,

dy = vinvia/ pi_y — Vi2Vi3ki_1-
By (4) and (5),

_s(/‘i+2)/‘i('1i — Aiadiyn)(Aodads — 1)
S(/li-i—l)/li(ii.z - 1)

_ S(i)sWies) ki = Aiadina)(Rodada — 1)
$(4i41)8(Ais2) Ait2 ’

by = Ay (=2s(i1))

s(t_o) piki—2(Ai — AimaAiga)(Aodada — 1)
(A1) Air2 (A, — 1)

(i 1)s(i_a) (ki — Aimadiv2)(Aodads — 1)

— 5(Ai-1)s(Ai-2) Ai2 '

by = 2s(w;_1)

Let
by = pi(Ai — Aim22iv2)(Aodada — 1)/ Aiva.
Then,

S(tti1)S(Bi42) s(u;_y)s(pi—2)
by = VTV, g , by == g 6
: 5(Ai1)8(Aiv2) } 2 $(Ai=1)s(Ai-2) ’ (6)
Similarly, if we put

(Aie2 = Aidiz2)(Aiya = Aidi-a)
lliliz—ziiﬂ()»iz - 1)2

c3 = — y

then, we have

_ Slhi)s(piso) _ S(i1)s(y)
“a= S(lz:i)s(lﬂz) G = S(lii)s(li,;) 3. (7
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Next we compute a; and a;.

ay = (Vi 1,101 48101 — Vi1 200413/ Bit1)
= 'li{(vi+l,lvi+1,4 + Ui+1,2vi+1,3)s(ﬂ,-+1) + (Ui+1,1vi+1,4 - Ui+1,2vi+1,3)c(#i+1)}
= A{(vir1,10i14 + 0i120i413)8(Bi1) + (igy) }
= Ais(ui ) ){(Vir1,10i01,4 + vig120i413) + e(lipy) /5(0ig1) }

g { M0 i) s)elin) , e
”“W{ sl 5(hes2) 520 +xM)Wm§

_ A.S(ﬂzur ){ c(pi)s(ig) {c(Aiva)e(4i) — c(Ai2)}
"5(Air1) 5(A142)s(4i)

s(Air1)e(pigr)
s(fiy1) }

+s(p;)c(fiya) +

Here we have used (4).
Now by the hypothesis of the theorm,

s(Air1)e(@ip1)/5(His1)
= —s(p;)e(Ai)e(tiyz) — S(ti2)e(p)e(Aiv2) /5(Aiv2)

= s(Ai-2)s(u)s (i 2) (i o) /{5 (i 2)s(4:)s(Aiy2) }-
So,

ay =4

s(tis1) {C(/‘i)s(/ui+2){c(/li+2)c('1i) —c(Ai-2)}
s(Ais1) $(Ai2)s(4)

b setn) ~ L i) — 452 e

s(}“i—Z)s(/‘i)S(/‘i 2)
swmwdfwﬂ

o S(pi)s(ig2) A {C(ﬂi)c(iiu)c(/li)—C(,u,-)c(lli-z)

T s(Air1)5(Aixa)s(A:)
c(ttiy2)8(Aiv2)s(A;) _ s()e(Ai) e (Hip2)s(Aiv2)
+ s(w;) s(tis2) s(tita)

s(Ai2)s(u;)c(pi_y) }

— c(u;)c(Aiy2)s(di) — S(t4i-2)
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- sy e e i)

s()e(is2)s(ir2){s(h) — c(A)} e(p)e(di-2)
s(tit2)

_ S(li—z)S(ﬂi)C(ﬂi-z)}
s(pi-2)

+

_ S(pi1) (i 2) A {C(ﬂi)c(liﬂ)_s(ﬂi)c(#in)s(/liﬁ)
S(Air1)s(Air2)s(4:) Ai S(Hi2) i

— c(p;)c(Ai2) — s(li_zz‘”(vi"‘ic)(/‘i—z)}

__sle)s@in) e  S(p)e(Mina)s(Aira)
_s(/li+1)s(li+2)s(}“i){ (ueltiva) S(thiy2)

— hic(p)e(Ai2) — /L'S(l,;z)s(ﬂ,-)c(yi_z)}

s(#;-2)
So, if we put

s(u;)c(firn)s (Ais2)
s (#i+2)

Ais(Ai—2)s(u;)e(ti—a) }
s(u;_2) ’

a5 = s { clmdetiun) -

— Aie(p)e(hia) —

then, we have

ay = S(ﬂi+l)s(ﬂi+2) a3
$(Aiv1)s(Aix2)

Also,
ay = v Va1 — VinVia/ By
= (vi10i + vi2vi3)s(@_y) + (Varvia — viaviz)e(pt_y)
= (vi1via + vi20i3)s(ti—1) + c(Bi-1)

= s(u_y){ (virvia + vizvia) + (1) /s(pim1)}

315
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— c(u)s(ia){c(Ais2) — c(Ai)e(4i-2)} _S(u)e(pi) | e(piy)
= (""-‘){ (i) (A)sChn2) Gy T sm,--l)}

_ S(ui) [em)s(pyo){c(Aiva) — c(Ai)e(Ai-2)} — sl elu e(pi-1)s(Ai-1)
— s(Ai1) { 5(Ai)s(Ai=2) (k)e(ki-2) + s(p;-1) }

Here we have used (5). Now, by the hypothesis of the theorem,

e n)sCin) _ ) Ly s
s(,u,‘-l) - (il 2) ()" ) (ﬂl) S(lj) C(,u,_z) ('11)
S(AH'Z)S(/II Z)C(lut) )

St 2)5(hia)s(hs) V2

s(uiz1) {C(ﬂi)s(ﬂi—z){c(iiﬂ) = c(Ai)e(Li-a)}
o S(ii)s(j,,'_z)

( 2) (/"1)
~ s(m)eli-2) ~ SR eliuale) 3 el el

i Hia)s(
(425 () c("“”)}

Ai 1)S -2 S(i) {c ()e(Rirz) = e()e(Ai)e(hi2)
_ S(p)e(pizg)s(Ri2)s(Ai)
s(4i—2)

s(p;)s(4i-2) N
" i) c(pi_z)e(A)

= s(A)e(Aima)e(w;)

s(Aira)s(uy) c(tiyn) }
s(tiy2)

— s ) )en) = eu)eien) () + )}

el )s ) (s(A) + (i)} o Se)s)ely )
T 2) (hielti)e(k) ) }

_ s(pi_y)s(p;_2) ) _S(#i)c(#i 2)5(Aiy2)
iy ctica) T2

— Aic(p;)e(Aiz) — lis(linzz;(f;))c(ﬂi_ﬁ}.
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Hence
s(pti—1)s(#4i—2)
== g 9
@ = G ) ® )
Similarly, if we put
dy = — c(p)c(Aiva)s(tiys) + s(u)s(Aiv2) (i)
S(A:)s(ti2)

+ c(p)e(Ai-2)s(pti_p) — s(pt)s(Ai-2)e(pti_)
Ais(4i)s(1i_2)

)

we have
_ s(pir1)s(8isn) _ s(ti_1)s(t4;_2)
4= $(Ai+1)s(Air2) & b= $(Ai-1)8(Ai—2) %. (10)
By (6), (7), (8), (9), (10),
(al b1> _S(pi)s(Bi4n) <a3 bs)

a di)  s(hir1)s(lig2) \ 3 d3
and
(“2 b2> _ s(i-1)8(#ia) (“3 b3)
o & §(Ai=1)s(Aiz2) \ ez d3 )’
Hence

ai b] ap b2
C1 d[ () d2 ’

Thus, (2) is proved. (Q.E.D)



