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CURVATURE PINCHING THEOREMS FOR MINIMAL
SURFACES IN COMPLEX GRASSMANN MANIFOLDS

By
Wu BING-YE

Abstract. In this paper we study the curvature pinching property for
minimal surfaces in complex Grassmann manifolds and obtain some
results.

1. Introduction

Harmonic maps and minimal immersions of a Riemann surface M into
complex projective space CP" and complex Grassmann manifold G(m,n) have
been studied from a variety of viewpoints (see e.g. [1-5, 7]), and the basic work
of which was established by Chern and Wolfson in [3, 4]. For minimal surfaces
in CP” there is an invariant « called the Kaehler angle which is related to the
complex structure J of CP". The Kachler angle, whose importance in the theory
of minimal surfaces in Kaehler manifolds was pointed by Chern and Wolfson (3],
gives a measure of the failure of the immersion to be a holomorphic map. For
harmonic isometric immersions from surfaces into complex Grassmann manifolds,
or equivalently, for minimal surfaces in complex Grassmann manifolds, there is
an analogous invariant i.e., the Kaehler angle, and we shall use this invariant to
study the curvature pinching property for harmonic isometric immersions from
surfaces into complex Grassmann manifolds.

2. Preliminaries

A.  The Geometry of G(m,n)
We equip C" with the standard Hermitian inner product, so that, for Z,
WecCn

Z=1(z1,..,zn), W ={(wi,...,w,),

Received September 20, 1999
Revised March 13, 2000



338 Wu BING-YE

we have

(Z, W)=Y z44,

A
here and later on we agree on the following convension of the ranges of indices:
1<4,B,... <n, 1<op,...<m m+1<ij,...<n

A frame consists of an ordered set of n linearly independent vectors Z,4 so that
Zin - NZy#O.
It is called unitary, if
{Z4,ZB) =45

The space of unitary frames can be identified with the unitary group U(n). With

dZA:ZCUABZBa (21)
B

the forms w,p are the Maurer-Cartan forms of U(n). They are skew-Hermitian,
1.€., we have

wqp+ @pg = 0. (2.2)

Taking the exterior derivative of (2.1), we get the Maurer-Cartan equations of
U(n):

dcoAB = ZwAC N (OCB. (23)
C

Let G(m,n) be the complex Grassmann manifold of all m-dimensional subspace
C™ in C". An element C™ of G(m,n) can be defined by the multivector
Zy AN - ANZy #0, defined up to a factor. The vectors Z, and their orthogonal
vectors Z; are defined up to a transformation of U(m) and U(n — m), respec-
tively, so that G(m,n) has a G-structure, with G = U(m) x U(n — m). In par-
ticular, the form

ds* = Wy (2.4)

is a positive definite Hermitian form on G(m,n), which defines a canonical
Hermitian metric. It is easy to see that ds® is infact a Kaehler metric on G(m,n).
Note that when m = 1, this induced metric on G(1,n) = CP""! has constant
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holomorphic sectional curvature 4. Let
Wy = Goci + v ‘lga‘i‘a (25)

Le., 0, and 6,.. are the real and imaginary parts of w, respectively. Let
{E.i, E,.;-} be the dual frame of {04i, 6,1+ }. The complex structure J of G(m,n) is
defined by

JE,; = wity JEpp = —Ey, (26)
so that {E,, E,.;»} is the J-canonical frame of G(m,n).
B. Harmonic Maps from Surfaces into G(m,n)
Let M be an oriented Riemannian surface and f: M — G(m,n) be a non-

constant harmonic map. Let e, e, be a local orthonormal frame of M adapted to
the orientation, and 6;,6, be the dual frame. The structure equations of A are

dey = pey, dey = —pey, dp=—x0, A 0, (2.7)

where p is the real connection form and « is the Gaussian curvature of M. If we
set ¢ =0, + v ~16,, then we have the following complex version of (2.7):

dp=—V—=1p r ¢, dp = —gk(p A . (2.8)
Let
S (@0x) = ayip + byip. (2.9)
Since ds3, = ¢p, it is easy to know that f'is an isometric immersion if and only if
Zaacigaci =0, Z(aaidw + byiby) = 1. (2.10)
o %i

In terms of a; and b, Chern and Wolfson defined the so-called o- and
o-transformations as follows (4].

of : M — G(my,n), of(x)= span{Zaini l<o< m}, if Z lax]® # 0,
of : M — G(m_y,n), of(x) = span{Zba,—Zi l<a< m} if ) " 1bul® # 0,

where m; and m_, are positive integers, called the ranks of of and of re-
spectively. For convenience we will drop f* in such formulae when its presence is
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clear from context. Taking the exterior derivative of (2.9) and using (2.3) and
(2.8), we see that there exist locally defined complex-valued functions py;, gy, Fu
such that [4]

Pait0 + Guif = dai — > apicogg + Y axjwi — V—lasp,
7 7

Gai + 1@ = dbyi — Z bpitnp + Z byjwji + vV —1byp. (2.11)
7 7

The quadratic differential form p,i0* + 2¢,i0p + r,;@*> is the complex version of
the second fundamental form of f. It is well-known that the vanishing of its trace
is the condition that f be harmonic, so that ¢,; = 0, c.f. [4]. By [7] we know that
the quantities ), |a,i|? and Youi |bi|? are globally defined invariants on M, and
we shall give the geometric meanings of them. Let

S (0x) = 2101 + canbh,
S (Oneir) = Carir1O1 + Caeio20s. (2.12)
Then from (2.5) and (2.9) we get

1 _
Cail = E (aati + aau’ + bazi + bai):
A B a
Coui2 = B (ao(i — Ay — bxi + bo([)7 (213)
V=1 ) _
Cyrir] = T(*aai + @yi — byi + byi),

1 _
Coy*iv2 = E(aoa' + @y — byi — bai).
From (2.12) we can easily get

filer) = Z(Caa'lEoti + Carin Exri ),

o1

f*(e2) = Z(CO([QEOU + Ca’i‘ZEoc*i')- (214)

If f is conformal, ie., 3, ;a.by =0, then from (2.6), (2.13) and (2.14) we see
that the cosin of the angle between Jf.(e;) and f.(ey) is

: 2 12
cOS o — (Jfs(er), fule2)? :Za.i(lauil = |bul") (2.15)

[fen]-1fe)l 3, (lawl® + 1bul®)
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which is an invariant on M. Therefore, for conformal harmonic map
f M — G(m,n), we can define the Kaehler function cosx and Kaehler angle «
as above. In particular, when M = S?, the topological 2-sphere, all harmonic
maps from S? into G(m,n) are always conformal [4, 7]. Thus for harmonic
2-sphere in G(m,n), there is an invariant «, called the Kaehler angle, which gives
a measure of the failure of f to be a holomorphic map. Now we assume that
f+ M — G(m,n) is a harmonic isometric immersion, i.e., an isometric minimal
immersion from M into G(m,n). Then (2.10) and (2.15) yields

o Y
Z[a“,-|2:coszi, Z|bm-12=sm2§, (2.16)

%, o, 1

which gives the geometric meanings of __ ; |a|* and Do |byi|*. As in the special
case of m=1, we call the isometric minimal immersion f:M — G(m,n) is
holomorphic, anti-holomorphic and totally real if « =0, n and 7/2 respectively. It
is clear that f is holomorphic if and only if ¢f = 0, while f is anti-holomorphic if
and only if ¢f =0. In terms of matrix notation we collect the fundamental
formulae for a minimal isometric immersion f : M — G(m,n) as follows.

B « . a0
r(AB) =0, (A’ =cos’s, |B| = sin’2,
2 2
d4 — ¢y A+ Ay, — V—14p = Py, (2.17)
dB — ¢IIB+B¢22 +vV—1Bp = Ro,
where
alm+1 0 dAia bl,m+1 b]n
A= ., B=
Am, m+1 tr Amn bm,m+1 e bmn
Pl.m+1 o Pla ¥ m+1 Fln
P= , R= ’
Pmomtl - Pom mom+t Vo
wi o Wim Om+1,m+1l " Omtla
$u = : : s =
Wi o Wyin On.m+1 e WOun

Here we define the norm ||C|| of a matrix C by ||C||* = tr(CC") in a standard
way, « 1s the Kaehler angle of f.
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3. Curvature Pinching Theorems for Minimal Surfaces

In this section we shall study the curvature pinching property for a minimal
isometric immersion f : M — G(m,n). For this porpose let us first prove the
following

LEMMA 3.1.  Let [ : M — G(m,n) be an isometric minimal immersion from an
oriented Riemannian surface M into G(m,n). Then we have the following Gauss
equation for f:

k= A(| A + BB - | 4'BI* — 14817 = 2(| 27 + [RI?).  (3.1)

Proor. By (2.3) and (2.9) we have
dfy; = ¢ A ¢y + (BB~ A4")p A
dgy = ¢ A ¢+ (A'4A — B'B)gp A §. (32)
Taking the exterior derivative of (2.17), 3 and using (2.8) and (3.2) we get

dP—¢“P+P¢22*‘2V—1PP:P’]¢+P,2¢_7,

. 1 _ _ -
with P, = EKA +BB'A+ AB'B—2A4A'A;

dR — ¢, 1R+ Ry +2V—1Rp = R 19 + R, (3.3)

. 1 _ i _
with Ry =>kB+AA'B+ BA'A~2BB'B.

From (2.17), we can calculate out that
d(4A4") — ¢, AA" + 4A'¢,, = PA'p + AP'. (3.4)
So, by taking the trace on both sides of (3.4) we get

dcoszg = dtr(44") = tr((PA")p + tr(AP"). (3.5)

By virtue of (2.17), (3.3) and (3.5) we obtain

1 2% a3 2% s 20 By =
4Acos’2p A § = 43 cos E_d(acos 5) = d(tr(4P")p)

1 - _ _
- <§cos2;'K*ZHAA‘HZHIPH%IA’BIIZHtAB’IV)(/) Ap (36)
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where A denotes the Laplacian of M. Similarly we have
1, . 1. _ - _
ZA sin’ 2 = Esng -k —2||BB|] + ||R||* + || 4B + ||AB')%.  (3.7)

Combining (3.6) and (3.7) we can get (3.1) immediately.
Using this Gauss equation, we can prove the following

THEOREM 3.2. Let f: M — G(m,n) be an isometric minimal immersion
of a connected surface (not necessary complete) M into G(m,n). If x>
max{4cos?(x/2),4sin’(a/2)}, then one of the following two cases holds:

(a) k=4, and f is either holomorphic or anti-holomorphic;

(b) k=2, f is totally real, and [ = [f, + V], where fi : M — G(2,n) is a

totally real isometric minimal immersion, and V is a constant complex
vector subspace of C" with dimension m — 2.

Proor. It is clear that

|44 < Jl4]* = cos*Z, (3.8)

and the equality holds if and only if rank(4) = rank(df) < 1. Similarly,

1BB* < |IB]|* = sin*>, (3.9)

and the equality holds if and only if rank(B) = rank(df) < 1. Therefore, from
(3.1), (3.8) and (3.9) we have

0= — 4(|AA"|1* + | BB'|I*) +4(l4'BI* + | 4B"|*) + 2(|PI|* + |R])%)

> coszg (K - 40052%) + sinzg (K — 4sin? %)

+4(I4"BI” + | AB|*) + 2(|PY1* + [IRI), (3.10)
and the equality holds if and only if rank(df) < 1, rank(df) < 1. By (3.10) and
the curvature condition it is clear that if f is not totally real, then f must be
holomorphic or anti-holomorphic with x =4, which is contained in case (a) of

the theorem. Now we consider the case when f'is totally real. Then by (3.10) we
have x = 2, and

A'B=0, AB'=0, P=R=0, rank(df)=rank(3f)=1. (3.1

So we can choose the local unitary frame Z, L ,Zy, of C" along f suitably so
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that f = [Z; A -+ A Znl, Of =[Zpns1] and ker(df)=[Zy A --- A Z,]. Fur-
thermore, since AB' =0 implies that f L Jf, we can require that of = [Zy2]
and ker(df)Nker(df) =[Z3 A -+ A Zy). In summary, the pull back of the
Maurer-Cartan form of U(n) by f is given by

1 1 m—2 1 1 n—m-—2
w1y w2 Qi a,mn19 0 0 1
w21 Wy Q3 0 by 20 0 1
Q3 Q3 Q33 0 0 0 m—2
(a)AB) =1 = -
ay m+19¢ _ 0 0 Op+l.m+1 Omtl.m+2 Q46 i
0 *bZ.erZW 0 WOm+2.m+1 Om+2.m+2 QS6 1
0 0 0 QG4 Q65 Qs(, n—m-—2
(3.12)
By virtue of (2.17), 3, (3.11) and (3.12) we get
army1r 0 0 w1 o Qn; arms1 0
d 0 0 0 — wr1 W 923 0 0 0
0 0 0 Q3 Qi Qs 0 0 0
al,m+1 0 0 Wmt1,m+1 Wmtl,m+2 Qe
+ 0 0 0 Wm+2.m+1  Om+2,m+2 Qs6
0 00 Qg4 Q65 Q6
armsr 0 O
—V-=1p 0 0 0| =0,
0 0 0
0 0 0 w11 W2 913 0 0 0
dl 0 bymz 0| —| wn wn Qs 0 byme2 O
0 0 0 Q3 Q3 Qi 0 0 0
0 0 0 WOm+1.m+1 Omtl.m+2 Qa6
+10 bym2 O Omi2mel Omyzmy2 (256
0 0 0 964 Q65 Q66
0 0 0
+V=1p} 0 brpm2 0} =0, (3.13)

0 0 0
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from which it follows that
Q31 = Q3 = 0. (3.14)

Put fi=[Z) AZy]: M — G(2,n) and V =[Z3 A --- A Zy]. Then by (3.12) and
(3.14), we can get the conclusion of the theorem easily.
The following theorem is a generalization of Theorem 2.1 of [7].

THEOREM 3.3. Let f: M — G(m,n) be an isometric minimal immersion of
a compact surface M into G(m,n) which is not anti-holomorphic (resp. not
holomorphic). If K > 4cos?(x/2)/rank(3f) (resp. K > 4sin(a/2)/rank(df)),
then x = 4cos?(a/2)/rank(3f) (resp. i = 4sin’(a/2)/rank(df)).

Proor. We will give the proof for the case x > 4cos?(«/2)/rank(df) only
because the other can be shown similarly. As in the proof of Theorem 3.2, we can
choose a local unitary frame Zj,...,Z, of C" along f suitably so that the pull
back of the Maurer-Cartan form of U(n) by f is given by

ki m — ki ki n—m-—k
Q Qp Ane+ Bug Bx9 ki
Q) Qn Byp Byp m—ky |
(048) = _/I;I(E - Bltl‘ﬂ _B;(P Q33 Q34 ky
_B{2¢ —Bj,p Q3 Quq n—m—k

(3.15)
where k) = rank(df). (2.17), and (3.15) yields

4 A O Qo Qn Ay O N A 0 Qs Qyy
0 0 Gy Qr» 0 O 0 O Qs Qu
A 0 Py Pp
—-V-lp = ?, (3.16)
from which it follows that
dAy — Qndn + 4133 — V—=IlpA = Pue,

A1 Q3 = Ppp, Qndn = Pue, Py =0 (3.17)

It is easy to see that |detA4;;| is a scalar invariant of f [7]. Noticing that for
a nonsingular matrix-valued function C we have dlog(det C) = tr(dC - C~!), we
get, from (3.17),
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a’(logdetAn) - tr(Q“) + tI‘(Q33) —V —-lklp = tr(P”Al_lI)ga,
dlogldet 41| = tr(Py A7) - (3.18)

Taking the exterior derivative of (3.18); and using (2.3), (2.8), (3.15) and (3.17)
we obtain

Alog|det A, |*

o
=2k w44 <2005 + 2B+ 1Bl + 1B +147 sl + [P )
(3.19)

It should be pointed out that (3.19) holds only in points of det 4;; # 0. However,
when x > 4cos?(x/2)/k, by (3.19) and the continuity of |det 4y, |* we can deduce
that |detA11\2 is a subharmonic function on M, it must be a constant. Therefore,
x = 4cos®(x/2)/ky, so we are done.

CoroLLARY 3.4 Let f: M — G(m,n) be a harmonic isometric immersion
of a compact surface M into G(m,n) which is not anti-holomorphic (resp. not
holomorphic). If x > 4/rank(df) (resp. k = 4/rank(df)), then xk = 4/rank(df)
(resp. k = 4/rank(df)), and f is holomorphic (resp. anti-holomorphic).

EXAMPLE. Let f : S? — G(m,n) be defined by

ki ks m—k —k;
2o -
|
2k,
20
Z1
2o
) Z1
f[zl] B 2k,
Zy
Zy
1
m Vkl v—kz
1
L 0 ln—-—m—-k —k
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then in the induced metric from that of G(m,n), S? has constant curva-
ture k =4/(ki +ky). Also, we have ki = rank(df), k, = rank(Jf), cos?(a/2) =
ki/(ky + k), and sin®(a/2) = ky/(k + k1), so k=4cos*(a/2)/rank(df) =
4sin2(a/2)/rank(5f). Moreover, if ky =k, =1, then x =2 and f is totally real.

4. Minimal 2-spheres in G(2,4) with Constant Curvature and
Kaehler Angle

In this section, we look at minimal 2-sphere S? in G(2,4) with constant
curvature and Kaehler angle. Let /:S? — G(2,4) be a minimal isometric im-
mersion. By [4, 7] we know that at least one of the -transformation and the o-
transformation is degenerate. For simplicity we assume that f is neither holo-
morphic nor anti-holomorphic. Let us say rank(df) =1 and rank(9f) > 1.
Choosing a suitable local unitary frame Z,, Z,, Z3, Z, along f as before, we have

ais 0 b13 b14
= B= . 4.1
A ( 0 O>’ <b23 b24) (41)

By (2.17), and (4.1) we get
dayz + ai3(w33 — w; —V—1p) =0 modg,
w3 = ap, Wy = bg. (4.2)

(4.2); and a result of Chern [2] show that aj3 is a function of analytic type. Since
rank(df) = 1, a1z has only isolated zeros. But tr(4B') = a;3b13 =0, so bz =0,
and consequently,

W13 = a3y, i =bup, wyn =by3p, wu = bup. (4.3)
Now from (2.17); and (4.2); we have
dbis + b14(waq — w1y + \/—_Ip) =0 mod g,
dbys + byy(w33 — wp +V—~1p) =0 modp, (4.4)
dbyg + bas(wsa — w + V—=1p) + (abys — bbis)p =0 mod 3.

It follows that by4 and by3 are functions of analytic type. By taking the exterior
derivative of (4.2), we obtain

da + a(wa — w33 — V—1p) = bysbyg mode,
db + b(w“ — Wy —V 71[)) = 75]41)24@ mod(o. (45)

From (4.2), (4.3) and (4.4),_, we can calculate out as in the proof of Lemma 3.1,
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that
1 1
ZA]Oglamlz = EK - 2la13|2 + |b14‘2 + |b7_3‘2 + |Cl|2 + ‘b‘z,

1

1
4A10g|b14|2 = 3K 2lbial? + |as|? = |bal?® + |a)* = |, (4.6)

1 1
ZAloglbnl2 =K 20bys]” + lars|” — |baal® — lal* + |B,
from which it follows that
|
ZAlog|b14b23|2 =K+ 2(1a13|2 - |b14|2 - |b23|2 - lbzﬂz) =K+ 2cosa. (4.7)

Since both x and « are constant, if bj4by3 # 0, then by Lemma 4.1 of [6], there is
a nonnegative integer N such that

—nN = (k 4+ 2cosa) - 4n/k, (4.8)

and consequently, x = —8cosa/(N +4), and of course this is possible only if
cosa < 0. If bisbyz =0, we can assume that b4 = 0 without loss of generality.
Then in this case (4.5), yields

1 1
ZAlog|b|2 =K+ bos|” + |baa|” + |ars] — 2/b]%. (4.9)
Combining (4.6) and (4.9) we get

| 3

ZAIOglaBbBblz = §K7 (410)
so bbr; = 0 and consequently b =0 or b3 =0. If b =0, then

1
ZAlog}aan\z:K—l, (4.11)

which yields that 5,3 =0 or as in (4.8),
—aN' = (k- 1) - 4n/k, (4.12)

where N' is a nonnegative integer. In the latter case, xk = 4/(N’ +4). Now we
consider the case bjq4 = b3 = 0. Then by (4.4);, (4.5) and (4.6); we have

1 1
0= ZA]Og]a]3|2 = EK — 2‘6113'2 + |a|2 + ‘b‘z,
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1 2 1 2 2 2
0= ZAlog|b24| =K - 2|bs|” + |a|” + 15|, (4.13)
Lato la)? = L 2)al?
4 g - 2 ’

1 2 1 2
ZAloglbl _§K+1—2|b{ )

It is easy to see from (4.13),_, that |aj3| = |b]® = 1/2, ie., fis totally real. Now
(4.13) yields

1
ZAIog\a13b24ab|2 = 2x, (4.14)
so ab = 0. Without loss of generality we assume that ¢ = 0, then we have

1 3

—Aloglasbab|* =2k — 1. (4.15)
4 2

Consequently, we have b =0 or as in the above argument, x =4/(N" +6),
where N is a nonnegative integer. In the case where a = b = 0, by (4.13) we get
x = 2. In summary, we have shown

THEOREM 4.1. Let f: 8% — G(2,4) be an isometric minimal immersion Sfrom
S? into G(2,4) with constant curvature x and constant Kaehler angle o, and o # 0,
n. Then i = 8|cosa|/(N + 4) or k = 4/(N + 4) or k = 2, where N is a nonnegative
integer. In the last case, f is totally real.

COROLLARY 4.2. Let f:8% — G(2,4) be a totally real isometric minimal
immersion from S* into G(2,4) with constant curvature k. Then x = 4/(N +4) or
Kk =2, where N is a nonnegative integer.
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