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THE COMPACT LIE GROUP E7

By

Takashi Miyasaka, Osami Yasukura and IchiroYokota

1. Introduction

The following diagonalization problems are well-known. A Hermitian matrix

X e M(n,K) over K = R,C,H can be transformed to a diagonal form by some

element A of the groups SO(n), SU(n), Sp(n), respectively.Moreover we know

that a Hermitian matrix X e M(3,K) over K = (£,(Ec can be transformed to a

diagonal form by some element a of the compact Lie groups F4, E&, respectively

(Freudenthal [1],Yokota [9]).Now, in this paper, we show that an element P of

^5C (which is a minimal dimensional representation space of the compact Lie

group E-j) can be transformed to a diagonal form by some element a of £7

(Theorem 5).In the last section, we give a canonical diagonal form of P of ^pc

(Theorem 12). We would like to thank T. Miyashita for his calculation of

Lemma 3.

2. Notations and Preliminaries

Although, throughout this paper, we use the same notations and definitions

as in [10], we sketch brieflythe definitionsof the vector space %$c, the compact

Lie group £7 and its Lie algebra t-j.Let (E be the Cayley algebra and let 3 =

{JeM(3,£)|I*=I} be the exceptional Jordan algebra with the Jordan

multiplication XoY = ＼(XY + YX), the inner product (X, Y) = ＼x(Xo Y)

and the Freudenthal multiplication X xY = ＼(2X oY- tr(X) Y - tr(Y)X +

(tr(X)tr(Y) - (Z, Y))E). Let 3C be the complexification of 3 and define the

Hermitian inner product (X, Y} by <Z, Y} = (zX, Y) where r is the complex

conjugation in 3C. The simply connected compact Lie groups F4, Ee are defined

as

Received September 10, 1997.

Revised December 10, 1997.



688 T. Miyasaka, O. Yasukura and I. Yokota

F4 = {a e Iso/t(3)|ot{X o Y) = otX oaf},

£6 = {a6 Isoc(3c) |rat{X xY)=aXxaY, <aX, aF> = <X, F>},

respectively. The group Ee contains F＼ as subgroup by

F4 ―{a e E(,Ia£"= E} = {a £6|^ar = a}.

Moreover F4, £"6have subgroups Spin{9), Spin(lO) as

5/?w(9) = {a e F4 |a^i = E＼}, S/wi(10) = {a e E6 ＼aE{ = Ei},

respectively,where E＼ = diag(1,0,0) e3c3c The C-vector space <pc is defined

by

Hereafter, an element P of <PC,

/fi x3 x2＼ /r＼＼ J3 yi＼

p = (I ^3 ^2
-xri

I, I
Ji ni y＼＼

＼X2 XT ^3/ ＼J2 7T ?/3/

&?), ^k^k,^rjeC,xk,yke^c

is brieflydenoted by

For ^ee6c, A,B e3c, veC, we define a C-linearmapping <&(j>,A,B,v)of

^Pc by

<$>(</>,A, B,v)
Y

For P= (X, Y&n),Q =(Z

of %c by

*r,C,

Pxfi = O(M,B,v)
<

CO

</>X-±vX + 2Bx Y + rjA

2A xX-'</>Y + ＼vY+ £B

(A, Y) + v£

(B,X)-vri

) e ^I3C,we define a C-linear mapping P x Q

4 =

A =

B

＼{Xv W + Z v Y),

|(27 x W-&-CX)

= ＼(2X xZ-rjW -a≫Y),

v = l((X,W) + (Z,Y)-3(£w + {tI))

where X v W e e6c is defined by (X v W)Z = ＼{W,Z)X + %(X, W)Z-

2W x (X x Z), Z e 3C. Finally we definea Hermitian inner product <P, Q} in



Diagonalization of an element 689

<PC by

</>,Q> = <X, Z> + < 7, Wy + (rOC + (wy)G),

where t is the complex conjugation in C = RC. Now the simply connected

compact Lie group E-jis obtained ([5])as

E7 = {a e Isoc(^PC)|ol{Px 0a"1 =ai>x ag, <aP,ag> = <P, 6)},

and its Lie algebra z~iis given by

e7 = {R(4,A, -tA, v)e Homc(fc, ^c)＼(/>e t6iA %c,v e iR}.

For cceEe, if the mapping a: <pc ―^̂ 3C is defined by &(X, Y,£,rj)=

(aX,rarY,^rj) then oieE-j,so a and a willbe identified.Hence the group £7

contains E(, as a subgroup by the identification:

Ee = {a e £71a e ^j-

We define a C-linearmapping a{―o＼): ^c ―>̂ Pc by

<y((6̂ 2,£3;*i,̂ 2,^3),(≫7i,ni,73;7i,yi,yJAi *i)

= ((fi,&> &; *i, -X2, -X3), fa,,rj2,m;y＼,~y2,-y%) Z,i)

a e Ei and a2 = 1. And we know that the subgroup (Ej)17 = {a e Ej ＼aa = aa}

of E1 is isomorphic to the group {SU{2) x Spin(＼2)/Z2) ([10], [8]) where

Spin(＼2)(= Spin＼(12))is a subgroup of Ej given by

Spin(＼2)= {tx e Ej＼koi= otK,/ua= afi}.

Here two C-linear mappings k(= ki), /h(―hx) : ^c ―>^c are defined by

ic((^i,£>,̂ 3!a:i,x2,x3),(^j,72, ?/3;y{,j2, j3),^,rj)

= (fa,^3^2; -Ji, o,o),(Z, <^3,̂2; -^1,0, o),r]＼,̂1),

respectively.If ae Ej satisfies;ca ― ock then a automatically satisfiesera= aer,

because a ―exp(niK), so Spin(＼2)is a subgroup of (£7)ff.Hence Spin(＼2)leaves

invariant the spaces (^c)l = {Pe^c＼aP = P}, (^c)_{ = {Pe ^c ＼aP = -P}

and we have ^c = (<$c)l 0 (^c)_,. Hence, if we define D＼{P) for ?e|c by

DAP) = <Pi,Pi>, P = Pi + P-uPi e (^c),, P_i e 0Pc)_,.
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Lemma 1. For Pe^c and ae Spin(l2), we have Dx{olP) = D＼(P).

Similar to k,ju we define C-linear mappings k2,ki and /i2, fa by

k2P = ((fi, -&, £s;0,x2,0), {-m, fj2,-%;0, -^2,0), -^,7),

*3JP = ((^1,^2, -^3; 0. °.̂ 3), (-^i, -r/2,73; 0,0, -j3), -^, 7)

^2^ = ((^3. Vi V＼;0, -^2. °).(^3, t, ^1; 0, -*2, o), 72, ^2)

fi3p = ((^2, ?/!,7; 0,0, - jf3),(£2,fi, <^;0,0, -x3), 173,^3),

where P = ((fi^&JXi,x2,x3), (^j,^2,^; J'i,^. ^3)^^) e ^PC and we define

Spifi2(l2), Spinal!) by Spinal!) ― {ot Ej＼ k^o. ― coc/cMic1*― a^}> k ― 2,3,

respectively.

3. Some elements of Spin(l2)(cz Ej)

Lemma 2. ([9]). (1) For a e <£,a # 0, r/ze mapping cc(a) : 3 ―>･3 defined by

a(a)X = X'

<

i[

i'

2

i',

£

l

6+ 6

6

2

2

v' ― vXj ― X＼ -
(6

6

&

<

2

£

3

£

3

&)* ･
2＼a＼

cos2|a| +

cos2|a| ―

sin2|a| ―

x9 = X2 cos ＼a＼―r-r sin a
＼a＼

x, = x3 cos ＼a＼+ ―― sin ＼a＼
＼a＼

*! = £i

<

2

≪

3

^2-^3

2

2

6

£2+^3

2
cos2|a| + /

^2 + ^3

2

(a,x＼) . ,, .
^―^ sin 2 a
＼a＼

sin2|a|

sin2|a|

＼a＼

2(a,xi)a .2.1
―-―=^-sin ＼a＼
＼a＼2

belongs to Spin{9) a F4 c E7.

(2) For a e G, a # 0, die mapping Bid) : 3C -≫･3C ≪≪e^ ^y fi(a)Z = X',

sin2|a|
(g,*l)

＼a＼

cos2|a| + i
(a,xi)

＼a＼
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/ (^2 + 6)a ･ ,, , 2(a,x＼)a . 2, ,
x = xi + r ＼t , J sin2o -

v

7;
sm2 a

2I≪I |a|

. , . xja . . .
x, = X2COS a + i'-r―sina

/ 11, -8*2 ･ 1 1x, = X3 cos a + 1――sm ＼a＼
＼a＼
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belongs to Spin(＼O)a Ee <=E-j.

Lemma 3. (1) For a e (£,a ^ 0, ?/?e mapping y(a) : S$c -> ^pc defined by

y(a)(X,Y,£,n) = (X',Y',£'n'),

≪

£

≪

Si

Zi

£

3

2

x[=x＼ +

£ &

2

(m+rfia
2＼a＼

x'2 = X2 cos ＼a＼―

x'

vl

y＼

y'i

A

X3 cos ＼a＼―

Vi

ni

%

2

y＼ -

n

cos2|≪| +
＼a＼
sin2|a|

sin2|a| -

y*a ■ ii

＼a＼

^2-11

-r-f sin ＼a＼
＼a＼

n＼+n
2

tfi+Oa
2＼a＼

2(a,xi)a . 2
――y~ sin
＼a＼

cos2|a| ―
(a, *i)

＼a＼

＼a＼

sin 21 a I

. .. , 2(a, yAa . ->. ,
sin2|a|- v y}' sm2la[

＼a＼

i i
X3a

■ i i
y2 cos ＼a＼ + -r―r sin ＼a＼

＼a＼

i i
ax2

■ i
,

j>3 cos ＼a＼ + ―― sm ＼a＼

t' ― ―

<

v' = -

belongs to Spin{＼2)c E7.

£

i

m

2

2

i

rj

2

2

cos2|a| +

cos2|a| -

^sin2|a|

＼a＼

, , sin2a
＼a＼
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(2) For a e <£,a # 0, the mapping 5{a) : ^c -> ^3C <*?/*≪≪/Zjj <5(fl)(X, F, ^ rj)

i＼

x[

2

£2

^

x＼ ― i

Zi

2

z

2＼a＼

cos2|a| ―i

sin2|fl| ―

x'j ― X2 cos ＼a＼+ i-r-r sin I
＼a＼

＼a＼
sirs2|a|

2(a,xi)a
x sin a＼
＼a＼

a＼

x'-,= X3 cos ＼a＼+ i―^sin ＼a＼
＼a＼

1＼

1l

i'j,

y[

y'
i

73

<

rii+ri

ni

13

2

y＼-i

m

2

2＼a＼

n

y2 cos ＼a＼+ /

)<>

cos2|≪ ―i

sin2|tf| ―

*3

＼a

a

sin ＼a＼

3^3cos a +i――sin a＼
＼a＼

£,+£ fl-f
2

ti^+rj tjx

2

2

2

n

cos2|a| + /

cos2|g| + i

belongs to Spin{＼2) c= E-j

( 0 0 0

0 0 a

0 a 0

)

(fl>*l)
･ oi i

―――sin2|a|

2(a,yY)a . 2 ,
――~y~ sin ＼a＼
＼a＼

,)

l)

sin2|a|

sin2|a|

＼a＼

＼a＼

Proof. (1) For <t>= d>(0,Fi(a), -F＼(a),0) e sptn(12) c e7 (whereFi(a) =

3C), we have y(a) ―exp<t>. Hence y(a) e Spinill) c=E-j

(2) For O = O(0,/Fi(a),//'i(fl),0)espm(12) cze7, we have <S(a)=exp<D

Hence 3{a) e Spin{＼2)c E7.
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4. Dlagonallzattonof P e ^c by Ei

Proposition 4. (1) Any element Pefc can be transformed to thefollowing

form by some aeSpin{＼2):

/ 0 x3 x2＼ / 0 y3 y2＼

clP = ( xj 0 xi I, I Jl 0 jj

＼x2 xf 0/ ＼ v, Y＼ 0 /

(2) Any element PeS$c

Spini12):

0,0), xk,yke$c

can be transformed to the following form by some a e

aP=(

/fi *3 x2＼ /rj＼ y3 y2＼

hcj
o o

,k i?2
o

＼x2
0 0/ ＼j2 0 jy3/

£,?/), £urik,£,rieC,xk,yk, e Gc

Proof. (1) For a given element

P= ({ i,Z2,&,Xi,x2,X3),(ril,ri2,ri3＼yl

of <pc, choose a＼e d such that (ai,x＼) ― (a＼,yx) = 0

Lemma 3.(1) on P, then

＼a＼＼= tt/4 and act y{a＼) of

y(a,)P=((£U' <&*[,*,*), O7U2, r,i＼y'u*,*),-^-n＼)= Pi

Choose

Lemma

ai e (£ such that (ai,x[)

3.(2) on Pi, then

S(a2)Pi =

Choose

Lemma

= (a2,y[) = 0, ＼a2＼=

(3 ― <^3

n/4 and act d{ai) of

((0, £1 £'; x≫ *, *), (0, r," r,≫- y≫ *, *), 0,0) = i>2,

≪3 e G such

2.(2) on P2,

that (ai,x'{)

then

= (*3,j>;') = 0, ＼a3

^3)i>2 = ((o,43),-43)^(i3)'*'*))((o

n'i

Choose

Lemma

≪4e £ such that {a^,x＼ )

2.(1) on P3, then

≪
2

12

= n/4 and act

i'i = &

n'i = n'v

B(a,) of

^),-43);j(13),*,*),o,o) = i>3

fay?) = 0, ＼aA = n/A and act 01.(04) of

^04)^3 = ((0,0,0;^4),*,*),(0,0,0;^4),*,*),0,0) = P4.

This P4 is the required form of (1).

(2) In the form of (1), let x＼ ― P + iq,p,q e (£ and assume q # 0. Put

a5 = 7iq/4＼q＼and act <5(as) of Lemma 3.(2) on P4, then
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((^5＼0J0;^^*),((V(15),0,0;yi5),*,*),-rf),-i7(15))==P5

where P' e (L Assume p' ^ 0. Let a6 = np' /A＼p'＼and act y(a6) of Lemma 3.(1)

on Ps, then

7(a6)i>5= ((^6),0,0;0,*,*),((^6),0,0;3;(16),*,*),^,^6))=i>6.

Let y＼' = u + iv,u,v e (£ and assume u # 0. Let a-j―nu/4＼u＼and act fl{aj) of

Lemma 2.(2) on P$, then

fi(a7)P6 = ((tf＼OAR,*,*)d(n?＼ri(?＼r}V)-,iv/,*,*),^＼r}W) = P7, *<7)= *<7)

where v' e (£.Assume v' # 0. Put a% = nv'/4＼v'＼and act a(ag) of Lemma 2.(1) on

i>7, then

a(a8)P7 = ((d8),0,0;0,*,*),((^8) ?,v?>;O,,,,),lP>,W = pt

This Pg is the required form of (2).

Theorem 5. Any element P e <$c can be transformedto a diagonalform by

some a e Ei＼

aP= (

(h 0

0 h

＼
0 0

0＼ /vi 0

0,0 v2

hi ＼o o

0

V3/

,A,v), Xk,vk,X,veC

Proof. For a general element P = (X, 7,£,rj)e <pc, we denote by D(P) the

square sum of the absolute values of the diagonal elements of X, Y,£ and rj＼

d(p) = |^|2 +1£2|2 +1£3|2 + ＼m＼2+ ＼ni＼2+ ＼m＼2+ l£l2+ ＼*i＼2-

Then Di(P) of Section 2 is

D1(P)=D(P) + 2|x1|2 + 2|>'1|2, P ^PC

Now, for a given ?6^pc, consider a space X = {aP| a e £7}. Since £"7is

compact, X is also compact. Let D(P) be the maximal values of {D(P') ＼P' e X}.

Then we show that P = (X, Y,|, 7) is diagonal. Suppose that ii ^ 0 of I or

jj 7^ 0 of 7. From Proposition 4.(2), P can be transformed to the form

aP=((|;>010;0)*,*),(7i,72^3;°.*.*)^/^/) (J)

by some a Spin{＼2).Then



D(P) <

( *l * ° ^1

＼ory, *0J
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Di(P)

/ aeSpin{＼2) ＼

＼and Lemma 1)

DdaP)

(i)

D(aP)
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This contradicts the maximality of D(P). Hence we get jci= yx = 0. Similarly we

can prove that the other entries of X and Y except the diagonals are zero by

means of Spink{＼2), k ― 2,3. Thus the proof of Theorem 5 is completed.

5. The group E% and subgroups SU(2) <=En, SU(2) a E%

As is mentioned in Introduction,any element X e3c can be transformed to

a diagonal form by some ae Ef,＼

fh 0

<xX = 0 h

V 0 0

＼

0

hi

XkeC.

However, ^1,^2,̂ -3are not eigenvaluesof X. (These depend on the choice of

aeEt). In fact,we can choose cceEe so that two of li,fa,A3 are non-negative

real numbers. Moreover some ocX has the followingcanonical form:

(rxeie

aZ= 0

V o

0

r2eie

0

0

r3e≫l

0,rk e R, 0 < n <r2 < r3.

Now, we shall find a canonical form of an element P of %c. For thispurpose, we

prepare subgroups isomorphic to SU{2) in E-j and E%.

Let e8c = ef c S$c c <$c c C c C c C be the complex Lie algbera of type

F.o with the T,ie bracket

[( >!
Pi

<

1Ql,rhsutl),(R2,P2,Q2,r2,s2,t2)}= (R,P,Q,r,s,t)

O = [O!,O2]+Pi xQ2-P2x Qx

P = <bxP2~RiP＼+ rxP2 - r2Pi +sxQ2- s2Qx

Q^^xQi-^iQx- r＼Qi+ r2Qi+ hP2 - t2Px

r = -＼{Pi,Qi} +＼{Pi,Q＼}+ s＼ti~s2tx

s = ＼{Pi,P2} + 2rls2-2r2sl

t=-UQuQ2}-2rit2 + 2r2tl

where {PUP2} is defined by {PUP2} = (Xu Y2) - (X2, YY) + ^ - ^ for

Pit= (^t, Yk,Zk,tjk)e ^c, k = 1,2. The Killingform i?8 of e8cis given by
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Bs(RhR2) = f*7(<l>i,4>2)+ lHQuP2} - 15{Pi, Qi＼ + 120nr2 + 60^2 + 60j,f2

(i?^ = (Ofc,Pic,Qk,ric,Sk,tk)e z$,k = 1,2), where ^7 is the Killing form of the Lie

algebra cf. We define C-linear transformations X : %c ―*%c, 1: e8c―>e^ and J?-

linear transformations t : ^Pc -^ ^c, f : cf ―>ef by

Apr, r,&*) = (r,-*, 7,-0,

I(<D,P, 0, r,j,0 = (AOA-1, Ag, -AP, -r, -r, -j),

r(X, F^^) = (tZ,tF,^,^),

r(O,P,G,r,J,0 = (TOT,TP,TG,Tr,w,rO,

respectively, and

-±Bs{URhR2).

Es

a Hermitian inner product <i?i,i?2> of t% by <i?i,i?2> =

Then the group

= {aelsoc(e8c)|a[i?i,i?2]= [a^i,^2],<a^i,ai?2> = <i?i,^2>}

is a simply connected compact Lie group

the form

of type E%. The Lie algebra eg of E% has

e8 = {(<D,i3, -rXP, r,s,-ts) |<D e c7, P e <PC, r e /i?,j e C}.

For aeE-i, if the mapping a : ef-^ e8c is defined by a(O,P, £?,r,s,f) =

(aOor^ocP, aQ, r,5,t), then ae£8 so a and a will be identified.Hence the group

^8 contains Ej as a subgroup by the identification:

E1 = {a g £81a e £7}-

Lemma 6. (1) ([8]). The group E7 has a subgroup $(SU(2)) = {$(A) e E7 ＼

A e SU(2)} which is isomorphic to the group SU{2) = {A e M(2, C) |(xtA)A = E,

detA = 1}, where (f>{A): fc -> ^c is defined by

<f>{A)((tl,Z2,£3;xi,X2,x3),{ril,rj2,ii3-1yl,y2,y2),Z,ri)

= (({UU:;x{,xU)I(?UUi;j'i'j;)j'5U'i')l

≪:

*'
)-<';)

(3)-<

(:;)-(;,)

xA)

(li

(;!)=

'(';) M

cm;:)
it

(2) ([6]). The group Es has a subgroup (p{SU{2)) = {q>(A) e E% ＼A e SU(2)}

which is isomorphic to the group SU(2), where w(A) : c8c―>e8c is defined by
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/I 0

0 a＼

-rh＼ 0 b＼

xa )'~ 0 0

0 0

lo o

0

-xb＼

xa＼

0

0

0

0

0

0

(za)a-(Tb)b -(

2a{xb)

2(xa)b

0

0

0

xa

a2

0

0

0

)b a{xb)

-{Tbf

-b2 (xb)2 /

697

We identify Pe^c with P = (0, P, -zXP, 0,0,0) e e8c hereafter. Then the groups

j(SU{2)) and <p(SU(2)) act on ^pc and we have

Lemma 7. For Pe^c and A,BeSU(2), we have

</>(A)<p(B)P = <p(B)<f>(A)P, DX {(p{B)<l>{A)P) = Z),(P).

6. A canonicaldiagonalform of P e S#c by Ej

Proposition 8. Any element P e ^Pc can Z>e transformed to the following

form by some ae Ej:

olP=(

/O 0

I 0 0

＼0 jc 0/

(°

p

0 0＼

0 y＼

v 0/

0,0) x,ye&c

Proof. We start from a diagonal form of P of Theorem 5 and repeat the

same process in the proof of Proposition 4.(1).Then we have the required form.

Lemma 9. In the form of clP of Proposition 8, let x = p + iq,y = u 4-iv,

p, q,u,v g (L Then we may assume that (p, u) = (p, v) = (q, u) ―(q, v) = 0, under

the action of q>(BU(A),A,Be SU(2).

c =

0,0)

Proof.

(eiy

Vo

(0,0

We denote (p(DC)</>(BA)

0

e-'y

)

D

0; u + iv, 0,0)

A- (^

/cose) ―sin(5＼

＼ sin<5 cosS J

0,0), let

by <p(5,y,p,a)

･■(
cos/?

sin/?

-sin/A

cos/? /

For P= ((0,0,0;p + iq,

h = {p,v) + (q,u), k = (p,u)-(q,v), h = {p,v) - (q,u),

I4 = (p,u) + (q,v), I5 = (p,q)-(u,v), l6 = {p,q) + (u,v).

kl =＼{＼P＼2 + ＼q＼2
~
＼u＼2- ＼v＼2), k2 = ＼{＼p＼2 - ＼q＼2 - ＼u＼2 + ＼v＼2)

k3=U＼p＼2-＼q＼2 + ＼u＼2-＼v＼2)
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Let P' = (p{5,y,P,tx)P, then P' has also the form

P' = ((0,0,0;/?/ + ?V,0,0),(0,0,0;w' + /V,0,0),0,0).

We shall show that /{ = l2 = /3'= l'A = 0 under some actions of type <p(S,y,fi,a).

Step 1. We can deform to k^ + l'5V6= 0, k'2l[ - 1$ = 0. In fact, let p = 0,

S ― n/4 and choose y such that

~{k2h
+ hk) sin2y + {k3l4 - hh) cos2y = 0,

then we have k2k^ + l'sl'e= 0. Next choose a satisfying

(73/2 sin2y + /3/1 cos2y ― k＼ls sin2y + k＼kT, cos2y) sin 2a

- (I4I2 sin2y + lAl＼cos2y + k＼k2 sin2y + k＼l5 cos2y) cos2a = 0.

then we have k'2l[ - l2l'5 = 0.

Step 2. We can deform to k[ = l'z= l'A ― 0. In fact, it can be assumed that

kikj, + Isk ― 0, &2/1 - hh ― 0 by Step 1. Choose y satisfying

£3 sin 2y + k cos 2y = 0, I5 sin 2y ― ki cos 2y = 0 and l＼sin 2y ― h cos 2y = 0.

Next let fi = 0, S = n/4, then we have k[ = l'^ = /^ = 0.

Step 3. We can deform to /[ = l2 = /3 = l'A = 0. In fact, it can be assumed

that k＼ = h = U = 0 by Step 2. Let 5 = 0, then l^ = l'A= 0. Choose a such that

/1(4 sin 2a + k2 cos 2a) + ^(fcj sin 2a - /5 cos 2a) = 0.

Next choose y satisfying

(4 sin 2a + k& cos 2a) sin 2y ― (ki sin 2a ― Is cos 2a) cos 2y = 0

and /2sin 2y + /1cos 2y = 0.

Then we have /{ = 0. Finally choose ft such that

((4 cos 2y + ^3 sin 2y) sin 2a ― (1$ sin 2y ― A:2cos2y) cos 2a) sinlfi

Then we have l^

- (/i sin 2y - l2 cos 2y) cos 2^

= 0.

= 0

Lemma 10. (1) ([91).For t e R, the mapping

8{t)X =

belongs to Spini 10) c £^ c £7

( (l
eut2

e(t)

e-it/2

Xi

3C

*2

e-u&

)
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(2) ([5]) For t e J?, the mapping e(t)

c(Opr,r, £,*)= (

＼ eilx2

eifx3

^c _, ^c

ei%＼ (

in

e 2ltrjx e ily3

e~uJi ni

e-hTi
)
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e-2it^e2itrj)

belongs to Ej.

Proposition 11. Any element Pe^c can be transformed to the following

form by some cce <p(SU(2))Ei(czE$),

ocP= (

/O 0

I
0 0

＼0 0

0

0/

M 0

0 n

＼0 0

0 0,r) rk, r e R, 0 < r＼< r2 < r3 < r.

Proof. We start from the form of P of Proposition 8. Let x = p + iq, y =

u + iv, p, q,u,v e (£. We may assume (/?,u) = (p, v) = (q, u) = (q, v) ― 0 from

Lemma 9. Repeat the same process in the proof of Proposition 4.(2), then we

have the form

((O,0)0;O,0,0),(j71,J72,j73;0,O,0),0,7)=Pi.

We give the polar expression of Pi:

P1 = ((0,0,0;0,0,0),(r1^',r2^,r3^;0,0,0),0,r^), d,ek,r,rkeR,Q<rk,Q<r.

Using e,e of Lemma 10 and ＼jjin the proof Lemma 9, we have

iA(0,r4,0,r3)^2)£(?i)Pi = ((0,0,0;0,0,0),(r1,r2,r3;0,0,0),0,r) = P2,

h = i(0i - fc - 03 + 6), t4 = -lj(0l+92 + 03 + 6).

If necessary we can change the order of r,r＼,ri,ri of Pi, using elements

of Spitik{9),Spirik(12),k= 1,2,3. For example, oc(n/2) of Lemma 2. (1) changes

r2 for r-iand y(n/2) of Lemma 3.(1)changes r＼for r. Thus we have required form

of Proposition 11.

Theorem 12. Any element P e lpc can be transformed to the following form

by some a e Ei＼
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aP = (I 0

V
0
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0

ar2

0

o ＼ /bn o

0,0 br2

ar
j ＼

0 0

0

brj

ar, br)
＼a＼2+ ＼b＼2= l,a,beC,

0 < n < r2 < r3 < r.

Proof.

and a e En

For a given element P e^c, there existA =

such that
＼ra xb )

^-1)ai3=((0,0,0;0,0,0),(r1,r2,r3;0,0,0),0,r)

from Proposition 11. Therefore

ai5-^)((0,0,0;0,0,0),(r1,r2,r3;0,0,0),0,r)

= ((ari,ar2, ary, 0,0,0), {br＼,br2, br3; 0,0,0),ar,br)

Thus the proof is completed.

7. Appendix

In the above sections,Theorem 12 is proved as a generalizationof Yokota

[9].Now, we show that Theorem 12 can be also obtained from the following

universalresult.

Lemma 13 (cf.[2],[3],[4],[7]). Let G be a real semisimple Lie group with the

Lie algebra q with a Carton decomposition g = f 0 m, that is, there exists an

involutive automorphism i of g such that

f = {Xgq＼iX = X}, m = {Xeq＼iX = -X}

and the corresponding Lie subgroup K of G with the Lie algebra I is compact. If a

is a maximal abelian subspace of m, then K ■a = m with respect to the adjoint

action ■of K on m.

Consider the real

Cartan decomposition

v : eg ―> e8 defined by

Then

simple Lie

e8 = I c m

group E% with the Lie algebra es with the

with respect to the involutiveautomorphism

y(<X>,P, -tXP, r, 5, -xs) (R,-PMP,r,s,-Ts)

I = {(0,0,0, r,s, -ts) | O e e7,r e rt,j e C},

m = yC = {p=(o,p,_TAP,0,0,0)ec8|Pe<pc}
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Note that the corresponding Lie subgroup K of G with the Lie algebra fis equal

to the compact Lie subgroup Ei<p($U(2)), where E-j = {a Isoc(e8c)| a e E-j}(see

Section 5 for the notation a), and the adjoint action on m is equivariant to the

action on ^pc with respect to the correspondence:

^c^m = $c, Pi-*P=(0,P,-tAP,0,0,0)-

Proposition 14

Then

a =

Denote a

I /O 0

(0 0

I ＼0 0

a is a maximal

Proof.

realized es

0

0/

{P＼Pea}

/ri 0

0 r2

＼o o

abeliansubspace of m.

such that

0
n)

0,r) r,rkeR>

From the straightforwardcomputation of the Lie bracket of the

itis ohserved that

a = {Pe^c＼[Pra}=0}.

(The detailcomputation is concerned with the ones on 3, so itis omitted)

Because of Lemma 13 combined with Proposition 14, we have m = K ■a ―

(E1(p(SU(2)))■a.

Proposition 15. (E7(p(SU(2))) ■a = {E1(p{SU{2))) ■a0, where a0 =

{P＼P e a0} such that

ao = {((0,0,0;0,0,0),(ri,r2,r3;0,0,0),0,r) a|0<ri < r2 < r3 < r).

Proof. As similar to the last half of the Proof of Prop. 11, it can be proved

that any element of a can be transformed to an element of a0 by the action of

s{R)e(R)</>(SU(2))(p(SU{2))(czE7(p(SU(2))), as required.

Note that <p(SU(2))) ■a0 = b, where b = {PI P e h] such that

b = p = (

/arx

0
V o

Then Ej ■b =

12 is proved.

Ei

0

ar2

0

0 ＼ /bri

0 , 0

arJ
＼
0

0

hr2

0

0

brj

ar, br)

{(p{SU{2)) ■a0) = m = $c. Hence

＼a＼2 + ＼b＼2 = l

r, Yk R,a,b e C

0 < r＼< r2 < r3 < r

i

^}c = E-]■b. Thus Theorem
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Now, we show that the above proof of Theorem 12 leads to some gen-

eralization.For K = R,C,H and the Cayley Algebra (£,let 3K = {X e M(3, K) ＼

X* = X}, ^ = 3[e3[9CRC and

E1K = {a g Isoc(^) |<P x 0a"1 = aP x afi,<aP, ag> = <P, Q}}.

Then we have

E-jk

Theorem 16. Any element of ^^ can be transformedto an element ofb by

Proof. For K = R,C,H and the Cayley algebra(£,let

t6K = {(/>e Homc(3£,3$ | t^t(Z x X) = 20X x X, <^X, r> = -<Z,^F>}

c7J,= {*(^, A, -tA, v) g Homcff' $£)I^ e e6^,̂ e 3 J, v e /*},

e£r= *ik 0 $ J 0 $£ c C 0 C,

esA:= e8 n e8^,lK = fn e8^,m* = m (1e8^ = <p£.

Then e^ = !a:0 ttia-is a Cartan decomposition, and that a is a maximal abelian

subspace of m^ by Proposition 14. Hence

(E1Ktp(SU{2))) -~a= mK = ^cK.

Because of the similar argument to the proof of Proposition 15, any ele-

ment of a can be transformed to an element of a0 by the action of

(e(R)e(R)6(SU(2))w(SU(2))) I *J c=E1K(p(SU{2)) I$f. Then

E1K ■(ip{SU(2))) ■~a0)= (E1Kip(SU(2))) ･ ~a0= ＼£

Because of b = {P ＼P e b} = <p(SU(2)) ■a0, one has that E1K

E-jk ■b = *$%, as required.
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