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Conectedness and Resistance in Designs — an Overview

Satyabrata Pal
Department of Agricultural Statistics, Faculty of Agriculture
Bidhan Chandra Krishi Viswavidyalaya, Mohanpur, Nadia, West Bengal, Pin-741252, India

The talk presented some important results in the areas of connectedness, resistance, and
optimality with special reference to the important contributions (of Prof. S. Pal) in these
areas published in different journals. Though in the areas of resistance and optimality, the
set-up was block design, in the area of connectedness, the intended set-up was multiway
elimination of heterogeneity designs.

At the very outset, the author presented the form of the coefficient matrix (C*** matrix)
in case of a multiway elimination of heterogeneity design published in Pal and Katyal
(JISA, 1988). The explicit expression of the C-matrix of the multifactor design (multiway
elimination of heterogeneity design) was not available in the literature till then.

The discourse then dwelt on the concepts of connectedness with respect to two factor
designs (f; ~ f; connected designs) and total connectedness with respect to a single factor.
While (f; ~ f;) connected designs refers to a connected (w.r.t. the factors, i and j) two-way
design, total connectedness refers to a factor, say, ‘t’ (or f; connected), when the
parameter effects of the factor ‘t’ are estimated from the whole design after eliminating
the effects of all other factors.

In the context of multifactor designs, the estimability of the effects w.r.t. the factor ‘t’ can
be obtained if we look at the (t-1) two factor designs of the type (t, i), i = 1,2,.., t-1. The
following important theorem in this regard was proved in the lecture (Pal and Katyal,
JISA- 1988).

Theorem: In a general multi-way (t-1 way) elimination of heterogeneity set-up given
under the t-way model with t-th factor being considered as the treatment factor (also n; =
T r,-T / n is satisfied), if, n; = ngtr{antj fori j & (1,2,..,v), the symbols having usual
significance, the design is f; connected, if it is (f; ~ f;) connected for all 1 = 1,2,...,t-1.

Example 1:

Column 1 2 3 4

Row
1 A A C D
2 A A D C
3 C D B B
4 D C B B

Here t = 3, 3™ factor being treatment factor, 1% factor being row factor, 2™ factor being
column factor. The above design satisfies n; = r; ro / n, and it is also (f; ~ f;) connected
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foralll1=1,2,t=3,but nj  ny r{ﬁntj ,forall (1, j),1 j&(1,2), and hence the design is
not f; connected (t =3).

Example 2:

Column 1 2 3 4

Row
1 A A B C
2 B C A A
3 C B A A

This design satisfies njj = r; ro/ n, for alli j 4 (1,2) and also ny = n; r,'anq-, i=j4&(1,2),t
=3 [and also (f; ~ f;) connected or all 1 & (1,2)], so the design is f; connected (t=3).

Thus from the above theorem total connectedness with respect to a factor can be checked
by checking the connectedness of two factor designs which can be built up from the
whole design in addition to some conditions (which again can be built up from two factor
designs) to be satisfied.

Some results on connectedness for nested R/C designs are obtained ( with S. Kageyama
and V. Katyal) and the related communication will appear soon.

Next, the author spoke on universal optimality of non-proper designs, the results were
obtained in their paper appeared in Communications in Statistics- Theory and Methods
(1988). This was the first paper on optimality results in the area of non-proper designs.
Several constructions on universally optimum non-proper designs were presented.

The final part of the talk dealt with the concept of resistance in block designs and
constructions of resistant and susceptible non-proper variance balance designs were
presented. Before arriving at the results, two kinds of variance balanced designs were
proposed (Pal and Pal, 1991,JISAS) and their statuses (resistant or susceptible) with
respect to the loss of one treatment (all observations on that treatment in the design) were
obtained.

References

Pal, S. and V. Katyal (1988): “On Multiway Elimination of Heterogeneity Designs”,
Journal of Indian Statistical Association, Vol.26, pp 51-58.

Pal, S. and Pal, S.N. (1988): “Non-proper Variance Balanced Designs and Optimality”
Communications in Statistics- Theory and Methods, 17 1685-1695.

Pal, S.N. and Pal, S. (1991): “A note on Resistancy of Non-proper Variance Balanced
Designs” Journal of Indian Statistical Association, Vol.28, pp 13-18.

—148—




Balanced (C}, C5)-2t-Foil System

Kinki University = Kazuhiko Ushio

1. Introduction

Let K, denote the complete graph of n vertices. Let C} be the k-cycle. The (C\, ()-
2t-foil is a graph of { edge-disjoint 4-cycles and t edge-disjoint 5-cyeles with a common
vertex and the common vertex is called the center of the (Cy4, Cs)-2L-foil. In particular, the
(Cly, U)-2-foil is called the (C'y, (s)-bowtie. When K, is decomposed into edge-disjoint sum
of (Cy, Cs)-2t-foils, we say that Ky has a ((y, C5)-2t-foil decomposition. Moreover, when
every vertex of K, appears in the same number of ((y, (%)-2t-foils. we say that K,, has a
balanced (C'y, C)-2t-foil decomposition and this number is called the replication number.

It is a well-known result that K, has a ('3 decomposition if and only if » = 1 or 3 (mod
6). This decomposition is known as a Steiner triple system. See Colbourn and Rosa[l] and
Wallis(3]. Hordk and Rosa[2] proved that K, has a (J3-bowtie decomposition if and only if
n =1or 9 (mod 12). This decomposition is known as a bowtie system.

In this sense, our balanced (Cy, C'5)-2¢-foil decomposition of K, is to be known as a balanced
(Cy4, C5)-2t-foil system.

2. Balanced ((’}, (’s5)-2t-foil decomposition of K,

Notation. We denote a ((y, C's)-2¢-foil passing through
0] =0 — 03— U - 0] — U5 - 0 — 07 — U8 — UL,

0] =g — U — ¢ — U1 01 — 01— U — 15 — Ul

vy —tg — V17 — Vg — U1 — U9 — U0 — U1 — 092 — Uy,

U1 = C7i-5 = U7 T UTE=3 T UL T UT=2 T O 1 — U7 Oy — U

by

{(v1, 09,03, v4), (01,05, 06, 07, 08) } U {(01, 09, 010, 011), (€1, 012, €13, 014, 015) }
U {(v1, w16, vir, 018), (U1, 019, U0, v21,022) } U ...

U {(01, 070-35, 0711, 071-3), (01, 070-2, 0701, 078, O 41) )

Theorem. K, has a balanced (C}, Cs)-2t-foil decomposition if and only if n = 1 (mod 18t).

Proof. (Necessity) Suppose that K, has a balanced (C}, C5)-2t-foil decomposition. Let b
be the number of (Cj, Cs)-2t-foils and r be the replication number. Then b = n(n — 1)/18(
and r = (7t+1)(n—1)/18t. Among r (C4, Cs)-2t-foils having a vertex v of Ky, let 71 and rg
be the numbers of (Cly, Cx)-2t-foils in which v is the center and v is not the center, respec-
tively. Then r; +ry = r. Counting the number of vertices adjacent to v, 4tr1 +2rg =n—1.
From these relations, ) = (n — 1)/18t and r9 = 7(n — 1)/18. Therefore, n = 1 (mod 18t)
is necessary.

(Sufficiency) Put n = 18st + 1, T' = st. Then n = 187" + 1. Construct n (Cy, Cs)-2T-foils
as follows:

Department of Informatics, Faculty of Science and Technology, Kinki University, Osaka 577-8502,
JAPAN. E-mail:ushio@is kindai.ac.jp Tel:4+81-6-6721-2332 (ext. 4615) Fax:+81-6-6730-1320
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B ={(G,i+1,i+3T+2,i+T+1),(4,s +6T + 1,4+ 10T+ 2,i + 15T + 3,i + 7'+ 1)}
U{(,s+2,i+3T+4,i+T+2),(i,i + 6T +2,i+10T +4,i+ 15T +6,i + 7T + 2)}
U{(4,i+3,i+3T +6,i+T+3),(i,s +6T+ 3,1 +107 +6,i + 15T + 9,0 + 717"+ 3)}

U ..
U {(i,i+ T,i+5T,i +2T), (G, i + 77,0 + 12T, ¢ + 18T, i + 81)} (i = 1,2,...,n).
Decompose each (Cy, Cs)-2T-foil into s (Cs, Cs)-2t-foils. Then they comprise a balanced
(Cy, Cs)-2t-foil decomposition of K.

Note. We consider the vertex set V of K, as V = {1,2,...,n}.
The additions i + x are taken modulo n with residues 1,2, ...,n.

Example 1. A balanced (Cj, C5)-2-foil decomposition of Kig.
B ={(,i+1,i+54+2),0Gi+7,i+12,i+18i+8)} (i =1,2,...,19).

Example 2. A balanced (C4, C5)-4-foil decomposition of Kj;.
By = {(i,i+1,i+8,i+3),(i,i+13,i+22,i+33,i + 15)}
U {(i,3+2,i+ 10,2+ 4), (3,4 + 14,4 + 24,2+ 36,i + 16)} (i = 1,2,...,37).

Example 8. A balanced (Cj, C5)-6-foil decomposition of Kjxs.

Bi = {(,i+1,i+11,i+4), (i, + 19,4+ 32,4 + 48,4 + 22)}

U {(,i+ 2,1+ 13,4+ 5), (4,% + 20,4 + 34,4 + 51,4 + 23)}

U {(i,3+ 3,4+ 15,4+ 6), (3, + 21,7 + 36,4 + 54,3 +24)} (i = 1,2, ..., 55).

Example 4. A balanced (Cj, C5)-8-foil decomposition of Kr3.

B; = {(,i+1,i+ 14,1+ 5), (4,7 + 25,1 + 42,1 + 63,1 + 29)}

U {(4,5+2,i+ 16,i + 6), (4, + 26,7 + 44,1 + 66,4 + 30) }
U{(z,i+3,i+18,i+7),(4,i+ 27,1 +46,i 4+ 69,i + 31)}

U {(4,i+ 4,7+ 20,7+ 8), (4,6 +28,i +48,i+ 72,1+ 32)} (i =1,2,...,73).

Example 5. A balanced (Cj, C5)-10-foil decomposition of K.

By = {(i,i+ 1,1 +17,i +86),({,i + 31,1+ 52,4 + 78,7 + 36)}

U {(4,¢+2,i+19,i+7), (4,4 + 32,1 + 54,4 + 81,0+ 37) }

U {(,2+ 3,4+ 21,1+ 8), (4, + 33,4+ 56,7 + 84,7 + 38)}
U{(,i+4,i+23,i+9), (4,2 + 34,7 + 58,7+ 87,7+ 39)}

U {(i,i + 5,i+ 25,4+ 10), (4,i + 35,4 + 60,4+ 90,i +40)} (i =1,2,...,91).

Example 6. A balanced (Cy, C5)-12-foil decomposition of Kigg.

B; = {(i,i + 1,6 +20,i 4+ 7), (i, + 37,i + 62,5 + 93,1 + 43)}

U {(4,i + 2, +22,i +8), (4,5 + 38,i + 64,7 + 96,7 + 44)}

U {(3, i+ 3,0+ 24, +9), (4, + 39,7 + 66,7 + 99,7 +45)}

U {(3,5+ 4,5+ 26,5+ 10), (4,1 + 40,7 + 68,4 + 102,i + 46) }

U {(5,i + 5,4 + 28,1 + 11), (i, i + 41,7 + 70,7 + 105, 1 + 47)}

U {(3,7 + 6,7 + 30,1 + 12), (3,0 + 42,7 + 72, + 1087 + 48)} (i = 1,2, ..., 109).

References

[1] C. J. Colbourn and A. Rosa, Triple Systems. Clarendom Press, Oxford (1999).

[2] P. Hordk and A. Rosa, Decomposing Steiner triple systems into small configurations,
Ars Combinatoria 26 (1988), pp. 91-105.

[3] W. D. Wallis, Combinatorial Designs. Marcel Dekker, New York and Basel (1988).
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BEET. ZOB, CONMIDNTYH, BALSOERD 2 ARBROMBED 2 549
e |

Z OOFERRIE 1899 & Judson A3 Amer.Math.Monthly IZ3#2HH L, £ D%, 1917 4 Dudeney
PEOFEE Amusements in Math, TRNM LT, E<HMLAD LI T.

LOMBEE, F77HEROFETERMETAEROLIICRE. T K, % o HOESE
LORETTTET S, K, OLED 2-path (BE 2 ® path) #H x5 & 1 BT
Hamilton cycle WEGEZRD L] 2O LI REAE% K, ® Dudeney B4 LR, Thb
%, Dudeney WM EMEEIX, Dudeney BAZEMTAMETHS.

COMBIR RO L I, 405 100 FLANCRE SN ZEETH S, HETHRR
RIERTH L. OB, #% Safford (1904), Dickson(1905) 5438 L7, Berghot
LA n=p+1 (p EFE) O&EITMRL, 1975 FITIE n = 2p (p 1TFEK) OFAR
7L (Anderson, Nakamura), 1980 FiZiE n = p 4+ 1 (p 1T, ¢ IZARE) OB HF
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n=pg+1(p. q THERDIARE), n=p"+1 (AED n=p* + 1 LITHRIENERD),
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MOIEDFIE, BRIEOFRIGREZFIAT S HiE, SOk, BEIEE, RWOEBRIERERS
5. WFAYL Dudeney £EADHCORAEAFIATLHOT, EEALNE4 2@THE L
b, BCOFEEEED n iR cyclic group 2ETeH D, n—1 K cyclic group &L H D, n—2
K cyclic group ZEFDHLONREZ HND. TRHIZX LT, Dudeney Z£5DHERLIENRE X
LN TWD. 5 starter 72 OHERT D FHELHS.
3. R 1EF & open problem

AT oD & 512, AR Dudeney &4 OERIIELIZARRE S TH 53, FEHIK Dudeney
ERIZOVWTE, p+2 R (p 1IZHFRE) O—HBOBAELMEREN TV, p+2 R (p
(2 #E#) Dudeney £H1E, ROMEDOL S, BAIRFHOEHETHZENTE S,
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BB K, ORA1EFBEETIE, K12 © Dudeney REVTFET 5.

L L, BA1EFIT, TRTORKCH LTHET ST TidAl, p=>5,11,13,19 72
SITRBFEELRY. ROMENTEATE 2.

BB K,y OBRELIRTFHFETIUL 2 iZmod p DFFRIRTHD.
F48 2 5 mod p DEFRRRLWE, Ky ORELEFHEETS.

J:U):f’i"f# ZHUE, 2 28 mod p DEFRGED & &, Kpiy I Dudeney BEVFET S
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Dudeney ®MAEMEIL, (58£ 7 7 7 K, ® 2-path @ Hamilton cycle (&% EEH
B 2 ROIBETHE. FRICHETAIMEL LT, BRI T TV TR LRI T 7
RELEMT T 7 O%BEA, £7-, Hamilton cycle T7Z2< Hamilton path, k-cycle, k-path,
k-circuit 0)%/‘\7‘&}:751%7(’_ bia. 2-path T2 < l-path (edge) DFELHE % K> L HER
tZ, #< 226, Hamilton cycle decomposition fi#EE L TR <L T MERMNAH 5.
k-circuit decomposition [HEEIE, 1977 (2 Hwang, Lin IC L > THR SN TE Y, k-cycle
decomposition RS, Alspach BIZX W BuIfgR & . 2O ORI ~T, By &
DERICBWTAT U ZADENEERBEROIMETHS. 0L 5 2B, BFLT,
BEET YA OB LT TV .

BEBERRRRIE, 7ok Zidi ?@%ﬁffk@@94wx%#m%mmb WA D
B, CO200T4NABBEVEI LI TILERHD. EREEEZB/MI LIV, &
DEITHEATL L) EWIBBIZISAS TS
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Constructions of Weighted Graph Designs

Keio University, Yukiyasu Mutoh

1 Introduction

Let & = (V, E) denote a graph with a vertex set V" and an edge set F and
k:=|V|. A weight function w of G is a function w : F + Z\ {0}, where the
integer w(e) is called the weight of the edge e € E. Then a triple (V| E, w)
is called a weighted graph, which is denoted by (G, w). If w is clear from the
context, we just write & instead of (G, w). If w(e) is constant (= A) for each
e, then (G, w) is denoted by AG.

Let ¢ = (V,E,w) and G' = (V', £, w’) be weighted graphs. The union
of G and (" is the graph GUG" := (VUV'  EUE',w+w'). Here. w+ w'is
defined as follows:

wie)+w'(e) ifeec ENFE,
(w+w')(e) = S w(e) elseife € F\ F',
w'(€) elsee € E'\E.

Let A, be a complete graph with v vertices and let X be the point set
of A,. Let ¢ : ¢ = KL, be an injective map, then »(G) is called a G-
block or a block. We define ® as a set of such maps . A pair (X,®) is
called a G-decomposition of MK, or a G-design, denoted by WG D(G, A v),
if Uyeq 9(G) = AR, holds.

Let @ = {wy,w,,... ,ws} be the set of distinct weights in (G, w). We
define X;(z, j) as the number of G-blocks in which two distinct points 7 and j of
X occur in an edge having weight w; € Q. If a pair (X, ®)is a WGD(G, X;v),
then % ;_, wA(i,j) = A holds for any pair of distinct points ¢ and j. A pair
(X, 9) is called a completely balanced WG D(G, A;v), if A(7,7) is constant
(= A;) not depending on the distinct pair 7 and j for t =1,2,... ,s.

Let E, be the set of edges containing + € V and W, = 3 . w(e) be
the sum of the weights in E.. We define d as the greatest common divisor
of the set {W [z € V'} and W =37 w(e) as the sum of all weights. Then
the following conditions are necessary for the existence of a WG D(G, A; v):
(1) Av(v — 1) =0 (mod 2W) and (ii) A(v — 1) =0 (mod d).

If X is an integer such that there exists a completely balanced WG D(G, A;
v), then the following theorem holds.

Theorem 1.1 (Lamken and Wilson [1]) Given a weighted graph G and
a certain integer X, there exists a completely balanced WG D(G, A\;v) for all
sufficiently large integers v satisfying the necessary conditions (i) and (ii).
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In this talk, we will consider the case where WG D(G, A; v) 1s not assumed
to be completely balanced.

2 Existence of a weighted graph design

A pairwise balanced design (PBD) on v points with block sizes from a set
L(C N) consists of a set X of v points together with a family of subsets (called
blocks) By, B, ... , By such that any two distinct points occur together in a
unique block B; and |B;| € L for each i. Let B[L] be the set of integers v
such that there exists a PBD with v points and block sizes from L. L is called
a closed set, if B[L] = L holds. For a set M(C N), M is called eventually
periodic with period nyy if the following condition satisfies. For each m € M,
m + tnyr belongs to M for all sufficiently large integer ¢.

Theorem 2.1 (Wilson [2]) FEvery closed set L is eventually periodic with
period 3(L), where B(L) = ged{I({ — 1)|l € L}.

Now, let WG D[G,A] be the set of integers v such that there exists a
WGD(G, A v). Then it is easy to show that WG D[(G, ] is a closed set. By
Theorem 2.1, the following proposition holds.

Proposition 2.2 Let G be a weighted graph and let X be an integer. If there
exists a WGD(G, Xy vg), then there exists a WG D(G, A v) for all sufficiently
large integers v = vo (mod B(WGDI[G, A])).

If the following conjecture is valid then for any A there exists a WG D((, A
v) for all sufficiently large integers v satisfying the necessary conditions.

Conjecture For every integer u satisfying the necessary conditions, there is
an integervg = u (mod B(WGD[G, A])), such that there exists a WG D(G, A;

’UQ).

Moreover, we will show an existence theorem for a WG D[G. \] with v = 1
(mod 2W) satisfying some linear constraints for A.

References
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1. RAID
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5E95. 4, kO information disk & cfll @D check disk WHB &L, ZNHD
BIfRZ 0,1 ZEICDD ex (k+c) 1751 H = [P|I] TEY. HE3NUT 1 BRET
FIEIEENG (2] B). 72U, [ RBAFTHITSHD, P c 7 k AID {0,1)-7
FITH5H. HDEMD k FIE information disk IZHIEL, #HED ¢ Fid check disk
IR L TWS H O 1 DOFfFIZEI S information disk DNZ D PEALGRIEFIAET
BHaN, TOITICHINT 5 check disk ICEZAENTNS. FLT, 1D0574 A
BN THEIBTESELDIC H DHIE mod 2 THRIEMILIZ/L>TWS (K15
). ARTHD XKD RAID T, check disk Z#HitBED —_KCiCEEH T 5. K1
D& DIZ, check disk ZTEA, information disk #id & H72 T T & T, RAID 2 if
I TRETHIENTES.

1 2 3 4 a b ¢ d

1
0
H:{1
0

B 1: 2:K7t® RAID, XU F 4 BETHIH, 5T 2722 "8I T77 Ks,.

0
1
0
1

oo o~
QO = O
oO-OO
— 0O oo
| DOSSE—
o o8
X
[N

0
1
i
0

O O

2. Cluttered Ordering

BBT5TG=(V,E)ikDOWTn=|V|, E={ener, emi} ETD. HBIE
DB d < mEEZ, windowEEXR. {0,1,---,m—1} LOBEHrITHLTYV™ %
{eﬂ(i),eﬁ(i_,_l), MR eﬂ-(i_;.d_l)} @%Eliﬁ‘iﬂ%fﬁ@%%&'ﬁ’é /I’ ‘/5‘:‘77 A mod
mTEEL, 0<i<m-1Th2. dEDOLDEFHEIDHEF TS TDT IV ZAIAMEE
DER T 57 DESETRDDEN, LB (d-BK7 7 EATRZ M) I3 max, |V, TH
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< e =22
i hf
e el

2: K33 @ (3,4)— cluttered ordering.

25605, d-BATZEAAX NN f LD DIEFTZ (d, f)-cluttered ordering
LR (K 2 2 ]).
3. T2 &4 5 7 D Cluttered Ordering

5825 7D cluttered ordering DREFRIEIZ Cohen % [3] IZ K> THA bz, £
T, 2K7TDO RAIDICHRAICKIET B L D1T, E2HY 5 7 D cluttered ordering
ORBRIEIZDNWTELRT S, TDZDIT, wrapped p-labelling & (d, f)-movement &
NI 2DODHEZEATS.

“HJ 5T H = (U,E)IcoWTU = VUW, d= |E| &35, Sp: U = ZyxZs
M p(V) C Zyg x {0}, p(W) C Zg x {1} ZWTzL, Zg DEEZED {p(v) — pw)|v €
Viw €W, (v,w) € E} T—DFDEETSEZE, p%& HD p-labelling EIER. 5
2, U OBSMER X, Y IKH LT, Zyx Z BT oY) = p(X) + (,0), (k,d) = 1
ZWMIZTREDFEET D EE, p & H D wrapped p-labelling EVER. KIZ, (d, f)-
movement \IZDWTHEN%. RELRZDDO=HI/ I 7 H=(U,E), H = (U',E') IZ
DWTU=VUW, U = VUW, [V]| = V|, [W| = W], E = {eo, e1, -, ea_1},
E' = {e), €}, ey} £F5. {0,1,...,d— 1} LOBH » ZAWNWT, T2
57 G#%Hy:=H,H;:= (U,E),1<i<d &d+ 1HOER T 7 712nET 5.
BU, B i= (B \ {exin}) Uil o} Ui & B OBIDICE EN B EAOES
L5 ZDEE, Hy,=H &730, max05i§g|Ui| = ff&gbiﬂ' ZHM™5 H ~AD
(d, f)-movement LIER. ZIZT, ROEENMFEND GEHI [1) 25H).

TR REBZHI>57 HHIZHL, wrapped p-labelling & (d, f)-movement 37F
ETBROE, BRETET T 7T Ky TBWT (d, f)-cluttered ordering 1 IFHET 5.

S 3k

(1] T. Adachi, M. Jimbo, M. Miiller, Constructions of a cluttered ordering for the
complete bipartite graph, in preparation.

[2] M. Cohen and C. Colbourn (2001), Ordering disks for double erasure codes, ACM
Symposium on Parallel Algorithms and Architectures, Theory Comput. Syst. 34,
Springer-Verlag, 229-236.

[3] M. Cohen, C. Colbourn and D. Froncek (2001), Cluttered orderings for the
complete graph, COCOON 2001, Lect. Notes Comp. Sci. 2108, Springer-Verlag,
420-431.
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A Practical Algorithm for Searching
Consistent Sets of Shares in a Threshold Scheme

REREVRT LG £ W

1 Introduction

Any set of k shares in a (k,n) Shamir threshold scheme can be used to reconstruct the secret.
However, if one or more of the n shares are faulty, then the secret may not be reconstructed correctly.
Supposing that at most ¢ of the n shares are faulty, Rees et al. (1999) described two algorithms to
determine consistent sets of shares so that the secret can be reconstructed from the k legitimate shares
in any of these consistent sets. In this paper, we propose a modified algorithm for this problem. Its
efficiency is compared with those of the two algorithms mentioned above, and its expected number
of shares used to reconstruct the secret is compared with those of McElice and Sarwate (1981) and
Rees et al. (1999), in some special cases.

Suppose that the (k,n) Shamir threshold scheme is implemented in GF(q). Let

S = {(zw) : 1 <i<n} C (GF(q)\ {0}) x GF(q)

be the set of n shares, and assume that at most t of the n shares are faulty. That is, there exists a
polynomial Py(z) € GF(q)[z] of degree at most k — 1 such that y; = FPp(z;) for at least n — 1 of the
n shares. The secret, which can be reconstructed [rom any k non-faulty shares, is the value Fp(0).

Denote the subset of good shares by G = {i: y; = Py(zi),1 < i< n}, and the subset of bad shares
by B={1,2,...,n}\ G. Then |G| >n—tand |B| <t

For any T C {1,2,...,n} such that |T| = k, there is a unique polynomial Pr of degree at most
k — 1 such that Pr(z;) = y; for all i € T', which can easily be computed by Lagrange interpolation

T -,
Pr(@) = ZiéTyi JjeT\{i} z; — :c]a
Define Cp = {i : Pr(z;) = 3,1 <i <n}. Then |[Cp| >n -t T CG, and |Cp| < k+t—1if
TNB#Q. Ifn—t<k-+t—1, then there could exist a polynomial Pp # Py of degree at most k— 1
such that at least n—t shares lie on Pr. Therefore, Rees et al. required that the inequlity n > k+2¢
always holds.

Let v, k, X and t be positive integers such that v > k > t. A t-(v,k, \) covering is a pair (V,B),
where V is a v-set of elements (usually called points) and B is a collection of k-subsets (usually called
blocks) of V, such that every t-subset of points occurs in at least A blocks in B. The covering number
Cx(v,k,t) is the minimum number of blocks in any t-(v, k, A) covering. A t-(v,k, ) covering (V, B)
is optimal if |B) = C\(v, k, t).

Let 7 be a set of k-subsets of {,2,...,n} such that its complement {{1,2,...,n}\T:T € T}
is the collection of blocks of a t-(n,n — k,1) covering. Then Rees et al. claimed two algorithms to

compute the polynomial Fy. One is a randomized algorithm (Algoeithm 1) which used randomized
k-subset chosen from the set {1,---,n}, and the other (Algorithm 2)used a k-subset 7 C () with its
complement form a t-(n,n — k, 1) covering to compute Fy

Ci(n,n — k,t) provides an upper bound on the number of iterations required by Algorithm 2.

Unfortunately, the construction for optimal ¢-(v,k, 1) coverings, especially for ¢ > 3, is not easy at
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all. Algorithm 2 is a Las Vegas type algorithm, and it will take, generally speaking, a rather long

time to find the correct polynomial Fo.

2 The new practical algorithm

Let R be a collection of k-subsets of {1,2,...,n} such that its complement {{1,2,...,n}\ R :
R € R} forms the collection of blocks of a t-(n,n — k, A) covering. Then the following deterministic
algorithm can compute the polynomial Py, since for any B C {1,2,...,n} with |B| < ¢, there exist
at least )\ k-subsets T € R such that BNT = (. Algorithm 3 will succeed when the first such subset
T appears.

Algorithm 3
Input R, S,n,k,t.
For each T € R, perform the following steps:

1. compute Pr

2. compute Cr
3.if |Cp| > n~ ¢ then Py = Pr and QUIT

3 A few 3-(n,n—k,)) Coverings with A >1 and 6 <n—k < 3k

In order for Algorithm 3 to succeed efficiently, compared with Algorithm 2, we need to construct
(optimal) t-(n,n — k,A) coverings with 2t < n — k < kt. The first inequality was required for the
uniqueness of the polynomial of degree at most k — 1 such that at least n — t shares lie on it. The
second one is because that C)(n,n —k,t) =t +1 for n — k > kt had been already proved by Mills,
so that the application of Algorithm 1 is sufficient for efficiently searching consistent sets of shares.

Theorem 3.1 Let X :u[A%ﬁZBEZjﬂ%—S Ha-lran=2) +Ap(—"(f—i—§giiyzl—-l 341y where [z

denotes the smallest integer greater than or equal to x. If there exists a resolvable 3-(nl,l, 1) design,
then

C(nl,k1,3) < gﬁ%q(n,m).

Theorem 3.2 A resolvable 3-(4n,4,1) design exists for every n = 1,2 (mod 3) ezxcept possibly
forn € P = {55,59,73,91,115,149, 169, 181,269, 275, 313,329, 455, 559,577,581, 595, 635, 685, 703,
905, 955, 1589}.

S R

[1] E. F. Brickel and D. R. Stinson, The detection of cheaters in threshold schemes, SIAM J. Disc.
Math. 4 (1991), 502-510.

(2] R. S. Rees, D. R. Stinson, R. Wei and G. H. J. van Rees, An application of covering designs:
determining the mazimum consitent set of shares in a threshold scheme, Ars Combin. 53 (1999),
225-237.
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Mutually M -intersecting Varieties and Optical Orthogonal Codes

REERRY BT HA BT
BEKRF RSP B B2

1 FU®IC

fERERZEAET S, PG(n,g) LT f(z) = 0 ZWI=TIRTOREEE variety EFE,
V(f) TRDT, KIATD 3 DDEMEERMIZT variety DEG V(f1), V(f2),..., V(fs) EEZ D,

(i) M IZHABROEE LT D,
(i) 1 <i<siTH LT, |V(fi)] = p ZBW/=T,
(i) 1 <i,j<s,i#jKMLULTIV(H)NV(f;) € M &7,

Z D& D ERZE mutually M -intersecting varieties EE#&Z L. V(p, M) &E <, mutually M-
intersecting varieties {3, EACELFIPHHFEFIOBMBICHWS ZENTESN, JITERAT 7
A INE W5 8% ok (Fiber Optic Code Division Multiple Access: FO-CDMA) ZH
BT 5720 I12FH & 115 optical orthogonal code DIEENDIEHEE 2 D, Optical orthogonal
code C LIZLATD 2 DOFRBERHZTEEN n TESMN w THS (0,1)-sequence DEED T,
(nyw, Ag, Ae)-00C £EL,

e (auto-correlation property) EE®D (co,c1,.. . en-1) EC ELBD 1<t <n—17122EK
XL, S0 it < o

o (cross-correlation property) FEBEDEIRD (co,... cn-1),(chy-- - Ch_y) €C EEEDO <
t<n-1RB8MITHL, i ech, < e

L e, DBEFIEn TEHRZEED, £ A=A = 2DEE (n,u,))-00C &L,
COBETLERBEBEINN, LUZOFEENHIENEE L EINTVS, BEX5NE

NT A= (n,w, ) ITHL T, HFHBEOENPERTHS L7 00C % optimal THHEWD,

constant weight code IZX9"% Johnson bound & V&5, O0C DFFEHIZDONTO EER

3w N) < [ | 220 ]

wow—1

WHEEL. 2O LEZEERKTSE T Optimal 72 O0OC TH D ERIATE D, ARETIE. PG(2,9)
E® conic &7z mutually M-intersecting varieties £ 9%, TSI g MEROEEDHK
AR iEREZRN, ZNH6ZHWE N> 2 DBEED 00C ODBRIEERET 5.

2 BEGE

PG(2,q) kO conic EHWWEHREHITS, p 2 PG(2,¢%) LOHTH > T. PG(2,q) LTI
BRWRAETD, ZOEE, CEpEHEDEDILPG(2,9) LD conic DEEET S,

! miyamotois.noda.tus.ac.jp
2 . . . . .
“sshinochami.meisei-u.ac.jp
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FE1 C 3 ¢ — ¢ D conic 2 55 mutually M-intersecting varieties V(¢ + 1,{0,1,2})
TH5,

PG(3,q) ICBWTFEE 7 £ conic # C,C" £ L. ¢ & PG(3,q) D Singer cycle £T 5 & &,
PG(3,q) DU LT, conic EDIZ 1, ZNLUHDRUT0 EB< T &L D, conic & O0C D
HEFEELHBIED L,

auto-correlation: fori=1,...,n -1
CN¢HC) = (Cnm) N (¢(C)N¢'(m) € CN (rNgi(m))
cross-correlation: for j=1,...,n-1
Cn¢(C) =(Cnm)N (¢ (C)N¢ (m) C CN (xn¢(m)).
DEIITEZSND, T/ =0DBEEIZIE. EH 1 THLNS conic ZHNIUL, B785 conic
DORRIE 42 HTHHZEMNRIEEN, ROEENFZ 5.

EE2 CEAVWT. HEEENS -4+ Lgi—:—ﬂ D(@P+¢+qg+1,g+1,2)-00C DR T
5,
g WMERDEZ, conic C IZF D nucleus N(C) ZBMUZHEEEE A

C'={C;uU {N(Cz)} : C; € C}

EFTB, O, eC TRLT, N(C) =Py, ETBEE, ROKERBBLND,

WRE1 CREENDEMLD 2D0 conic WHEMERLBWESIE, |(CLU{PNn,}) N (Cy U
{PNg})I S 2 Ta‘béo

HWE2 CILEFNDHELD 20D conic DXEN 1 HTHB3251E. 2 DD nucleus IFEND
conic LORTIEAZ . TADE, |(CLU{Pv )N (C2U{PN,})| <2 TH %,

HREE3 CWEENDRALD 2D0 conic DREMN2 HTHB25IE. 2 DD nucleus TR S
HTH B, THbbB. Py, £ Py, THB.

FH CIZEFENDERE 2 DD conic DXZAN2 S THA7251E, 2 D0 nucleus 1EFEFICH
WD conic EDORTH B Z &IFEWN, T7abB. “Py, € Cy D Py, € C1” &2 5780y,

LEOHEREEFHEIZLD.,
[(C1U{Pn, })N(C2U{Pn,})| = [(C1NC2)U(C1N{Pn, })U(Can{Pn, HU({Pn, }N{Pn, })| < 3.

L ZOERE OOCNBEHT B &,

TH O CERVWTHEEEN G -2+ L%ZE—H D(P+a®+qg+1,q+2,2,3)-00C WHET
=2,

LOBRTII—RILT D &ick> T, UTOEENE SIS,

EHE3 V(p, M) % PG(d,q) @ mutually M-intersecting varieties &35, ZDEE (-‘f;;l”—l,p, A)-
OOC MR TESD, 7#=EL. A= max m; ET 5,
™ms
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Bounds for Robust Metering Schemes and Their
Relationship with A2%-code

HRTEAE B+ BEOHE
A% T R B

A (k,n)-metering scheme allows a correct counting on the number of
hits that a Web site received during a certain period. That is, a Web scrver
S can compute a proof if and only if k& or more clients visited S during a
certain period. Naor and Pinkas proposed the first cryptographically secure
(k,n)-metering scheme [1]. Ogata and Kurosawa showed that their scheme
is not as secure as they claimed and presented a more secure scheme [2].

More specifically, there exist four kinds of participants, a Web scrver
S, n clients Cy,...,Cy, an audit agency A and an outside enemy & in this
model. (We consider that n clients are monitors and the outside encmy is
not.) We then require the following three kinds of security.

Security against servers A malicious Web server S tries to forge a proof
from only k—1 or less shares (authenticators) of clients and to cheat A.
Hence S should not be able to inflate her hit counts. (There appears
to be no way to detect whether § is deflating her hit counts.)

Security against clients Malicious clients try to forge an illegal share
which would be accepted by &, but would not allow § to compute
the correct proof. Hence S must be able to detect illegal shares forged
by clients.

Security against outside enemy An outside enemy £ tries to forge a
(legal or illegal) share which would be accepted by S. If it is legal, it
causes a counting error because he is not a monitor. If it is illegal, it
does not allow S to compute the correct proof. Hence S must be able
to detect a share forged by £.

We say that a (k, n)-metering scheme is
o robust if it satisfies all the three security requirements.
e non-robust if it satisfies only the security against servers.

We further say that a (k,n)-metering scheme is perfect if S gains no infor-
mation on proof from any k — 1 or less shares. (It is interesting that the
metering schemes proposed so far are all perfect.)
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For non-robust and perfect metering schemes, a lower bound on the
communication complexity |V;| (z = 1,...,n) was shown by Masucci and
Stinson [3), where Vj is a set of possible values v; which is sent by client
C; to S when C; has access to S. (They considered a more general model
than ours such that there are multiple Web servers and there exists a ramp
structure among clients.)

However, non-robust metering schemes are not practical. We cannot
assume that clients are all honest. We cannot assume that there is no
outside enemy, either.

In this paper, we derive lower bounds on the communication complexity
Vil (i = 1,...,n) and the size of server’s secrets |Es| for robust (k,n)-
metering schemes.

We first derive lower bounds on |V;| and |E;| for "perfect and robust”
(k,n)-metering schemes by using counting arguments. We also present a
slightly modified version of the Ogata-Kurosawa scheme [2] and prove that
it satisfies all the equalities of our bounds. This means that our bounds are
all tight.

We next show an almost equivalence between robust (k,n)-metering
schemes and k-multiple-use A2-codes such that we can always construct
a k-multiple-use A%-code from a (k,n)-metering scheme, and in some cases,
we can do the reverse. By using this equivalence, we derive lower bounds on
|V;| and | Es| for robust (but not necessarily perfect) (k,n)-metering schemes.
This equivalence is of independent interest because no relationship has been
known between them so far.

Lower bound on |V;| | Lower bound on |E|
Non-robust and perfect [3] Meaningless*
Robust and perfect This paper This paper
Robust This paper This paper
References

[1] M. Naor and B. Pinkas, “Secure and Efficient Metering,” Eurocrypt
'98, LNCS 1403, pp.576-589 (1998)

[2] W. Ogata and K. Kurosawa, “Provably Secure Metering Scheme,” Asi-
acrypt 2000, LNCS 1976, pp.388-398 (2000)

(3] B. Masucci, D. R. Stinson, “Efficient Metering Schemes with Pricing,”
IEEE Trans. on IT, Vol.47, pp.2835-2844 (2001)
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I 5 ORI DN T
FERTHRY - M8 27 L8R KM HET

A v E—=Fy b HOCTETFEBRGI 2T ORI, BE3IFICMONDZ L RRITEERITO-
OIZ, T—Z L L URESN TV 5, TORHCRIAShL ARSI & LT, BERCHERS R
TS DI, ABSRDES IR SN DEARET HAThD, Ziud, EEEITI AT Hm-TH
DAEREERE L LI, BMET BT —F BE SFHIIHNDRVT—FIIERT 5 HET, ok
EREIIEET27-0DOFEL LT, 2RERS LTINS, T _XTORMEER bR THRED
T8 B EFTEDHEMEDNL TS,

TR, A TROLERE, 8 CBEANTIEE ST —F 2T HERE LTI
AT ZOEWOLIEN REELZ2MOBIRE L THRET S,

<ABRGRE 55>
NSRS, x ZHADNIZ L EIZ y=f (1) ZFHETDOEMEEN, y=f() 25260k
2 x BRDDOFEE LWEZEOMBEAEDLDN TS -
FREYOREE S22 oN-FH p, q WOV, nepq EFHET HOIIMIHESEL n(=pa) 2525
NTREDMLT p, g ZRODIDIFTEEL Y,
MO IRRIRE 5 X ON7z b, g x IZOWT, Y=8 (mod p) ZRDZOIIMBEEN, p, g v &5
26T, Y& (wod p) 725 x ZROZOITEELL,
NBRgEEE B X Of & LT, SSHIC BN TV S RSA Z/BAT5 -
<RSA(1978) > p, ! RERFHITONT, n=pa, M=(p-1) (g-1). e : M LFREHE L, ed=] mod
4% d ZRAET 5. MIZZ/pIXZ/ql ORIERE 7/ (p-1)IXZ/(q-1)Z OAHL) 2BREE (ne) |, W
#%E(dp, g M &L, &Y FIILRBEED, Avt—Y n (0wn)%, C=memodn EEBRLTC %
%5, ZUFIRERELANC, n=Cdnod n EEHRLTRICET,
BTHBICE D B fEbhTWADIE, DiffieHellman DRI R THS :
<Diffie-Hellman DOERHFHF(1976) > ABHSNT=KRELFEE p & (#p DHEMREGE (p) DFLE
BOARTe 2T, ALBRAENENESa, b 2RESES, AIEZBIZ(¢ modp) %Y. Bit
Al (£modp) %33, ThEh, k=€) modp=(ga)b modp ZFE L. R LCRET 5,
ANFRERE B HRUIR LTINS, SHEICRRIN I DA 720, REOIERE TS L & Z0FR
D, REDOTEOR Y WD IZITE0#E AV CEETERT S N OISk 3 2 2 L2350, DES, AES
EFHIN A EFREES FABNFCH L TH D,
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<SEH @S>
DES (Data Encryption Standard) X, ZALE TT A U W AREBAFOESIERERFIEFT NIST) 25, 77—
FHEROEREL U CHER L CE LR B ThH 5, THE TR EbN T, B DOEHT
DS TR SN D ERNBH T E 72728 NIST 1L DES 1280 D7 — F B OIFEHE L L T AES (Advanced
Encryption Standard) Z/AEE L. #%#E J.Daemen, V.Rijmen &KX > TBAR SN/ Rijndael &FEEIN
DEEBALFRDBER SN, EHobIEFREEFAL T BEYA XDT 0y Z7IZKY b7 —F
ZEBEICESLT 2 RFRESHNT, Try s A 77— LI TS, AES 13X, 128 (R
192,256) b’y hOIFEEANT, 128 (UL 192,256) vy MIEEIHNTZIFRIIE &R T,
LS RTETICRE R THRBEFRT, BHRITKRO L I IATEA TN S ¢
<AES D LKL &>
HEROYV A X, —EICERBTHERFIOY A X 128 €y hOBEEFEINTH, 201 6734 k
R ohi=tF T m 7 LT, 4 X 4R THRS, 31 1ED4 X 431 fDFT TR
F— 0226 1 0IZHR L TR, ABS DRMAHILRERIL, RO 4ODOBMENRLRD -
1. Byte Sub : /XA hOFTOANEZ (ENHOEEIZTHL, FHILT 0, 2T1DE Y M
D1 DOEDBEDD L HICANEZ DERE, BEAIIEI A FEFREGE (28) Ol RTHTE LY
(F27ZL 012 01287) . 1Tl L Fi% L o TEHTD,) 2. Shift Row : fTZLoVhmx (8
A PEACT, i 1TE (i=0,1,2,3) ZEIZ i 73 b7 b9 5,) 3. Mix Column @ F|Z & iZh&EE
D (B2 A MEEOZEXNE B2 L, BREOZBEXOMTEMT D,) 4 Add Round Key : &
EHOIRNETERVHE—DER (B FZLILT U FE—% EXR TX3,) Z0D4->0EH
Z.4, (1,2,3,4), ..., (1,2,3,4, 1,2, 4DIRIZATY, 72720, PEHBOT 7 F(1,2,3, 93 9E
BOIRT, E4THNRADZT VY RE—E, SV REF—005 1 0 2RI BIEICHE S,
<HEOR2HOBE L LTOELE>
BEIE. BE2ONE - TR LT, BT — 228N+ 58ChH D, LD DLz,
B XE LTS8 By MrbiE, 0R BT S RT b smmic et s e 62
HIENTES, @ - TEOBRUF L, HAT—F OEBERTE B/ SWER, fiFse L L 48
END, DEY, BT —FOXEBEZNANARFMTA LIS AT 770) B xic, B
FXBT v ZAHLIE> TN D, BEMEORVIESIMFE LW EX bhd, BRI, BEOR
EHOEERE LT RRANOEREL DR MAAERED X HITBOIZB), Il 1 O~ bR
EAGRT MOEEEEZDDN, t IRTTDZERR E ZICELIED 0, R EEHEHIREIC LY T
YR EZETELT LRI BROND IS 2 & T MBEARATRER Y BT ¥ A 7 OME %32
TE& D, FIZDESRAES D & 512, IFRES N CHMELER (S UV F) 2&0IELTESN A
FALHRUZONT, BROEBMEEFFH, REPICREL THEL TAHEWEE LTV 5,
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GI—TBZHAWVEESEIFAILEBE AT LDE
HE(ZDOINT

BREX - BT JJE %
(R F>rv—r7 Vx4 b B ER

1 [FL®HIC

T, Y7 RNTxTDRTRA— IR ENTm T4 VR I8, 740
HATFIEEAENADEVIBRRRERE L TS, ﬁfﬁ%ﬂ%%ﬂ: L, 77410
T EAEEERTLHLIV L7 7 ANVEREBLT A ELIZL-T, Z0ko7%
WA ENTE, 127 7tx%%ﬁ%Lﬁw774wwﬁﬁ%%aT
L, TrANEES T LY 7 Ny 2 TIEERICHBICEET A0, 0% 38E
Boao—HP—lhBd32y NIV 2N LT 7 A NVEEEZERT B LOTILAL.
AL TIE, Microsoft Windows 77w hR— b F T2 —F—2 LD 774
WHFIEKE LB 7 7 AV AT LEEINT 5.

2 J7AILES

KL AT LORESLT VT Y X LI 2000 FF 10 AL NIST[1] I L > THRE
Sivi- AES O Rijndacl Z8A L. 77 A L% 56T 521X, ECB
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[1] National Institute of Standards and Technology, http://www.nist.gov/

[2] PKCS#5(RSA Security Inc.),
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(3] BE, LA, THEF, #R{R, “E°F N —FiCBiT 2 83EE7, FIT2002, 2002
[4] MSDN, http://msdn.microsoft.com/

[5] NTL:A Library for doing Number Theory, http://shoup.net/ntl/
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B #AICELEROKEET.

(3) RFCHRFAOFEDO/KERZFKENS L&iE, BFCEEFAOBEEEREFLELL, IQT
SHAFALERFCREXRTEEMRTE. 0k, FOMETNTOERIC/LOLUTERRTH S .
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2. Discrepancy
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NX,J) B DFiz Ao Tw3 X DEDK
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EEREN TS, ABEIEENH 0D L,
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3. EXREH & —KRE
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EA2ELAEND S, THNFEFERES N 3 EXE OFRE LRETH S, B
REJDPHBFREDAZETEL L) LERFILLE->TVBZDIZRL, (tms)net % ED
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Discrepancy DFE¥ED 5 B2 LETREWVH)DIXIT- L TR R,

4. R&E

FIRE 1. RAUKES, EEREIBOHERSE Low-Discrepancy SEAIZEL SR LD,
E LAREETHE T RED,

M2, EREBRRAL T, KEHZHECL TERLLZEBEDX ) v b & 2Ok,

5. ZEXM

(1] H. Niederreiter, Point Sets and Sequences with Small Discrepancy, Monatsh.
Math.Vol.104 (1984)pp.273-337
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Group Testing and Positive Detectable Matrices

BERER - BT R, Meinard Miiller

Let C = {c1,...,cn} a set of items and o : C — {0,1} a map indicating the
state of each item. An item c; is said to be positive if o(c;) = 1, otherwise
negative. In applications such as DNA library screening (in this case, the items
are clones) one has the goal to determine the set of all positive items in C,
where a method is given to test the state of each item (e.g., by some chemical
analysis). To reduce the number of tests, one chooses a subset P C C, also
denoted as group or pool, and tests all items of P in one stroke. The state of
a pool is positive if it contains at least one positive item, otherwise negative.
This strategy is known as group testing which can be defined as the process of
selecting pools and testing them to determine exactly which items are postive
[1]. A group testing procedure is called nonadaptive if all pools are specified
a priori without knowing the state of other pools. In this case, the complexity
of the group testing algorithm is given by the number of its pools. Note, that
it must be ensured by the group testing procedure that every possible set of
positive items is distinguished.

For an overview of different group testing methods and some of their appli-
cations we refer to [2]. Colbourn [1] considers the setting were the set C is
equipped with a linear order ¢; <¢i11, 1 < ¢ < n, and has the d-consecutive
positive property, i.e., the set of positive items is a consecutive set with re-
spect to the ordering < and contains at most d items. His main result can be
summarized as follows.

Theorem 1 The complezity of nonadaptive group testing for o set C of n items
having the d-consecutive positive property is ©(d + logs n).

To proof the upper bound Colbourn designs a group testing algorithm which
proceeds in two steps. Let d > 2. In the first step, the n items of C are
partitioned into [n/(d — 1)] linearly ordered subpools of (d — 1) consecutive
items respectively (except of the last subpool having possibly a smaller size).
By assumption, at most two of these pools, which are then consecutive, are
positive. The items of these positive pools can be tested individually in O(d).
Treating these subpools as items, the general case can in this way be reduced to
the case d = 2 which is dealt with in the second step. To this means, Colbourn
constructs an m x n-matrix H = (h;;) over GF(2) by adding three suitable rows
to an incidence matrix of some Gray code and possibly deleting some columns.
From this matrix H he gets a group test with m = [logyn] + 3 pools which
accomplishes the task for the case d = 2. Here, the columns of I correspond
with the items, the rows of H correspond with the pools, and hj; = 1 means
that the jth pool contains the ith item ¢;, 1 < j<m, 1 <¢ < n.

In this talk we give a construction improving the group testing algorithm of
Colbourn [1] described above. The main idea of our construction is that in
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the case d = 2 one can distinguish up to any two consecutive positive items
if all columns of H as well as any column arising as bitwise OR-sum of two
consecutive columns of H are pairwise different. This observation leads to the

following definition.

Definition 2 Let H = [z1,%2,...,Zn] be an m X n-matriz over GF(2) with
column vectors z;, 1 < i < n. Define y; := z; V x4 (bitwise OR-sum),
1<i<n-—1. Then H is called a 2-consecutive positive detectable matrix or,
for short, a 2CPD-matrix iff the list

T1, T2+ 3 TnyY1,Y2y -+ 3 Yn—1

consists of non-zero, pairwise distinct vectors.

Since there are 2™ vectors in GF(2)™ one obviously has the bound n < 2™~
A 2CPD-matrix H is called full iff n = 2™~1. For example, the following matrix
is a full 2CPD-matrix of column size m = 4:

1 0 0

H =

== O O
OO - O
= O o

O = = O
OO O
O = OO

0
1
1

OO =

Note that in a full 2CPD-matrix of column size m all non-zero vectors of GF(2)™
appear either as some x; or some y;. By a recursive construction we prove the
following theorem.

Theorem 3 Let m > 2, then if there exists a full 2CPD-matriz of column size
m, then there also ezists a full 2CPD-matriz of column size m + 2.

One can easily show that there is no full 2CPD-matrix of column size m = 3.
Giving explicite full 2CPD-matrices for the cases m = 1, m = 2, m = 4 and
m =5, one gets the following result.

Corollary 4 There ezists a full 2CPD-matriz of any column size m € N ezcept
for the case m = 3.

We finally note that from a full 2-consecutive positive detectable matrix one
gets a group testing algorithm for the case d = 2 with m = [logy n]+1 pools. In
terms of the maximal number of items which can be tested by using a prescribed
number of pools, this improves Colbourn’s construction by a factor of four.

References

[1] Colbourn, C. J.: Group testing for consecutive positives. Annals of Combi-
natorics 3 (1999), 37-41.

[2] Du, D.-Z., Hwang, F. K.: Combinatorial group testing and its applications.
World Scientific, Singapore, 1993.
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2T 58 maxmin REZEZEZS. T7ab56, BREBRE n 252520 EL T O
WA EE A D, RHH IM$EZZL, D - 2OI—F—XT "Ml my (k=1,...,a-2)
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(2) a=17: N>Pp<B<1n<y< -
(3) 8<a<20: m>r>p <1<y
(4) 21<a<23: Mm>m>WB>pu<y <
(5) a>24 THDLERL k=0a/4—1 TR/MEZED, ZTORMMAITHREK

3.2 maxmin &
maxmin FHE ¢ DEIZHND S TR n/d DY > TNEESTS. 3 (k=1,2,...,[(a—
1)/2]) RARTER 51 5:

Y = %\/ﬁck[uk[ k— %{knl +(k—1)ng +--- +’nk}] , M =n/4.

ZTTHED n/2 DY TIVIE, 4 WMLFC Oy ZFESBWEEATHINCE S NS. i
B, k=1LAD I NLFC DRBEIT2< k<] OKREIZH > IIVIZES TN, DF
Dng=0THd ik, ERICEOEEPHROKEIZY > TIVEEDENZNOR
HHIIEEFRT.
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ASYMPTOTIC EXPANSION FORMULA FOR THE OC-FUNCTION OF THE

MODIFIED A-TEST IN THE MULTIVARIATE ANALYSIS OF VARIANCE
- PRACTICAL PRECISION AND EFECTIVE SAMPLE SIZE -

Minoru SIOTANI (Science University of Tokyo)
Toshiya IWASHITA (Meisei University)
Takashi SEQ (Science University of Tokyo)

1. The Modified A-Test and its OC-Function

In the analysis of linear model or regression model, the modified A-test is based

on the criterion
W= ~{n-L(p-mtl)} log A A= v |/ v +v |
2 ’ 0 h ‘o

where Vh is pxp dispersion matrix due to hypothesis, W VW _(m,2,Q) which is noncen-
tral Wishart distribution with m d.f., noncentrality matrix § and covariance matrix
L Ve is pxp dispersion matrix due to error, which is distributed independently of
V, according to the central Wishart distribution Wp(n,Z) . Hypothesis is H: Q = O.

h
The operating characteristic (0OC) function is defined by

Q = Q(psmsnsa,Q) = Pr{Wsw(a) |Q}=1 - Power function

where W(a) is the upper 1000 % point of W. No exact formula of QE for executing num-—
merical work is available.

The following asymptotic expansion formula for QE can be obtained from the for-
mula for the nonnull distribution of W given by Sugiura & Fujikoshi [Ann.Math. Statist.
Vol. 40, 942-952, 1969] :

3 6
- 1 * 1 % %k -3
= . _ % L * — b* G + 0(v

Q, = Q,(pomyns0,0) = GE+ zviélai Copt2i + 1oy izo 1 Cmptas T OO

where V =n - % (p-mtl), G’% = G’E(W(OL) ;0% ) is the value of noncentral X2 ~-distribution
with £ d.f. and noncentrality parameter w’=tr  evaluated at X*=W(a) and a’;, b’i‘ are

given in Sugiura & Fujikoshi (1969), which are dependent on p,m and
Sj - trd = Gf+9j2+...+ Gpj, 8 20 2...20 are latent roots of {- The OC-fun-

ctions Q; and ‘QA depend on the noncentrality matrix  through Sj .
2. Aim of the Problem

(1) To set up a Reference Domain D of Parameters (p,m,n,w), over which QA serves
as the OC-function of the test; (2) To comnstruct an approximate upper bound U = U(p,
m,n;0,{) on the absolute error of Q: ¥ ZY(p,m,n;Q,0R) = “QA_QEI such that, for
given o

Y 5 U for (p,m,n;R) & D

where symbol "A  B" is the relaxiationof "A £ B" and read it 'A is less than or

approximately equal to B'. (3) To give the users a useful but simple formula by
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which they can determine an effective sample size satisfying a requirement on the pre-

cision of QA’

3. Results and Comments for their Derivation
Main works were done numerically and experimentally along our prewvious: papers
[Siotani, Iwashita & Seo: Amer. J.Math. Manag. Sci., 15, 215-237, 1995; J. Japan Statii-
st. Soc., 28, 135-152, 1998] Readers should refer them.
3.1 Reference Domain D of Parameters (p,m,M,w): M=n-pt+l is used instead of n.

(a) 2 £ p $m £ 12,

Tahle Minlmum Values “u at (p,m)
() 05 w56, e et At i S Al Rl e S it il
(c) Minimum values M_ of M: » ( T T
o T11-——:»——-%-—-1----:—-—-—.—--—:-—-—~:—---€-—~—Ir---'lo-«vs
See the Table in the right side. A
10-—-{-_--4-—--:----4--—-,'---—-:-——-:-—--;»—— 60 — G4 — 70
Comments: Since the effect on the absolute R N R L]
. [mmhm e e e s op — o s b oo 50 — 54— 59 — G4
error Y in the case of rank{l=1 is worse A
than other cases, we have only to treat a"_?""‘E"":'—"TI""::""::""T_—TwT"T_T
safely the case of rankQ =1. ‘r—-—i----1:-——-'}---—5“——':———3‘5——-39—43~—~46——-51—-—-56
i N i 1
3.2 Experimental uppey bound on Y (a=0.05) 6~__2_____:#_”_|1___-3__-z!9 —alz——-a:s—-als—4la_4la_5L
- i ' H ' | l
UEXP = 0.83107 pmj5239m1'22437M 1.93142 5---1:——--,:-———-:—“2[:—2‘5—z!)~a‘2—a||s»—nla—4r-—4:a
P [
% exp{-0.28126 (0~ 3.83526)%} 3 4 ‘"i‘“"‘.-"'ll"'—2|°-2,3—2’5 ——2l7 —2!9——3‘2-— T_T
i i
U* - logU = -0.18504+0.75239 1o P 3—--IL---1'3——1.’:—17-—-19——21—~23—25——27——29-31
e ExP 8 R
2——-9——10—12—1]4-—&_6——\‘7—1'9—20-——22——25-——2‘6
+1.22437 logm - 1.93142 log M ~ 0.28126x IR

2 3 4 5 6 7 8 9 10 11 12
X (w-3.83526)%,  (p,m,M,w) €D. —n
Comments: Steps for the construction of UEXP or U;XP are as follows: (1) To set a func-
form of U, (2) To estimate the constants involved in the functional form by the method
of least squares based on the data set {Yr P W ,Mr,wr: r=1,2,..,132}; Y‘r were com~
puted by carrying out the Monte Carlo simulation of large scale for QE' For the choice
of parameter points (pr,mr,Mr, Lur) > refer to Siotani, Iwashita & Seo (1995, 1998). (3)
To check the effectiveness of the constructed upper bound based on the data used plus
additional data not used in the construction.
3.3 Relation between Effective Sample Size and Precision of QA:
Suppose we wish to know an effective sample size n or M=n-p+l satis-
fying Y X Ums Y or Y* L U’éxpé logyY for a given small positive Y and given p,m.
Using the formulae in 3,2, we obtain (0 =0.05)

logM 2 L or M= n-ptl 2 M'L = exp(Lp o Y) for all values of w,
3 >

p,m,Y
where
L = —0.0957¢ ~ 228Y _ 4 0.38955 1og P + 0.63392 Logw.
p,myY 1.93142
If a value of w is fixed, we have
M 21 () ='exp{Lp,m’Y (W)}, where Lp’m,Y(w)} =L my - 0.14562(w - 3.83526) 2.

4. An Application. If the users wish to design the modified A-test by determining a
sample size satisfying the requirement; 0,=0.05, whenever w 2 Wy, H: Q = 0 should be

rejected with a probability greater than or equal to a given value PO; is easily and
safely excuted with QA function or QA-curve with the domain and precision given above.
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BED TR TFL > SAEERO RSSO BB
REET (k) &7THE

1. @Lsic.

WENS, BESFRULFL OEAERIIHIERROBEHZICIDEEIN TS, Z0Z4
BRI TEZRTAKEBEER EOBME NN LEZZ<OMIEE L TEEREINTY
Do LinL7ains, SEBRBLLIE, M1 0FE IO ORBEOBENT YFIZERT S, ¥
KT, AABREDEBEMNARAESIIKESINFEITTE /-,

S, BABEEZAVWZHTRAREVWSBANSERIRBO TELMHEZHETAIEICLD,
EEOBENRKAZ —BICHRTIIE2HENE L TEREIZEFEL .

2. BUGEHE &R
2. 1 8EH

AR TETHEA SN EEFEIL RS EEBETHE-0EKT S, —CDOERITHERIROEB
EOTRULIFL I ENNERO LFICED ZBLS CETIELRNSEERET 5,

—RITHEFEICEIL T, BRI TICEL TR 0EBROERAIMBEINTNS, ZTNH2EL
T5HEMEIZ2ERED ATy TERTITONS, FTE BB TREHICIUENEI S, O
FETIIEBANEFEL T b, FENWTW - < D EEEAEEN S DINHETEICEI D DRINTNE,
AL TV L, BRIROBES TR IF L ICBWTHRABEA T O AN TEENS,
2. 2 EAHEE

BRETEOBME, EOREICL, L2HFOREZ2 709 2RICh=0E - ItT52&T
BB, TRENY—) EE5TEIF, TOavl20EQHSMSS T T LTH, FOEREKE
BIIHHIT2EWD T ETHB, BB, (1) DRV DZ ENEEMETH B,

=B XER (1) HU. BIItpAIERK.

AL, HENKENWENEF L WD, F40uizE0, (2) REEALBEELL-,

(1468 =BX (1L/ER) (2)

3. BEROEE EEIN
3. 1 ERDZEFE
(1) EBHF

ANESE. 7oy 7 ERBOHERE L, HARZE 500, 1000, 20002 3 /KHEZ L L THERE L 7=,
Wkt 5 0 C T2 4 MIEMBEREZHIE Lz, ERISFEEENUREARVEL, ZhE2HD K
WTEEZAIEL-E0ETABLVELE>TWS, HAESTHD 7Oy 7 EBEOBEITA
BHUE TR,

(2) BEKRF
MERTE L TEREIEZED BF-. BRIz, P1BM (UFPIEEXY) &P1,P20
BeYW (BESGAOESETHD. UTTKEET) &L,

(3) HIEIRT &4t

FlEHRFIIEENRKENEFHINTWS, 28E (FREE ., BRICMIDEN WE).
FIRBROBRTICERBEEZ ANDIEEZEEL T, TLOFHRETEAMEER L, FEEK
FIIERZERL 1 8ITEID 117,

4. REBAELERER
4. 1 EBRFL

EBRIITNEN 50O EHOEEHSUEZER L. BiEe RERSEROED 2R Y, 5
FEIFITAR, BERENNSY — > THEREL 7=, (A8 500, 1000, 2000g D3,
BB S 2 T8 (T0K,P1) SET6 MEBOSAAZMRFICHEREL .

4. 2 KERHER KRR
5. SNEOFE fhRlL=&Diz. EXEE
(1468 =8X (1/88) &L, T—9FHL TRDFAEETH =
5. 1 FEAHE
y= BXNIZBWT, v |/KHE M:l/EE A HRER &95,
SNEE () 1E. B2 kR TRENS.
(8, - V)

_.1
= 1010 Rrog+Rp;
n g v

N
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5. 2 HEHRE: SNILLBREDOIHERKRZARKT 5.
6. BERZEREBERME
FRHEEEZ NS TNESNENKREL 2D, TLCERBHIVESTHIET, KON
EREL (L) HEDBIEBRBLTNS, REQOERDRN, LI, HEZAKETHIC
i3, BEREERZEL, BREREZETHOMENTH S, BIVSKERLZAS, RAHAN TR
BEELLTHHERRDEDEERNWI LMoz, HEFHEOESHETVREEIRD 72,
RIERBOMBENAEL, BRBATRE > ZFREREMETLARWED EEDNS,
BIRLZBEEE O AITRT. WEMOBRIIRDEDTZNOT, EREZEZERL TH#A
MraL 2RIR L7z, BERERERIL, BRE (MEZRELAEW) LRBT HLEHEEZERL T

MZ&RH LT,

33 G@mﬁ@?&#mzﬁ
ot D
SN
tt 27. \ }3.0 i ] \ )
(db) o4 AN /
T 53 RERUHBRBER o,
22 ; ;
1 2123121 31 31 31 31 3 SN l B E
o H T LS
" % % B 5% Z ] # F|mBHE # = |RREE
% = 17; 2 om ?,3 & BBEH | 410 385 | 284 | -330
(Xg) (°c) (%) (Cc/min) (%) () BITEY - 24.8 - 3.63
B3 SNHEOERIER B - 13.7 - 03
7. FERER

M3 OFERKT, AR L= HIEEFRICEEL. ERECAERBEEIE L 2. HEEEHRER
MRELETHESNIE, BELBHICHRENENTNS, %£3

8. MR TOME
UERLTHONRHESGAICLD, SEEROESICEHALAER. WTFRes /NI Y FEIUN
<oz,
9. £&®
SEOBETFICHEAICLD, EHMICESBENZRERES —BIC@R$T2 2 &0 Hskx,

~ (H, FEIOHARRICBNTHEHRO 2, F50ELEOER LT/ L THE LTSS
BORWTETH S.)
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Efficiency Factor of Split-Plot Designs

BN B ERT  NE 54
RBUEFILK - T A #Z

2DDERAECHHD, HFERIT v, v MOUE OKkHE) Z2HDHOD
L5 Fiz MEOTOYvIRHD, £T7 0wk 8D wholeplot 1T
73EIX 3, & wholeplot {3 ks D subplot IZ73EI S N TWT, EH A DL
78 wholeplot 12 LT E 1, EK C DULEEAS subplot 123 U Tt & 41
5HbDETSB. L, 12070y 7IZRNTIE, BERCDREU k@D
QLIEAYE wholeplot @ subplot IS 5. T DL D7% design & split-plot
design X, T Z T, ki < v, ky < vy THD incomplete split-plot
* design (ISPD) 25 X, SERNOUEOMER A,C) (w=1,2,...,v;j =
1,2,..., ) 283070y 7 8IE—F (r) £T 5.

ISPD O#EETIVE LT, MEHRNBETHY, 70y IZE, whole-
plot 1%, subplot IRV HERER THLHEAET N EEZLS. £/, 3
BBEOEMEAIL, (1) 70wy OEERL, (2) %7 0w D wholeplot D
RAEA, (3) &7 10w 7B 5% wholeplot D subplot D#EIEA(L, %
EAZ5. iBHOUHMYHR 1, &

T, = U + Q + Y; + (a/}/)wﬁ i = (U) - 1)/02 + j’

(w=1,2,...,0;5=12,...,0) &F 5. =EL, pld—MFEE, a,ld
Ay DEBR, v 13 C; DEDR, (ay)w; 1E A, & C; DRZAERZRTH
%. Multistratum analysis IZBWNT, ITNSUEHBEOM L EHEET S
& &, ISPD Tid, (I) inter-block stratum, (II) inter-wholeplot stratum,
(I1I) intra-unit stratum @ 3 DD strata WEE E725. & stratum DIFHR
151 Ay, Ay, A3l

1 r? 1 1
A = —— |~ = v1v2) = —NoN, — NN”
! k1k2N1N1 bklng” A2 k2N2 2 Lk, 1
As = rlye, — —1—N2N2'
ko

KXo TEALBN, As/r (f = 1,2,3) DEFEZ ISPD D stratum effi-
ciency factor (cf. Houtman and Speed (1983)) ZMX. ZZT, Ny, N,
i, ALBEofeEEToyy, EOHER & wholeplot DERTTHITH
D, L idn ROBATH, J, ARZBTXT1IDnx nDITHNTH .
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A|ETIE, ISPD W T 57/-9DIZ, square lattice design & rectan-
gular lattice design # 1% . Rectangular lattice design % wholeplot @
SLEBEHE], square lattice design % subplot DLEFEIZAIE S B, T
5 @ semi-Kronecker & (cf. Mejza, Kuriki and Mejza (2001)) iZ & > TH
RENBISPDDEEALS. ZDLEE,

2
U1=81(81~1), vy = 85, ki =81 — 1, kg = 89,

b= s1537, r < min{sy, s + 1}

THO, ROEENPRFLND.

Eﬁ 1. NlN{ &ilﬁﬁ{[ﬁ ?“(31 - 1)82, 8189, (81 - 1)82, (81 — ’I")SQ, 0 753 {'_)
B, TOEHEEILL (r—1)(s1—1), rsi(s2—1), s1—1, s185(s) — 1) —
{r(sy = 1)(sg— 1)+ 1} THB.

Eﬂ 2. NZNé @i@ﬁﬁrsz, Sa, 0 ;E%)B, %Qi?ﬁgbisl(slv—l), 7’81(81'—
1)(sy~1), si(s1—1)(s2—1)(sa—7r+1) TH3.

EE 3. DL generally balanced TH 5.

INSDOEEMNS5E 1 D stratum efficiency factor BRDH 55

7 1: stratum efficiency factor

rContrast l HEE l I { I ' 111 J

A (r—1)(s; —1) @-“_LIF I—Gl—s‘jD—T

s1—1 _(:81}——:{)7 1- (ssll:lr)r
(s1—=1)(s1 —7)—1 - 1

C r(sy — 1) x - 1-—

s3—r(sg—1)—1 - -
AxC r(sy —1)(s2 — 1) - 2
rsi(si —2)(s2 — 1) ; %
{sisi—-)—1H{sf —r(sa—1)—1} | - -

H5 2 DDFHEIC L DR T 15 ISBD @ stratum efficiency factor 735
ZENTVWSR5E, FED 2 DOFTEICL DRI NS ISPD @ stratum
efficiency factor KD 5 Z EMTES. LML, #ITISPD 25 ISBD D
stratum efficiency factor 2K 53115 LIIfR5F, ISPD T®DH stratum
efficiency factor #1325 Z &N T & 3 ISPD I3ERENWDTTH 5.

—182—



GD-OPTIMAL BALANCED FRACTIONAL 2™ FACTORIAL DESIGNS
OF RESOLUTION R'({1}{ 3)

Masahide KUWADA (Hiroshima University)
Yoshifumi HYODO (Okayama University of Science)
Dong HAN (Hiroshima University)

We consider a fractional 2™ factorial design T with N assemblies, where the four-factor and higher-order
interactions are assumed to be negligible. The vector of the 1, factorial effects not to be negligible is then
given by ©’=(&,;6,;68,;6’), where v,=1+m+m(m-1)/2+m(m-1)(m-2)/6 and §,’={ (}«,_,ul l<h<...<t,<m}
(O<u <3). Under these situations, the ordinary linear model is given by

Y(T)=Er© +er,
where y(T'), £, and e, are a vector of N observations, the design matrix of size Nx y; and an error vector
with mean 0 and covariance Iy, respectively.  The normal equations for estimating @ are given by
M0 =E£:y(T),

where M, (=E;’E;) is the information mairix of order +,.

Definition 1. When the ( £+1)-factor and higher-order interactions are assumed to be negligible,

(I) if all the factorial effects from the p-factor interactions to the (p+f)-factor ones are estimable, then a
design is said to be of resolution R({pp+1,...p+f}] /), where 0 <p <p+f< f. Especially when p=0 and
p+f={, itis of resolution 2 £+1, and when p=0 or 1 and p+f= £-1, it is of resolution 2 7,

(1I) if at least the factorial effects from the g-factor interactions 1o the (g+g)-factor ones are estimable, then a

design is said to be of resolution R"({g,g+1.....g+g}] £), where 0 <qg <g+g < /.

Let Tbe a 2™-BFF design derived from an SA(m;{ A, }). Then the information matrix M is given by

5 & M) ) e oM pr-pp sy
- u,vy u v- wy
Mi=33 & truals” =23 ,Z Dy

where
1= 22 -1’ (;)(j'_"i'+’p) 2, for0s<ix<6,
K= 2 VoueZi P for0<susv<3-Band 0<p<3),

o (i B 1) e

By using the algebraic structure of the TMDPB association scheme, the M is isomorphic 1o || Il(-]\ﬁ,
say) of order (4-p) for 0 <5< 3.

Proposition. Ler T be an SA(m;{ A, }). Then rank{Kz}=r, (0<B<3) if and only if just rg of the indices
A (B<i<m—p) are nonzero and A, (j=i ; f<j=sm—p) are all zero, where rg<d—f. And if rank{Ky}=r,
(=4-p), then the first ryrows and columns of K, are linearly independent.

A parametric function C@ of © is estimable for a known matrix C of order +, if and only if there exists
a matrix X of order 4, such that XM, =C. If C@ is estimable, then we have Var[CO |=o’X M X",

Theorem. Let T be an SA(m;{ A, }) with N<v, andm =6. Then
() Tis of resolution R({0,1,2}| 3), i.e., resolution V1, if and only if one of the following holds:
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(1) Ae+ Ay =0, A, =0 (@=1n2n-1)and A,=0(j=i;2<j<2n~2), where m =2n,
(i) A+ A, =0, A, =0(@=12m-2)and 2,=0(j=i;3<j<m-1),or its complement,
(iii) 24,20, A, =0(@=12m-2,m-1), A,=20and 2,=0(3<j<m-3), wheremz=17,
(iv) A =0(@i=1,3,5)and A,=0(=i;0=<j<6), where m=6,
(v) A =0(=0,24,6)and A,=0(j=i;1s<j<5), where m=6,
(II) T is of resolution R({0,1}| 3) if and only if one of the following holds:
(1) A+ A, =0, A4, =0(=1pm-1;3<p(#m/2)<m-3)and 2,=0(j=i;2<j<m-2),wheremz=7,
(i) A, =0 (i=0,1,n+1,2n+1)and A, =0 (j=i;2<j<2n), where m=2n+1, or its complement,
(iii) Ag+A, =0, A, =0(i=12m-1)and A,=0(3<j<m-2),or its complement,
(IIL) there does not exist a design of resolution R({1,2}] 3), i.e., resolution VI,
(IV) T'is of resolution R({1}| 3) if and only if one of the following holds:
() A =0@=1,2Tand 3,=0(=i;0=j<9), where m=9, or its complement,
(i) A =0(@=1,2,5) and A,=0(=i;0=j<6), where m=6, or its complement.

Let K;=PK,P’and K =K,(1<y<3), whereP:diag[((l) (1)) ; I,], and further let

X0 ) =1, if det( K))=0,  xi(a) =1 if det( K ) =0,
diag[ 1; 8" (@); 87 (@)]  if rank{ KG}=3, diag[ 1,87 (@)]  if rank{ K }=2,
x(e@)=1 if det( K;) =0, (o) =1 if K0,
g¥(@) ifrank{ K;}=1, vanish  if K;=0,
where if rank { K } =3,
g’ (@) =1 ifa=0, g*@)=1 if @=0,
/(1 +|w,|) if =1, 141 + | w;|) if a=1,

Ufle ) ifa=2, Vflewy)?  ifa=2,
and if rank{ K7 }=3~y(1<y=<2),
grrt (a)=1 if a=0,
/(1 +|w, if a=1,

Uflew,) a2

Let I:.’;, be the matrices given by the first r; rows and columns of K, where rank{ K }=r;>1 for 0
<fB=3. Then the covariance matrix of the estimators of the linearly independent parametric functions in
C@ is isomorphic to oy (a)f(;"j(;, (o). Thus we define V;(g) as follows:

V(0= s [det{ z; @K; ;@) 1%
Definition 2. Let T be a 2"-BFF design of resolution R({1}| 3) (or R'({1}] 3)) with N assemblies derived
from an SA(m;{ 4, }). If V(@) <V, (o) for any T", which is a 2"-BFF design of resolution R({1}| 3) (or
R'({1}]| 3)) with N assemblies derived from an SA(m;{ A, }), then T is said to be GD ;-optimal (0 < ¢ <2).

Since )}ﬂ (@) (0sB=<3;0<a<?2)are diagonal and nonsingular, we define V7 (g) as follows:
V)= Mslde{( 3z @K; " x; (@)} 1= o [det {K;} /{det{ z; @) 1%
Then we have V;(a)=1/V,(a). And hence Vila) =V, (@) if and only if V[ (a) =2V (@), where T, and
T, are 2™-BFF designs of resolution R({1}| 3) (or R'({1}] 3)) with same number of assemblies derived from
an SA(m;{ 4, }) and an SA(m;{ A, }), respectively. Using V7 (a), we can obtain GD_-optimal 2"-BFF de-
signs of resolution R'({1}] 3).
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Further results on partially balanced fractional 2™11™2 factorial designs
of resolution IV

Subir Ghosh (Univ. California)
W IEF (RBX - BERF)
LB &S (F (LUK - B, [EE 8 2R

B 51 A BLS SPBA (my +my ;s {Nii, }) (e. PBA(N, my+my, 2, my+my; {Mii,}) 2 HHE6
nBH pmtme. ppFF u]"l-.] T %%&é 2L, 3RFLL EORmMRZBEERITERATREL U, my,my > 2
D ZOLE TIESSHBEL, cly(T)] = Er®, Var[y(T)] = ¢’Iy THEROLND. KL
y(T): N x | BAE~ 7 f‘ll/, Er : N x v(my,ms) HETTI, © = (@) ; Oy;0p, ;05,: 04, ;0,,)" :
2- WP REAFRZETO v(my, my) x 1 BERSHREANT bV v(my,my) = 1+ my+my+ (M372) THD.

ETMDPB 7 ¥ o3 5 WA ol = [DF 0% ) o B % T, 888 My (= B Er) 1,

PLILE Dby py#E(ar+Frast @ bi+Biba+p2)
M ZU; Zu.lu; Zb by Hlﬁ DHlH

THZLN, ROT7 a7 fEITPNCHE L 225

310 du1 [2 00 oz P11
diag(Koo: Ko, -+ Ko Kox, - Kors Koo, -+, Kooy Koo, -+, Kooy Ky, -0, Kqy)
L dp = {00 = () H{(52) = (2) } 488 Ay, O DBIBAE B & T 5 TRFF

5 Ky, (= [R5252052]) (8 B3 = 00, 10,01,20(m; > 4),02(my > 4), 11) 1,
KM?:{U%m&mDmQWMM%m%mJ G5 £

0 (H(3152) = ¢)
ThHzbhnsb. Z W H(B13s) —-{ (i1, 19) I/\“u;ﬁ() ﬁk<lk<mk—ﬁk(k } Dﬁlgl.(ﬂll,nlg)
D B ATH b OAITI, B,y HBIREN,, ,  OFE (Hﬂ;wﬁ)mhaﬁﬁ&g

3V

HETDATH, Dy, EFIEERA,, S CDEF?J61E1[€Fa§§ﬁ(%ﬁﬁ%§¥k‘B’Jﬁ‘fﬁﬁﬁﬂ’@i’)é

%ij‘ﬁ.‘?ﬁ:glj L[jﬂjz = [(/Zt;z ob1ba ](/31,{3'_) = 00, 10,01, 20(7711 Z 4),02(7723 Z 4), 11) %MKTE%‘?‘@ :

%m:{%m%%(mmm¢@
0 (H(B1582) = ¢)
Dk E, rank(Kg,p, (11, -+ 1)) =rank(Lg, g, (i1, -, i,)) BV LD, 727EL
X(iy, oo dn) (11 < o <dp) 2 X Dy, oo 3,9T, 4y, L PINBRD r x r EITTHITH B.

A& Tix, ETMDPB 7V v — 3 3 Y REOHE S L TAIFRAZAWT, kO (A)~(E) 128
JOBERMBEANY FANREERIRE & 22 D 6L IV 0 2™ 4m2- PBFF SHEIDITH Lg, g, 12 £ DREAT
BLOENLOFRE{To1

(A) et = (Ofy; O Opy 5 Ohy s Opy)

?

B) ©° = 04001y Bp; ;0 ;(9/11)’ (or (@pg; Oy : 04 : Oy ; @In)l)

(B) (

(C) 0= (660 ; 6/10 3861 39/20)1 (or (@60 ; 9110 §®I01 ?66‘2) )
(D) = (O ©y; 05, ;0],)

(E) (

D) ®P
E) OF = O ; 105961)1
(A) DIFEE

FE1 0% = (0h);0],;00, ;04 ;00,)  H#EETEE < Luyo(= L0 £ 0(m; > 4),
Luz(= €9%") # 0 (my > 4) B EUROSEME (1) T2 (I1) 23 Y 310 ¢
(I) det(Lgp) # 0 DBE
(i) det(Lg) #£0 D& X
(a) det(Loy) # 0 D& E Ly (=0 =0
(b) det(Loy) =0 D& & my =20y (ny > 1), det(LA(11)) #0, £55'° =0
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(ii) det(Lio) = 0 D& & my=2ny (ng > 1), det(LfH(11)) £ 0, 45" =0, det(Loy) #0
(11) det(Lgo) = 0 DHE
my = 2nq (ny > 1), ma = 2ny (ng > 1), det(Lgy(11)) # 0, 6ottt =0, det(Lyg) # 0, det(Lo1) # 0
P12 LA(LL) : Loo DEAD 5 x 5 BATTH 5 Liy(11) : Ly DRAD 2x2(my > 3), 1x1(my =2);
LA (11) 0 Ly PTAID 2 x 2(my > 3), 1 x 1 (my =2)
(] % mn (= 00,10,01,11) R LT, det(Ly,,,) #0 = AR WO bikETEL 25,
L Aflpeatits) . pElaeaita) g naia,) x n(biby) WHTTF (n(ara) = (7)) (72))

ay az

{5‘] 1 T %SPBA(?-’-Q;{AOO = )\01 _ )\02 :)\11 = /\20 :)\22 = ]., )\1() =)\12 :>\21 ZO}) &—3—5

ToLxE,
(6 2 0 8 4 0 | 10 2 2
Lig = Loy =1 .
2 20 0 4 -4 0 0 0 2 4
i 0 0 16 0 0 0 det(L1o) = 0 det(Lgy) = 4
“Tls o4 0 4 18 0 Lua(= £909%) = 1
4 —4 0 16 24 0
000 0 0 0 16

det(Lgo) = 16777216
— det(Loo) # 0, det(L1o) =0, LA(11) (= £57%) #0, £35° =0, det(Loy) #0 THBMH
O AR THB. & 5ITdet(Log) # 0, det(Log) £ 0, Ly (=£0%0) #£0 L9 A% e,
AR, AR e, bIEETREE 5.

(B) DB

FHE 2 OF = (0),;0),; 0 ;04 ;0,) HEETE < det(LE) # 0,
LB (= 590 £ 0 (my > 4), LB (= £7°°) # 0 B L UORD SN (1) F/cid (1) R0 3>

(I) det(LB)) # 0 DFE

(i) det(LE) #0 DL & my >4, LEy(=Loy™) =0

(ii) det(LB) = 0 D & & my = 2ny (ny > 2), det(LB(11)) #0, £ =0
(I) det(LB,) = 0 DBE

my = k3 (ky > 2), det(LE(11)) # 0, £Log™* =0, det(LE;) # 0

7272 L LB(11) : LB, DD 5 x 5 EWH1TF ; LB (11) : L OFBHID 2 x 2(my > 3)

2 T%SPBA(2+4;{dos=Ai1=X3=Aa1 = Az =1, Aoo = Ao1 = oz = Aog = Aso = A1z =
)\14:/\20:/\22:)\24:0}) &@’_5 :@t%,

(5 —2 -2 2 —4 0] s |20
Ly =
-2 12 -4 —4 -8 0 | 0 8
P e e e e A det(LB,) = 16
v 2 —4 -4 20 —8 0 [ 5 —2 -2
—4 —8 -8 -8 48 0 L= -2 12 —4
0 0 0 0 0 0 | -2 -4 20

det(LB) =0, det(LE,(11)) = 262144 det(Lg;) = 960
(=) =0, IR(=41") =2
= det(LB)) = 0, det(LB,(11)) # 0, £52°%2 = 0,det(LB,) # 0, det(LE )neq0, LB (= £15°°) #0
ThHBEND OB IHEETETHS. &6 det(LB) £0 &0 AT 2@y, bitETERE 25,
(C)~(E) DHAICHET 2 EEB L UBIZ oW TIIEET 5.
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A-BE—HEEERFEO Y I = L—3 3 VL AREE

AT TESE  RKKRT
MPERFERERFER BRI

1. [FL®HIC
ROESIRBHETNEEZD.

y=E0+e, V(e)=c’ly

TIT v=1l4m4 (D) ETBEL y(N x 1) RBRESY b, 6(v x 1) k2 EFREERET
DRI~ P, E(N x v) RS B EETH . e(N x 1) [ EBRERY b, o2 [ZI8ES
B, Iy ITKEE N 0BT THS.

0% 0 DRESHAREER, M=FE CTMRBEATHHETHL,

16 -6|>=eEM™*F'e

P =eEM 2E'e L TBHEE, FRET, MEZZEX T Ial—valildoTy DEZL~DT
&L trace(M~!) (A-optimality) ZIEEEL TH B,

2. H&

b OHETCEERBHTHS M-2 ZHETH L &, BA(OA) O L XI0iE, FHEOME L HEEL S
DHHTHIT, RDE I 72 Ko (Shirakura,T. (1993) B8 OMEEZHHL TV 5,

M D@5 (yo ~ va) 1. T8 po ~ pa 22HEIN, EHIT. M X BT K (8=0,1,2) T
RRIND,

EE 1 ME 40 BA »OENNDIREES ORFEICH LT, M2 FK;? (8=0,1,2) TRRSND,

LiestoT, M2 oE® o{7) i, K72 OE# &, #AVT, RSB,

EL, BA CRVHENHEIE, Erb, EHE M2 #HLT, HELTWHS,

2ODHBEOREETHIZIE, THLENZ N(0,1) IKEIE-TBREEZEZX T, ¢ OEEZKEL,
BOASNFRINE LT, TOEEEHL TS,

ITORETIE, N =232 m=00DFERET2EF 5, FHEETEARMNIZ 100 TEIOMED RLE
1T-> T3,

3. ELUERE
3.1 OA £S5 LOHE
1) & OA(32,6,4;1) (trace (M 1) = 0.6875) #%& x5, {BL. Q(6,k) VX weight( 1 DEE) 2% k
ThHrNHEBESEOES LTS,
OAT1 : Q(6,1) + (6, 3) + Q(6, 5)
OA2 : Q(6,0) + Q(6,2) + Q(6,4) + Q(6,6)

1
0A(16,5,4;1) |

0
0
C HEERER (BHE L DR R ER)
BE1-3HE2 | #E
OAL—-0A2 | 0.499608

OA3 - 0A2 |0.500254
OAl — OA3 | 0.499859

OA3 :
0A(16,5,4;1)
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[#3] OA X5 LOHBITIX, v OIS, BB,

3.2 OA & BA, BA ¥5 LOHE
Fl2) WOXIRN=32 m=6 BWEX4DBA 2EZXD,

BA1 : BA(32,6,4,{3,2,2,2,1}) (trace (M~1!) = 0.7250)
BA2 : BA(32,6,4,{4,2,2,1,4)) (brace (M~1) = 0.9179)
BA3 : BA(32,6,4,{5,2,1,2,5}) (trace (M~!) = 0.9495)
BA4 : BA(32,6,4,{4,2,1,2,6)) (trace (M~!) = 0.9510)

* QAL L O#E, BA Y9 LOLEBRKR
{BL., LD Ttrace DE] T, FEEHzL T35,

i 1 —§HiE 2 ElE trace ME
0Al — BA1 0.543744 0.0375
OAl - BA2 0.725632 0.2304
0OAl — BA3 0.767273 0.2620
BAl - BA2 0.719888 0.1929
BA2 — BA3 0.532147 0.0316
BA2 - BA4 | 0.534347 0.0331
BA3 - BA4 0.501592 0.0015

[##] OA £ BA, »3WIBA &5 LTI, trace (M ) ICRE-TEDRHL LI THD,

3.3 BA DS OETE & OLE

Bl4) DK S5 7% BA TRUVWEHEL . BA,OA ZLBT 5,
DES1 : BA(30,6,4,{3,2,2,1,3))+ 1100004000011 (trace (M=) = 0.8966)
DES2 : BA(22,6,4,{1,2,2,2,1})-+10 77 (trace (M 1) = 0.7965)
DES3 : 641535 1 05 & ICRAT (trace (M) = 1.3254)

1 —EHE 2 EE trace D ZE
OAl - DES1 |0.707833 0.2091
OAl - DES2 | 0.62274 0.1090
OAl1—-DES3 | 0.87314 0.6421
BA1 -~ DES1 | 0.668055 0.1716
BA2 - DES1 | 0479637 | —0.0213

[##] BA TRVEHE &L HANTYH, trace (M) KREAEERHD LI TH D,
4. BHYIz

simulation (2 X > T o DEZH~BZ &L, A-optimality (ZHV B S trace (M) OBEVR X
<HIBFLTWBZ ENRgh o,

BEIZ. trace (M™Y) OZEMN/DE (0.032E) L &L, BLALERHTIRWIE baholz,

&I

Shirakua,T.(1993). Fractional factorial designs of two and three levels. Discrete Mathematics 116,
99-135,North-Holland.

Nishii,R. and Shirakura,T.(1986). More precise tables of Srivastava-Chopra balanced optimal 2™
fractional factorial designs of resolution V, m < 6, J. Statist. Plann. Inference 13,111-116.

Srivastava,J .N. and Chopra,D.V.(1971). Balanced optimal 2™ fractional factorial designs of
resolution V, m < 6, Technometrics 13, 257-269.
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