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FUNCTION SPACES WHICH ARE STRATIFIABLE®™

By

Bao-Lin Guo

Abstract. Let X be a compact metric space and Y a stratifiable
space. By C(X,Y), we denote the space of continuous maps from
X to V' with the compact-open topology. In general, C(X, V) is
not stratifiable. In this paper, we show that C(X, Y) is stratifiable
if ¥ satisfies the condition given by Mizokami [Mi]. And we con-
struct a stratifiable space Y such that C(X, Y) is not stratifiable
even if X is countable and compact.

1. Introeduction.

Let X and Y be topological spaces. By $X), &X) and 9O(X), we denote
the families of all nonempty finite subsets, all compact subsets and all open
subsets of X, respectively. By C(X,Y), we denote the space of all continuous
maps of X to ¥ admitting the compact-open topology, whose open base is

{M(Kn o, Ky U, -, U,)|neN,

K,eQX), U,e(Y) for i=1, -+, n}
where
MK, - K,; Uy, -, U,

={felX, )| f(K)cU, for /=1, -, n}

A regular space Y is stratifiable if it has a o-closure preserving (abbrev. ¢-CP)
quasi-base @ [Ce] (cf. [Bo,]), where @ is a quasi-base for YV if for any y<Y and
each neighborhood U of y, there exists Be® such that yelnt BCBCU. In
general, C(X, Y) is not stratifiable even if X is compact metric and YV is strati-
fiable. In fact, Borges [Bo,] constructed a stratifiable space ¥ such that C(I, V)
is not normal, where I=[0, 1] is the unit interval.
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Similarly to C(X, Y), the hyperspace &) with the Vietoris topology is
not stratifiable even if Y is stratifiable (cf. [MK] and [Mi]). In [Mi], Miso-
kami gave a condition for ¥ such that ®Y) is stratifible. In this paper, we
show that if Y satisfies this Mizokami’s condition then C(X,Y) is stratifiable
for any compact metric space X. Cauty [Cas] proved that if ¥V is a CW-
complex then C(X,Y) is stratifiable for any compact space X. But any non-
metrizable CW-complex Y does not satisfy the Mizokami’s condition by [Mi,
Theorem 4.3] (or cf. [GS, Example 3.2]). Therefore our result is independent
from Cauty’s result.

By C,(X,Y), we denote the space of all continuous maps from X to YV
admitting the pointwise convergence topology, that is, C,(X,Y) is a subspace
of the product space Y*. Note that if V" is stratifiable then C (X, Y) is strati-
fiable for a countable space X, since it can be embedded in the countable pro-
duct space Y of Y (cf. [Cel). Thus it is natural to ask whether C(X,Y) is
stratifiable for a compact countable space X and a stratifiable space Y. How-
ever it can be seen in Section 3 that C(X,Y) is not stratifiable for a compact
countable space X and a stratifiable space ¥’ which is constructed by Mizokami
in [Mi, Example 2.1].

2. Main Result.

For a family @ of subsets of ¥ and ACY, let BIA={BNA|Be3}. We
say that @ is finite on compact sets (abbrev. CF)inY if 8|K is finite for each
Kc®X). And 8 is ¢-CP-CF if it can be written as B=UneN B, such that
each @, is CP (closure-preserving) and CF in Y. In this section, we show the
following theorem.

THEOREM 2.1. Let X be a compact metric space and Y a strati fiable space
which has @ 6-CP-CF quasi-base consisting of closed sets. Then C(X,Y) has a
a-CP quasi-base, hence it is strati fiable.

To prove this theorem, we need some lemmas.
LEMMA 2.2. Let U be an open set in C(X,Y), fE€VU and 3 a quasi-base
for Y. Then there exist K, -+, K,=®(X) and B,, -+, B,€ @ such that
feMK,, -, K,;Int By, -+, Int Ba)
CMK,, -, Kn; By, =+, Ba)CU,

that is, the family
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IM(K,, -, Ku; By, -, Ba)|neN,
K.efX), B;es (i=1, -, n)}
is a quasi-base for C(X,Y).
PROOF. Since U is open in C(X, Y), we have K, -+, K,e®&X) and U,, -,
U,=2(Y) such that
feMK, -, Ky; Uy, -, Un)CU .

For any /=1, ---, m and x€K,, since f(x)eU;, there is B # such that f(x)
elnt Bt Bi*cU,, whence

xef(Int BHC fH(BHC U .

By compactness of K, there are xi, ---, x7Y <K, such that

K.<"\J f(nt By )=F-(\J Int B.,)
j=1 i=1

n(zt)
cf Y U1 Biycf\Uy.
Pt
where Bi,,:Bf%. Then K, has a closed cover {K, ;P such that K;;C
f'(Int B;,;). Note that K, ;=8(X). It is clear that
feMK;,, -, Kinw; Int By, -, Int By ney)
CMK,, -, Kiny; Biyy ) Binay)TM(K,, Uy)

Therefore we have

fe fn\ MK, -, Kine; Int By, -, Int By aey)
i=1
CNMK;,, -, Kinay; By, -+, Binay)
i=1

CM(KI; Tty Kﬂl;Uly e, Um)CqJ ]

LEMMA 2.3. Let 8 be a CP (resp. CF) family of closed sets in X. Then
BE={NA|AEF(B)} is also CP (resp. CF).

Proor. The CF case is obvious. To see the CP case, let €C{B). We

prove that
U (NA)=U (NA).
At A€

To this end, let x&\UJes (NA). For each A€, since x& N, we can choose
B e such that x¢& By, Since {Bu|A€€}C 3 and 8 is CP, we have
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U U Bu=U Bu.
AeC

Ae€ Ae
Since x&E\Jues Bu, XEUueqy (NA). Therefore it follows that
U NA)=U(NA). O

AeC Aet

REMARK. In the CP case of the above lemma, it is necessary to assume
that members of @ are closed in X. In fact, let

X=(0)U{{1}|neN} and o= (BCX||Bl=2).
Note that X\ {0} €4, but it is not closed in X. For any 0+ %,C 3, we have
UB= {0} VU B,=U3,,
that is, @ is CP. On the other hand, {{l/n}|neN}C$* and

V{{aHreNteul{s)

whence ®* is not CP.

nEN},

The following lemma is easy.

LEMMA 2.4. If A and B are CP (resp. CF) families, then A\JSB is also
CP (resp. CF). |

PROOF OF THEOREM 2.1. Let @ be a ¢-CP-CF quasi-base for Y consisting
of closed sets. By Lemma 2.4, we can write 8=\Uneny B, Where 3,C B, -
are CP and CF. Using the compactness, X has a sequence {C,}5-; of finite
closed covers of X such that mesh ¢,—0 if n—co. For each m, neN and
(Cy, -, Cr)e(C)™, we define

Aoy =AM(Cy, -, Cn; By, -+, BR)|Bi€ 8, i=1, -+, m}.
We shall show that

A= U U U {uwcl,.-.,cm)\(cx, T Cm)e(cn)m}

neN meN

is a quasi-base for C(X,Y) and that each A%, ..c¢,, is CP. Then A is ¢-CP
quasi-base since each (C,)™ is finite.

First to prove that A is a quasi-base for C(X, V), let U be open in C(X,Y)
and feU. By Lemma 2.2, there are K, -, K;€8X) and B,, -+, B, % such
that
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feMEK,, -, K;;Int B, ---, Int B))

CM(Kb e, Ky By, -, B)CU .
Let
»=min {dist (K;, X\f"'(nt B,))|i=1, ---, {} >0,

where dist (4, §)=diam X. Since mesh C,—0 (n—o) and B,CB,C --- we can
choose n=N such that mesh ¢,<7% and B,, ---, B, #,. For each i=1, -, [,
write

{CeCal CNK#0 = {Ci1, -, Cimybe

Then K,c\Uj4 C, ;< f~'(Int B;), whence

feM(Cy,, -, Com;; Int By, -, Int By)
CM(C,,, , Ciuy; By, BOCMK,, B).
Hence we have

fE€ AM(Cin, ) Com,; Int By, -, Int By
i=1
; P CR
Clntﬂ M(Ci,1, Tt CL‘,mi; Bi; Tty Bl)

i=1
—A——

CAMCi, -, Comgs Bo ) BY

CMK, -, K;; By, -+, B)CcU .
Let m=3_,m; and

(C], Ty Cm):(cl,ly Tty Cl.mly T, Cl,l; Tty Cl,ml)e(cn)m .
Then

my
—_——t

{
AMCy, -, Congs Biy o, By)
i=1
my my

=M(C,, -, Cu; By -+, By, o, By, o, By)

EAley ey TA .
Next to show that each U, ..c,, is CP, let 8'C(B,)™ and
A'={M(Cy, -, Cn; By, -+, Bu)|(By, -+, Bu)EB'}
CAGy o) -

To prove that \UA'=Ud’, let geCX, Y)\UA'. For each k=1, -, m, let
pri(B)"— B, be the projection defined by p.(B,, -+, B,)=B, and

B (R)={Bepi(B")|g(CILBIC B, .
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In case B'(k)=0, let M,=C(X,Y). In case @'(k)#0, we can write
B (R g(C)={Gr.1, =+, Gromyl>

because @, is CF. Note that g(Cu)\Gi,;#0 for each i=1, ---, m;. We can
choose points x,i1, -+, Xz,m,EC; such that g(x4.)€8(Cp)NGy,;. Then

Vi i=YNU{(BEB,|g(xs. )& B}

is an open neighborhood of g(x, ) in ¥ because #, is CP. Let
My=M{{xp.4}, -, {xk,mk} s Vi, o, Vk‘mk)-

Then M(g)=Njx, M, is an open neighbornood of g in C(X, Y). And moreover
M@NJA)=0. In fact, for any (B, ---, Bpn)e 8/,

gQéM(Cly Ty Cm; Bl; Tty Bm)y
whence g(Ci)¢ By, i.e., Brc ®'(k) for some k<m. Then B,Ng(Cr)=GCur. for
some i<m,, which implies that

g(x5.)EV 2, iN(@ECNB).
By the definition of V., we have V, N\B,=0. Hence
M(@NM(Cy, -+, Cos By, o, B)=0.

Thus g&E\UA". O

REMARKS. In the above proof,
M={M(C,, -, Cy; By, -, By)IneN,
C.e8X), B,.es for i=1, -, n}
is a quasi-base for C(X,Y) by Lemma 2.2. Since $=\iL, Bs, H=Uit1 Hs,
where

M= {M(C,, -, Cp; By, -, Bp)|C,€8X), B; 3, and neN}.

’

Although one might expect that each #; is CP, this is not true. In fact, let
X={0}U{l/nineN} and Y=[0,1]. We inductively define families B, of
closed sets in Y as follows: #,={[0, 1/2], [1/2, 1]} and
i—1 7 .
oo {357 Srlli=t o
for each n>1. Clearly 8,C®,C - are CP and CF in ¥ and B8=Uren B, i8
a quasi-base of V. To see that #, is not CP in C(X,Y), let

= ({5} [er oDl enfiea
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and define feC(X,Y) by
1
SO= i

(1—x) for each x=X.

It is easy to see that fe&\J M=\ H,. We show that fe U H. To this end,
let U=, M(C,, U;) be any basic open neighborhood of / in C(X,Y), where
C.e8X) and U,eD). In the case 0\ Ji., C;, there exist NN such that
1/me\ i, C; for each m=N. Then we have

w(fonb [asrr g )omeo,

whence (U MNU#=0. In the case 0=C; for some j=/, 1/(k+1)=f(0)cU,. Let
U=N\{U;10Cy, j=1, -, [}(#0).

Since U is open in Y and 1/(k+1)eU, we can choose some meN such that

1 1 1 1 2
- J — e i h
[/?—H m’ k41 +m]CL and [0, m}m(” 0 if 0&£C;.

We define geC(X, Y) by

__,_]:.,, lf x<_l_
k+1 “Tm’
1 2 L 1 2
) — N _ el <l
8(®) k+1(1+m Zx) if m:x:m’
. 2
" (>
f(x) if Xz

Then ge M({1/m}, [1/(k+1), 2/(k+1D NN, whence (\J M)NU=0.

In fact, if C;N\[0, 2/m]=0 then g(C,)=f(C)H)CU;. If C,N\[0, 2/m]+0, we
have 0C,;, whence UCU,;. Then

(Q(C‘L-):g(cim[o, %DUg(Ci\{O, ;21_])

Cbi’l’“%’ k—l{—l +mlJUf<Ci\[O’ %D
cu,.

Therefore fe\UM,, that is, M, is not CP in C(X, V).

By &, we denote the class of stratifiable spaces. It is known that a strati-
flable space is an ANR(S) iff it is an ANE(S). In Theorem 2.1, if ¥ is an
ANR(S) then C(X,Y) is an ANE(S), hence an ANR(S). In fact, let A4 be a
closed set in a stratifiable space Z and p=C(d, C(X,Y)). We define g: AXX
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—Y by ¢(a, x)=¢(a)(x). By the compactness of X, we have ¢ is continuous.
Since YV is an ANE(S) and Z XX is stratifiable, there exists a neighborhood W
of AXX in ZxX and d=C(W, Y) such that | AXX=¢. Since X is compact,
A have a neighborhood U in Y such that AXXCUXXCW. We define @ : U~
CX,Y) by

D) (x)=B(z, x) (x&X)
for each z€U. Then @ is an extension of ¢ on U. Thus we have the fol-

lowing result.

COROLLARY 2.5. Let X be a compact metric space and Y an ANR(S) which
has a ¢-CP-CF quasi-base consisting of closed sets. Then C(X,Y) is an ANR(S).

In Theorem 2.1, it is a problem whether metrizability of X is necessary or
not, that is,

PROBLEM 2.6. Is Theorem 2.1 true for a non-metrizable compact space X ?

3. A Counterexample.

In this section, we show that C(X,Y) is not stratifiable for X={0}U
{1/n|neN} and the stratifiable space ¥ which is constructed by Mizokami in
[Mi, Example 2.1] (indeed, Y is a countable Lasnev space). First we show the
following :

LEMMA 3.1. Let X be compac, y,&Y and A a neighborhood base of v, in
Y. Then {(M(X, A)|AsU} is a neighborhood base of the constant map f, with
FoX)={y} in C(X, Y).

PROOF. For each neighborhood 71 of f, in C(X, Y), there exist C,, ---, C,
efX) and Uy, -+, U,eO(Y) such that

foeMC,y, -, C; Uy, -, U
Since each U, is an open neighborhood of v, in Y, there is A=d such that
AcNi. U;, whence
fUEM(Xy /{)CM(CI, T, Cn;Ul, "',Un)le. [

ExaMPLE 3.2. Let X={0}\U{l/n|ncN}CR be the space of a convergent
sequence. There exists a countable LaSnev space Y such that C(X,Y) is not
stratifiable.
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PrOOF. Let } be the space of [Mi, Example 2.17, namely Y =Y'/A, where
o 1 L
v=l@n©, DN ne N x| orul | ne N}

is a subspace of R* and A={(x, 0)|(x, 0)cY’}. Let p:Y’—Y be the quotient
map and yv,=p(A)eY. We shall show that C(X, Y) is not stratifiable. For

each kN, let
(= ) R0

and Ny=U;.» N;. For simplicity, we write N=N,. Note that y,=N and N
has the weak topology with respect to {N,}:en. For each (y, -, y.)eN",
we define [, .., ,€CX, N) by

= ’

L ==
7 n

[y
f(yl.u-, yn)<x):1
y

0 otherwise.

In case v,= - = V2=, [(yg- yp 15 the constant map, which is simply denoted

by fo-
To see that C(X, Y) is not stratifiable, it suffices to show that C(X, N) is

not stratifiable. On the contrary, assume that C(X, N) is stratifiable. Then
fo has a CP neighborhood base B consisting of closed sets in C{(X, N) (see [Ce,
Lemma 7.3]). For each B*=%, we define a subset O(B*) of N by

OB*=\J{f(X)|ve= [(X)=FN) and f<Int B*}.

Then we have
LEMMA 3.3. O®B)={0(B*)| B*&¥8} is a neighborhood base of y, in N.

ProOOF. For each neighborhood V of y,in N, there exists B*® such that
B*cM(X, V), whence O(B¥)C\U{f(X)|f<Int B¥}CV.

Next we show that O(B*) is a neighborhood of y, in N for each B*&%.
Since each B* is a neighborhood of f, in C(X, N), there are C,, -+, C,e8X)
and U,, -, U,eD(N) such that

LoeM(Cy, -, Co; Uy, -, Un)Clnt B* .

Since each U; is a neighborhood of y, in N, U=, U; is a neighborhood of
y, in N. Observe that for each yeU,

f,eMX, UYCM(Cy, -, Co; Uy, -+, U)Clnt B* .

Then it follows that U=\ ,ey [ ,(X)CTO(B*). Thus O(B*)is a neighborhood of
Yy, in Y. I
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Next, for each (v, ---, y,)EN", we define

By, -+, Ya)=1{B*€B| f(y,...ypEInt B* for each i=1, -, n}.

LEMMA 3.4. For any neighborhood V; of y, in Ny,

B=UB) I yeV i {yot}.
And for any (yi, -+, ¥.)EN" and any neighborhood V, of v, in Ny,

By, 5 ¥)=I{Byy, -, Yo, WIYEV {20} }.

PrROOF. Because of similarity, we show only the second statement. From
the definition of B(yy, -+, Vu, V),

UB(y1, s I, WIYEV {2} By, o, V).

Conversely let B*€B(yy, -, Vo). Since fy,,..y,p EInt B*, we have Cy, -, C
cR(X) and U,, ---, U;€9O(N) such that

foypmyp€M(Cy, -+, C3 Uy, -, UnClnt B*.

Then O,=V ,.\N\{U;|vocU;} is an open neighborhood of v, in N,. For y'e
O {yd TV {yo}, B*&B(y0, -+, ¥a, ¥/). In fact, if 1/(n+1)&C; then

Sy yn,y’)(ci):f(yl,u-,yn)(ci)CUi .
If 1/(n+1)eC; then y,& fy,,..4,»(C:)CU;, which 0,CU,;. Hence
f(yl-"‘» Yo yr,(C,-)Cf(yl‘.“, ‘!ln)(ci>\J {y’} CUZUOkCUi .

Therefore f¢y, ..y, ynEMCy, -, Cr; Uy, -, U)ClInt B*. O

LEMMA 3.5. There exist 1=k,<k< - €N, open neighborhoods N=W,D
WD of yoin N, yo,eW, . ~\W)NN,,_, and B¥e®B,.,=B(y1, -+, Ya-1) where
Bo=B such that

()n OB, N, is a neighborhood base of y, in Ny for each k=k,,

@ [o= iy, ey EMWy) and M, (W, )NB%=0, where

1 1
M )=M( {1}, -, {=hs il (o )OM(XNL -, —F W)
PrROOF. Note that 2,=1 and O(B,)=0(B) satisfy (1), by Lemma 3.3. Sup-
posing that {k,, ---, ku_ib, Wy, -, Wali}, {yy, o, Yool and {BY¥, ---, B}¥_ i}
have been obtained, we find k,, W,, v, and B%.
First assume that no ye(W,.i\N; _)N\{y} and no k>k,_, satisfy (1),
that is, for each y& (W, , Ny, )N {vo}, OBy, -, Y1, )| Ny is not a
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neighborhood base of vy, in I\NIm for infinitely many m>k,_,. Since (W,_ N
N, )N{yo} is countable, we can write

(Wi \Ng N (o} = {z:1i€eNHCN),

where z;#z, if i#7. Then we can inductively choose Fk,_;<<m,<m,< - and
neighborhoods V., of v, in N, such that

O(BYNNw, @V, for each BX*EB(ys, -+, Yuor, 70

Without loss of generality, we can assume van‘l:VmoDleDm and define
V=Ut (Vmi\ﬁm,-ﬂ)- Then V is a neighborhood of y, in 1\7;1”_1. By (D,_y,
0(B¥N\N, _ CV for some B*<®B,_,, whence

OBHNN., VNN, =V, for each ieN

On the other hand,

%nq—;%(}'b Ty yn_1)=ik{q53(y1, e Ynew, Ze)

by Lemma 3.4, whence B*&®B(y,, -+, ¥n_1, 2;) for some ;&N. This is a con-
tradiction. Therefore we have k,&N and yv,€(W,_iNN;, ) {y,} satisfying
(Da.

Note that Wa i1\N,,_ )N {yz} is a neighborhood of y, in N, _. By (Da_y,
we have BXe®B,_; such that OBHNNy, _ CW. NNy, N {yatb. Hence f=
feyyym EBE. Since Bf is closed in C(X, N), there exist C,, -+, C;€R(X)
and U,, ---, U,€O(N) such that

faeM(Cy, -, Ci; Uy, -, U)C(X, N)NB%.
Let

Wa=W oo N(OU 1 o€ U )N {y2} CWars
Then W, is an open neighborhood of y, in N, y,eW, ~\W,)N\N,, _, and fe&
M,.W,). To see that M,(W,)"\B¥=0, it suffices to show that

MW CM(Cy, -, Co3 Uy, -, Ud).

Let geM,(W,). 1f C,c{l, ---, 1/n} then g(Cy)=/F(CycU,;. If C\{L, -, 1/n}
+0 then

cCocs(ni. - Tos(enfs - 1))
cW,.Uf(CyHcU,,

because v,&f(C)CU;. Thus W, and B} satisfy (2),. O

To complete the proof of Example 3.2, let {k,inEN}, {y,/neN}, {(W,IneN}
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and {B¥|neN} be obtained in Lemma 3.5. We define feC(X, Y) by

. 1

Y if X=—,
f<x>={ Lo

Yo if x=0.
Then f,=f¢,..,,» converges to f in C(X, N) if n—co. In fact, let U*=
M, -, C;; Uy, -, U) be a basic neighborhood of f in C(X, N), where
C.,eRX) and U,=D(N). Without loss of generality, we can assume C,={1}.
And let

ny=max {n| - U(C0£Ca)

For each n=n,, f.(CH=f(Cy)cU; if 0&£C; and f,(C)Cf(CHCU; if 0=C,,
whence f,eU*.

Since feM,(W,) by the definition, f& B¥=cl Bf for each n&N, whence
f&Ecl (U {B%IneN}) because B is CP. Then f has a neighborhood V* in
C(X, N) such that V*"\B¥=0 for each n&N. Choose meN so that [, V*.
Then Bf, .. €8B,,=3B(y,, -+, ¥s,). From the definition of By, -, ), it
follows that

Siow=F iy <Int B L CB¥ ...

Hence f.,=V*N\B¥, ... This is a contradiction. The proof is completed. [
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