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We have theoretically investigated the capacitance of a double-walled carbon nanotube �CNT� �4,0�@�24,0�
as a nanoscale coaxial-cylindrical capacitor. To calculate the responses of the capacitor to the bias application,
we have used a first-principles method based on the density-functional theory with a local-density approxima-
tion. We show that the capacitance exhibits two principal quantum effects: First, the capacitance shows a large
bias dependence, reflecting the density of states of the CNT electrodes. Second, the capacitance is enhanced
according to a quantum-mechanical spill of the stored electron density from the tube walls of the CNTs. We
argue that these two quantum effects are fundamental factors in nanoscale capacitors.
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I. INTRODUCTION

Capacitance C is a fundamental quantity in electric cir-
cuits: It is defined as a ratio of the electric charge Q stored in
the electrodes to the applied bias voltage �, and describes the
performances of capacitors ubiquitous in electric circuits.
Such an important role of the capacitance has been recog-
nized for a long time and is becoming more prominent in
current electron devices, where a variety of capacitors are
fabricated in complicated and miniaturized built-in struc-
tures. Gate capacitors made of gate stacks, i.e., gate elec-
trodes, insulating films, and channel regions, in field-effect
transistors �FETs� are examples, and control of the capaci-
tance is crucial in the design of large-scale integrated cir-
cuits.

In current electron devices, the thickness of the gate stack
reaches an order of nanometer. In addition, other nanometer
structures, such as multigate structures called fin-FET1 or
coaxial-cylindrical gate-channel structures called surround-
ing gate transistors �SGTs�,2 are regarded as boosters of fu-
ture semiconductor technology.

In nanometer-scale structures, capacitance is different
from what is expected from the classical electromagnetism.
This is because the charge is accommodated in electron
states where wave functions have inhomogeneous distribu-
tions with the scale of nanometer. In addition, peculiar struc-
tures with the nanometer scale, such as surrounding gate
structures, may render the characteristics of the dimension-
ality in electronic structures prominent and hereby affects the
capacitance of the nanostructures. The purpose of the present
paper is to clarify such quantum effects in nanoscale capaci-
tors that have been rarely addressed in the past.

In order to demonstrate the quantum effects in the capaci-
tance of nanostructures, we here consider double-walled car-
bon nanotubes �DWCNTs�.3,4 Carbon nanotube �CNT�5 is a
fascinating material that shows a metallic or a semiconduct-
ing behavior, depending on its radius and chirality.6–9 Mag-
netic ordering related to peculiar edge states10–12 is also
predicted13–15 based on the density-functional theory
�DFT�.16,17 Owing to its robustness in atomic structures and
its capability of carrying more currents than conventional
semiconductors, CNT is also a candidate material for chan-

nels or gates in future electronics.18 Double-walled carbon
nanotubes may thus be ultimate elements of SGTs and, more
scientifically, offer stages where quantum effects in
nanometer-scale structures on the capacitance are examined.

In this paper, we present first-principles calculations of
capacitance performed for �4,0�@�24,0� DWCNT, in which a
�4,0� zigzag CNT is encapsulated in a �24,0� zigzag CNT.
The calculations are based on the DFT with a local density
approximation �LDA�.19,20 We have found two principal
quantum effects. First, the capacitance shows rich and occa-
sionally spiky structures as a function of the bias voltage.
This is due to the Fermi-level increase and decrease in the
outer and inner CNTs accompanied by charge accumulations,
reflecting characteristics of the density of states �DOS� of the
quasi-one-dimensional CNT electrodes. Second, the calcu-
lated capacitance is substantially larger than what is expected
from the classical electromagnetism with an assumption that
the stored charge is distributed on the walls of CNTs. This
capacitance enhancement is due to a quantum spill of the
stored electron density which thereby reduces the effective
separation of the two CNTs. These two features become
prominent only in small-size structures and are peculiar to
nanoscale capacitors.

The organization of the present paper is as follows. In
Sec. II, we explain the geometrical configuration of the
DWCNT capacitor. We then explain our methodology in Sec.
III. The obtained results are presented in Sec. IV. Section V
summarizes our findings.

II. MODEL

Figure 1 shows the DWCNT capacitor investigated in the
present paper. The inner is a �4,0� CNT, the minimum zigzag
tube that has ever been observed experimentally,21 and the
outer one is a �24,0� zigzag CNT. The radii of these two
CNTs, Rin and Rout, are 1.7 and 9.4 Å, respectively. The sepa-
ration of the walls of the two CNTs is thus 7.7 Å, which
assures a negligible overlap of electron densities distributed
in the two CNTs, hereby constituting a nano scale capacitor.

The �4,0� and �24,0� CNTs are semiconducting and metal-
lic, respectively, when we apply a simple theory in which
electron states are determined by putting a circular boundary
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condition to the wave functions in a single graphite sheet.
Yet the sp3 hybridization caused by the finite curvature
makes the isolated �4,0� CNT metallic22 and �24,0� semicon-
ducting with a very narrow band gap.6 In the DWCNT
�4,0�@�24,0� without bias voltage ��=0�, electron transfers
from the �24,0� CNT to the �4,0� CNT to some extent so that
the Fermi levels of the both CNTs coincide ��F

out=�F
in�. Then,

these CNT electrodes become metallic in the ground state of
the capacitor.23 In this paper, the amount of the stored charge
Q under a finite bias voltage � is measured with reference to
this electron distribution in the ground state of the capacitor.

Experimentally, a controlled fabrication of DWCNT ca-
pacitors has not been achieved yet. However, a current-
induced oxidation technique may be a candidate process:24

Current flow through multiwalled carbon nanotubes
�MWCNTs� induces oxidation of outer tubes one by one;
then, coaxial-cylindrical CNT shells in which the inner shell
is stuck out from the outer shell have been obtained. Two
electrodes can be attached to the inner- and outer-CNT
shells, respectively. The DWCNT capacitor structure that we
discuss in this paper is a representative of such MWCNT
capacitors being explored in the experiments.

When investigating the responses of the capacitor to the
bias application �, we perform electron-state calculations of
the capacitor in which the Fermi levels of the inner CNT �F

in

and the outer CNT �F
out are forced to satisfy the relation of

�F
out=�F

in+�. Details of our scheme is explained in Sec. III.
When ��0, the outer and inner CNTs are charged nega-
tively �−Q�0� and positively �+Q�0�, respectively. Total
charge neutrality of the capacitor is preserved in our scheme,
though each CNT electrode is charged by ±Q. According to
the calculated Q−� relation, we obtain the capacitance
C�= dQ

d�
� of the DWCNT capacitor.

In practical calculations, we use a supercell model in
which an infinite-length DWCNT capacitor is placed in a cell
with enough vacuum region, and each cell is arranged in a
tetragonal lattice with the lattice constants of a=27 Å and
c=4.3 Å. The lattice constant c corresponds to the common

periodicity of the �4,0� and �24,0� CNTs along the tube di-
rection. In the directions perpendicular to the tubes, on the
other hand, each DWCNT is separated by at least 8.2 Å from
adjacent DWCNTs. This separation of the capacitors ensures
that electron distribution is confined within each capacitor.
Also, electrostatic field exists only between the two elec-
trodes in each capacitor. Interactions among the capacitor
and its mirrors are thus safely negligible. Hence, our super-
cell model describes a single DWCNT capacitor isolated in
vacuum. The unit cell contains 112 carbon atoms, which are
the sum of the 16 inner-tube atoms and the 96 outer-tube
atoms.

III. METHOD

The capacitance is calculated from the electron redistribu-
tion in the capacitor under the bias voltage �, where the
Fermi levels of the inner CNT �F

in and the outer CNT �F
out

satisfy the relation of �F
out=�F

in+�. We first calculate the elec-
tron distribution �0�r� in the ground state of the capacitor by
using a usual DFT-LDA electron-state calculation16,17,19,20

with pseudopotentials25,26 under a zero bias voltage ��=0�.
We next define the electron redistribution ����r� induced by
the bias application as

����r� = ���r� − �0�r� , �1�

where ���r� is the electron distribution under the bias volt-
age �. The total number Nall of the electrons in the capacitor
is preserved regardless of the bias voltage � in our scheme
and is calculated as

Nall =� �0�r�dr =� ���r�dr . �2�

This assures the total charge neutrality of the system even
after the bias application.

By using ����r�, the quantity of excess electrons �N
stored in the outer CNT is calculated as

�N����r�� =� ����r���r�dr , �3�

where ��r� is defined as

��r� = �0 for r � the inner-CNT region

1 for r � the outer-CNT region.
� �4�

In Eq. �4�, we have divided the system into two parts, the
inner-tube region and the outer-tube region. The boundary
between the two regions is placed in the vacuum between the
inner and outer tubes, where the electron density sufficiently
diminishes. As shown below, the density at the boundary is
smaller by an order of 10−5 than the density near tube walls
in the present DWCNT. The same quantity �N of electrons is
depleted in the inner CNT, as the total number Nall of the
electrons in the capacitor is preserved in our calculations.
Then, the stored charge Q in the DWCNT capacitor is de-
fined as Q=e�N����r��. In the present paper, we restrict
ourselves to the case that the electron density at the boundary
region is small enough so that the leakage current between
two CNTs is negligible.

(24,0)CNT

(4,0)CNT

-Q

+Q
�

FIG. 1. Double-walled carbon-nanotube capacitor consisting of
an inner �4,0� nanotube and an outer �24,0� nanotube. One of the
tubes is biased with � relative to the other, and ±Q charges are
stored. The unit cell is composed of 112 carbon atoms, which is a
sum of the 96 outer-tube atoms and 16 inner-tube atoms.
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We subsequently define an energy 	 �Ref. 27–29� by us-
ing �N����r�� as

	����r�� = E����r�� − ��N����r�� . �5�

This is a functional of the electron density ���r� under a
fixed bias voltage �: The first term E of Eq. �5� is the total
energy of the capacitor, described by the DFT-LDA scheme
with the pseudopotentials. The second term, −��N, de-
scribes a situation where the power source with the bias volt-
age � is attached to the capacitor.

By minimizing 	 with respect to ���r�, we obtain the
electron distribution under the bias voltage �.30 In a practical
procedure of the minimization, the electron density ���r� is
expressed in terms of one-electron orbitals 
n�r� as

���r� = �
�n��F

Nall

	
n�r�	2, �6�

where the energy �F is determined so that the total number of
electrons amounts to Nall, as described in Eq. �2�. The rela-
tion between the upper-limit energy �F and the Fermi levels
of the inner and outer CNTs, �F

in and �F
out, is explained later.

Substituting Eq. �6� into Eq. �5�, and solving the variational
problem of 	 with respect to 
n�r� analytically, we obtain a
modified Kohn-Sham equation,

�ĤKS − ���r��
n�r� = �n
n�r� . �7�

Here, ĤKS is a usual Kohn-Sham Hamiltonian originated

from the first term E of Eq. �5�. ĤKS depends on ���r� and is
a sum of the kinetic-energy operator, the ionic pseudopoten-
tials describing nuclei and core electrons, the Hartree poten-
tial, and the exchange-correlation potential among valence
electrons. The term −���r� is an additional effective poten-
tial derived from the second term of Eq. �5�. By solving Eqs.
�6� and �7� self-consistently, we obtain the electron distribu-
tion ���r� and redistribution ����r�, and then the quantity of
the stored charge Q�=e�N����r��� in the capacitor as a func-
tion of the bias voltage �. The Q−� relation of the capacitor
is obtained in this way. We then calculate the differential
capacitance C, defined as

C =
dQ

d�
. �8�

We here explain the interpretation of the eigenvalue �n
obtained from Eq. �7�. When 
n�r� is an eigenstate, we ob-
tain

�n = 

n	ĤKS	
n� − �

n	��r�	
n� . �9�

The first term of Eq. �9� is the one-lectron energy in a natural
meaning, whereas its second term is an extra one due to the
contact of the power source. In discussing the one-electron
energy spectrum, we thus exclude the contributions of the
second term from the calculated �n values.

We can classify the one-electron states �
n
 into inner-
tube states �
n

in
 and outer-tube states �
n
out
.31 As



n
in	��r�	
n

in�=0, we regard �n of the inner-tube state as its
one-electron energy. We correct the one-electron energy of

the outer-tube state as �n→�n+� because of the relation of


n

out	��r�	
n
out�=1. According to this procedure, the Fermi

level of the outer CNT �F
out is corrected as �F+�, whereas

that of the inner CNT �F
in remains to be �F in Eq. �6�, natu-

rally satisfying the condition of �F
out=�F

in+�.
In the present calculations, nuclei and core electrons are

simulated by ultrasoft pseudopotentials �USPPs�,26 which en-
able us to calculate electron states with sufficient accuracy
and at reasonable computing costs. When using the USPPs,
Eqs. �6� and �7� are slightly generalized according to the
treatment in Ref. 26 to compensate for the deficit in the
electron charge in this pseudopotential formalism. We take
the core radius rc=1.2 a.u. for 2s and 2p orbitals. Interac-
tions among valence electrons are treated by the local-
density approximation.19,20 The modified Kohn-sham equa-
tion �Eq. �7�� is solved by using a conjugate-gradient �CG�
minimization technique. Ionic configurations are also opti-
mized by the CG minimization. We have indeed performed
the structural optimization of the DWCNT at �=0, under a
restriction that the two CNTs are in the coaxial configuration.
All the computations have been performed by using the TAPP

code.32

There are several other approaches to the capacitance
from first principles: For example, nonequilibrium Green’s-
function formalism33 and a wave-function matching
method34 combined with the DFT have already been pro-
posed. Computational costs of these approaches in the past
are higher than usual DFT calculations for ground states. In
contrast, our scheme is formulated by the minimization of
the energy 	 in Eq. �5�, and the modified Kohn-Sham equa-
tion �Eq. �7�� is the same as that in the ground-state calcula-
tions except for the additional effective potential, −���r�.
This infers that the computational cost of our methodology is
almost comparable with that for the ground states.

Helped by such a reasonable computing cost of our
scheme, we have performed highly accurate Brillouin-zone
integrations with 50 k-point samplings along the tube direc-
tion. We have employed a plane-wave basis set to expand the
one-electron wave function 
n�r� with the cutoff energy cho-
sen as 36 Ry. As will be discussed in Sec. IV, singularities in
the density of states and deformations of the wave functions
affect the capacitance substantially. Hence, the precise
Brillouin-zone integrations and the completeness of the basis
set are essential to obtain accurate capacitance.

IV. RESULTS AND DISCUSSIONS

A. Electron redistribution and potential variation

We first demonstrate how the applied bias � induces re-
distribution ����r� of the electron density and then the po-
tential variation �V��r� in the DWCNT structure. Figures
2�a� and 2�b� shows the calculated ����r� at the bias voltage
�=2.7 eV. The outer �24,0� CNT is negatively charged,
whereas the inner �4,0� CNT is positively charged. Here, the
inner- and outer-CNT regions are separated at a radius of
5.6 Å, and the redistribution ����r� at this radius is at most
�2.5�10−5 e /Å3, being diminished sufficiently. As the ele-
crron density ���r� at this radius is smaller than the densities
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near CNT walls, �2 e /Å3, by an order of 10−5, we can ne-
glect current leakage between the CNTs in the present case.
The accumulated charge Q is calculated to be 0.33 e /unit
cell.

The projected ����r� on the cross section of the CNTs
�Fig. 2�a�� and on the radial direction �Fig. 2�b�� clearly
shows characteristic features of the redistribution. Accumu-
lated charge distribution is correlated with the arrangements
of the carbon atoms as in Fig. 2�a�, indicating that the stored

charge is accommodated in the carbon 
 orbitals. An inter-
esting aspect is that the accumulated charge is spilled from
the tube wall of the CNTs. Excess electrons of the outer CNT
penetrates inside, whereas the depleted region of the inner
tube extends outside, as shown in Fig. 2�b�.

The redistribution of the electron density ����r� also in-
duces the potential variation �V��r� defined as

�V��r� = V��r� − V0�r� , �10�

where V��r� and V0�r� are the sums of the Hartree potential,
the exchange-correlation potential, and the electrostatic po-
tential from ions in terms of the pseudopotentials, and are
calculated with and without the bias application, respec-
tively. Figure 3�c� shows the calculated �V��r� at the bias
voltage �=2.7 eV. Between the inner and outer tubes, there
exists a potential difference V defined as

V = Vout − Vin, �11�

where Vin���V��Rin�� and Vout���V��Rout�� are, by our
definition, the potential levels of the inner and outer tubes,
respectively. We have found that V is almost explained by the
contribution from the Hartree potential. Thus, we can regard
V as the electrostatic potential shift induced by the electric
charging of the outer CNT �−Q� and the inner CNT �+Q�.
We have also found that the obtained potential shift V is
definitely smaller than the applied bias voltage �. This dis-
crepancy is discussed in detail in the next subsection.

B. Capacitance

Figure 4�a� shows the calculated capacitance C defined as
Eq. �8�. From this figure, we find two principal quantum
effects. First, C strongly depends on the bias �, which is in
contrast with the bias-independent capacitance in the classi-
cal electromagnetism. Second, C is larger than the classical
expectation Ccla, which is defined as

Ccla =
2
�0

ln�Rout/Rin�
� 3.4 � 10−21 F/Å, �12�

from the electromagnetism with an assumption that the
stored charge is distributed on the tube walls of the CNTs.
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FIG. 2. Redistribution ����r� of the electron density induced by
the bias voltage �=2.7 eV. Stored charge is calculated to be Q
=0.33 e /unit cell. �a� Contour plots of ��� projected on a cross
section perpendicular to the tube axis: ����x ,y�������r�dz. �b�
Profile of ��� along the radial coordinate r: ����r�
������r�dzd�.
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In the following, we clarify the origins of these two quan-
tum effects in the capacitance: We show that the former ef-
fect is a reflection of the DOS structures of the CNTs and
that the latter is due to the spill of the stored electron density
from the tube walls of the CNTs. We also perform a detailed
analysis of the electron redistribution ����r� in terms of the
electron states of the capacitor, which provides us with a
deeper understanding of the capacitance in nanoscale sys-
tems.

1. Bias-voltage dependence of capacitance

First, we show that the former quantum effect, the bias
dependence of the capacitance C���, originates from the
DOS structures of the CNT electrodes. For an explanation of
this point, we show in Figs. 3�a� and 3�b� the DOS of the
inner �4,0� and outer �24,0� CNTs under the bias voltage �a�
�=0 eV and �b� �=2.7 eV. We observe characteristic spiky
peaks, which are Van Hove singularities reflecting the quasi-
one-dimensionality of the CNTs. We find that these DOS
structures of the inner and outer CNTs are almost rigid ex-
cept for their relative shift after the bias application. As we
already mentioned, the Fermi level of the outer CNT �F

out is
higher than that of the inner CNT �F

in by the applied bias
voltage �, �F

out=�F
in+�.

In Fig. 3�b�, the excess �N�=Q /e� electrons are stored in
the outer �24,0� CNT, filling the electron states in the energy
range of �̃F

out����F
out. The electron state at �̃F

out in Fig. 3�b�

corresponds to that at �F in Fig. 3�a�. As for the inner �4,0�
CNT, on the other hand, the electron states in the energy
range of �F

in����̃F
in are empty in �b�, which explains the

depletion of �N electrons out of the inner CNT.
The relative shift of the DOS between the inner and outer

CNTs induced by the bias application is quantified by �̃F
out

− �̃F
in. We find that this quantity coincides with the electro-

static potential shift V calculated by Eq. �11�, �̃F
out− �̃F

in�V, as
shown in Figs. 3�b� and 3�c�. This means that the shift of the
DOS after the bias application is brought about by that of the
electrostatic potential. We decompose the bias voltage � as

� � �F
out − �F

in = ��F
out − �̃F

out� + ��̃F
out − �̃F

in� + ��̃F
in − �F

in�

= Uout + V + Uin. �13�

Here, Uout���F
out− �̃F

out� and Uin���̃F
in−�F

in� are the Fermi-
level shifts that originate from the Fermi statistics of elec-
trons: When finite-value DOS is newly occupied �emptied�
by electrons, the Fermi-energy levels shift upward �down-
ward� within the DOS of each CNT electrode. In macro-
scopic capacitors, V is much larger than Uin and Uout, and
thus we can almost equate � with V. In nanoscale systems
such as the present DWCNT capacitor, however, we are un-
able to neglect the contributions from Uin and Uout to the bias
voltage �, as shown in Figs. 3�b� and 3�c�, which signifi-
cantly influence the capacitance as explained below.

Substituting Eq. �13� into Eq. �8�, we obtain the following
expression of the capacitance C���:

C���−1 � d�/dQ = dV/dQ + dUin/dQ + dUout/dQ

= C0
−1 + Din

−1 + Dout
−1 . �14�

This means that the inverse of the total capacitance C is a
sum of the inverses of the electrostatic capacitance
C0��dQ /dV�, the inner-tube DOS Din��dQ /dUin� at the
Fermi level �F

in, and the outer-tube DOS Dout��dQ /dUout� at
�F

out. We recognize that 0�C�C0, and C→C0 when Din and
Dout are large enough, whereas C→0 when Din or Dout is
small enough.

The calculated electrostatic capacitance C0 is �5.4
�10−21 F/Å, which is in good agreement with the maximal
value of C��� observed in Fig. 4�a�. We have found that the
bias dependence of C0 is small, and we thus expect that the
bias dependence of C��� almost originates from the contri-
butions of the DOS terms, Din and Dout. Such a contribution
of the DOS to the capacitance was first theoretically pointed
out by Büttiker35 in mesoscopic systems and had been con-
firmed in experiments in semiconductor quantum dots.36 As
demonstrated below, the DWCNT capacitor is a good ex-
ample to demonstrate this effect in nanoscale materials be-
cause of its characteristic spiky DOS structures peculiar to
quasi-one-dimensional systems.

We have confirmed that the obtained structure of C���
corresponds to those of Din��� and Dout���: The singular
points of C��� ��i�–�iv� in Fig. 4�a�� appear just when the
Fermi levels �F

in and �F
out cross the singular points in the DOS

of the inner and outer tubes ��i�–�iv� in Fig. 4�b��. In Fig.
4�b�, �i�, �iii�, and �iv� are Van Hove singularities peculiar to
quasi-one-dimensional systems, while �ii� is a V-like dip, i.e.,
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�=2.2 eV.
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a very small band gap, between the conduction-band bottom
and the valence-band top of the �24,0� CNT. The plateau
regions in C��� also correspond to those in Din and Dout, and
the magnitude of C is correlated with those of Din and Dout.

For example, when �=2.2 eV, the Fermi levels �F
in and

�F
out are just on the singular points of the DOS indicated by

�i� and �ii� in Fig. 4�b�, respectively. The singular behaviors
of C��� observed at �i� and �ii� in Fig. 4�a� are their reflec-
tions. In this way, we understand that the large bias depen-
dence of the capacitance originates from the DOS structures
of the CNTs. An accurate calculation of the DOS is essential
to demonstrate this effect. The reflections of the Van Hove
singularities in the DOS to the capacitance were not demon-
strated in a previous DFT calculation in DWCNT
capacitors.33 We have sampled 50 k points along the tube
axis in Brillouin-zone integrations in this study and have
succeeded in showing the correspondence between the DOS
of the CNTs, Din and Dout, and the capacitance C��� clearly.
Recent experimental works37,38 on CNT-based FETs infer
that the DOS structure of the CNTs affects the capacitance of
the FET structures. This may be a demonstration of our find-
ings, although the data contain some ambiguities.

Experimentally, CNTs have finite lengths. When its aspect
ratio, i.e., the ratio of its length to its diameter, is high, the
finite-length CNT is regarded as an infinite-length system. In
the case, the Van Hove singularity of the one-dimensional
system is prominent in DOS and then in its capacitance.
When the aspect ratio becomes low, the Van Hove singularity
related to the one dimensionality becomes less prominent.
Discreteness of the level structure, which is peculiar to a
zero-dimensional system, may play an important role in the
capacitance in the case.

We comment that DOS structures of nanomaterials are, in
general, not always rigid in response to the bias application.
For example, the atomic structures of materials with electric-
dipole moments can be substantially deformed27 under the
bias voltage, modulating their DOS structures. Also, the
DOS of the systems with latent magnetic instability39 can be
strongly deformed when ferro- or antiferromagnetism is in-
duced by the bias application. In this sense, materials with
drastic changes in the atomic and electronic structures when
electrically charged40–43 are promising substances to fabri-
cate nanoscale capacitors showing novel responses to the
bias applications.

2. Enhancement of capacitance

Next, we discuss the origin of the latter quantum effect:
the enhancement of the calculated capacitance C compared
with the classical capacitance Ccla defined as in Eq. �12�. As
realized from Eq. �14�, C is composed of the electrostatic
capacitance C0 and the DOS of the inner and outer CNTs, Din
and Dout. We have found that the first component C0 is larger
than Ccla. Also, the second and third components Din��0�
and Dout��0� make only reductive contributions to C. There-
fore, the enhancement of C comes from the enhancement of
C0.

As expected easily, this enhancement of the electrostatic
capacitance C0 is associated with the spill of the stored elec-
tron density from the tube walls with the radii Rin and Rout.

As discussed in Sec. IV A, the stored electron density in the
inner �outer� CNT spills outward �inward� and reduces the
effective electrode-electrode separation and thus enhances
the electrostatic capacitance.

To show this point clearly, we here introduce spill lengths
�in and �out, and effective radii Rin

eff��Rin+�in� and
Rout

eff ��Rout−�out� in the inner and outer CNTs. From
Fig. 2�b�, it is natural that Rin

eff �Rout
eff � is chosen at the center of

mass of the outermost �innermost� spilt part of ����r� in the
inner �outer� CNT. Then, the spill lengths of the stored
charge from the tube walls are estimated to be �in��out
�1 Å. By using such effective radii Rin

eff and Rout
eff , we are

able to reproduce the calculated value of the electrostatic
capacitance C0 through the classical electromagnetic formula
as

2
�0

ln�Rout
eff /Rin

eff�
=

2
�0

ln��Rout − �out�/�Rin + �in�


� C0�=5.4 � 10−21 F/Å� . �15�

This means that the enhancement of the �electrostatic� ca-
pacitance is certainly explained by the spill of the stored
charge from the tube walls of the CNTs.

Supplementarily, we here point out an asymmetry be-
tween the inner and outer tubes concerned with the enhance-
ment of the electrostatic capacitance C0. The spill lengths in
the inner and outer tubes are almost the same, �out��out.
However, as is realized from Eq. �15�, �in more strongly
contributes to the enhancement of C0 than �out. This is due to
the coaxial-cylindrical geometry of the present capacitor:
The surface of the inner electrode is narrower than that of the
outer electrode. Due to the higher concentration of the elec-
tric flux in the narrower space, the electric field on the inner-
tube surface is larger than that on the outer-tube surface. The
spill under the larger electric field more strongly reduces the
potential shift V between the electrodes and, thus, more
strongly enhances the electrostatic capacitance C0. This is
why �in more strongly contributes to the enhancement of C0
than �out.

3. Dielectric responses in ���„r…

Third, we perform a detailed analysis on the redistribution
����r� of the electron density in terms of the electron states
of the capacitor. As we have already mentioned, the electron
�hole� just below �above� the Fermi level �F

out ��F
in� of the

outer �inner� CNT is the newly injected one under the appli-
cation of the bias voltage ���0�. Accommodations of these
electrons and holes in the lowest unoccupied �LU� and the
highest occupied �HO� states, respectively, lead to the change
in the electron density ���

LH�r� calculated as

���
LH�r� = �

�̃F
out

�F
out

L�
out�r,��d� − �

�F
in

�̃F
in

L�
in�r,��d� , �16�

where L�
in�r ,�� and L�

out�r ,�� are the local density of states of
the inner and outer CNTs, respectively.

Figure 5 shows the calculated ���
LH�r� at the bias voltage

�=2.7 eV, which reflects 
-orbital characters of the norm of
the wave functions of the LU/HO states involved in the
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electron/hole accommodations. At a glance, ���
LH�r� is simi-

lar to ����r� shown in Fig. 2�b�. The spill lengths �in and
�out of the stored charge in ����r� are, however, about twice
as large as those of the 
 orbitals observed in ���

LH�r�.
Hence, the spill length and the electrostatic capacitance C0
are unable to be understood only from the electron/hole ac-
commodation in the LU/HO states. We thus have to consider
the other component in ����r�, which is labeled as ���

DE�r�,

����r� = ���
LH�r� + ���

DE�r� . �17�

As ���
DE�r� is not directly related to the electron/hole accom-

modation in the LU/HO states, it is naturally attributed to
dielectric responses, i.e., deformations of the wave functions,
of the electron states which remain fully occupied irrespec-
tive of the bias application. We have found that the deforma-
tion of each wave function is much smaller than the wave
function itself. The total sum of the deformations ���

DE�r�,
however, is large enough to be comparable with ���

LH�r�.
The plane-wave basis set, which we have used in this paper,
is suitable for describing such deformations of the wave
functions accurately, compared with the linear-combination-
of-atomic-orbital basis sets.

We have found that the deformation of the 
 orbitals is
dominant in ���

DE�r�, compared with that of the � orbitals.
This is explained by the real-space distributions of their
wave functions. The tails of the 
 wave functions are con-
siderably extended toward the vacuum region between the
tubes and are exposed to a large electric field to be deformed.
On the other hand, the � orbitals on the tube walls are almost
frozen even after the bias application, as the electric field is
already screened at the innermost �outermost� tails of the 

wave functions in the outer �inner� CNT. The position of the
innermost �outermost� tails of the 
 wave functions in the
outer �inner� CNT can be another measure for estimating the
effective radius and the spill length in the CNT, which are
actually in good agreement with those estimated from the
center of mass in ����r�, in Sec. IV B 2.

The characters of the one-electron wave functions slightly
differ from band to band. The spill lengths �in and �out of the
stored charge hardly vary, however, even when the bias � is
swept and the characters of the bands at the Fermi levels �F

in

and �F
out change. This is because the contribution from the

dielectric response ���
DE�r� is dominant in determining �in

and �out, and the slight variations in ���
LH�r� is obscured. Of

course, the spill length may vary substantially when injected
electrons or holes are accommodated in the electron states
with quite different characters from the 
 orbitals. For ex-
ample, such will indeed be the case if the injected electrons
are accommodated in nearly free electron �NFE�44,45 states of
the CNTs, though no NFE state is involved within the calcu-
lated bias range in this paper.

The analysis of ����r� also provides us with a deep in-
sight into the field-effect doping in nanoscale systems: Sup-
pose that infinitesimal bias voltage is applied parallel to the
tube axes in addition to the tube-tube bias voltage �. The
induced current along these tubes is expected to be carried by
the electron states just on the Fermi levels �F

in and �F
out. Thus,

the carrier distribution is closely related to ���
LH�r�, not to

����r�. This means that the carrier distribution associated
with the current flow can be substantially different from the
charge distribution explaining the capacitance. This knowl-
edge influences interpretations of experiments when estimat-
ing the carrier density and also the design and control of
CNT-based FETs and other nanodevices.

C. Role of nanoscale geometries

In closing of the discussion, we consider the reason why
the capacitance of the present system shows large quantum
effects. As stated above, the quantum effects in the capaci-
tance originate from the spill of the stored charge leading to
the electrostatic capacitance C0 and the contributions from
the DOS of the electrodes leading to the total capacitance C.

We first discuss how the effect of charge spill changes
with increasing tube radii. We have calculated the spill
length in a parallel-plate capacitor of a pair of graphite sheets
�Rin ,Rout→��. The calculated value is �1 Å, being almost
the same as those in the �4,0� and �24,0� CNTs and inferring
that the spill length is insensitive to the CNT radii. Hence,
when the inner- and outer-electrode radii are large, the ratio
of the spill length to the radius is small and thus the effect of
charge spill is unimportant. In such a case, from Eqs. �12�
and �15�, the electrostatic capacitance C0 becomes equal to
the classical electromagnetic one, Ccla,

C���−1 = C0
−1 + Din

−1 + Dout
−1 � Ccla

−1 + Din
−1 + Dout

−1 . �18�

We next consider the contributions from Din and Dout.
When Rin and Rout become infinite, the DOS of the CNT
electrodes approach that of a graphite sheet scaled by the
number of the carbon atoms. As the number of atoms is
proportional to the radius, the DOS terms scale as Din/out
�Rin/out. Thus, we expect that

C���−1 � Ccla
−1 + Din

−1 + Dout
−1

� O�ln�Rout/Rin�� + O�Rin
−1� + O�Rout

−1 � . �19�

When the tube radii approach infinity with the ratio of the
outer- and inner-electrode radii fixed at a constant, the con-
tributions from the DOS will become negligible compared
with the electrostatic capacitance. In such cases, we are
eventually able to equate the total capacitance C with the
classical electromagnetic one, Ccla. This is a macroscopic

∆ρ
LH
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ni
t)

RoutRin

µ
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2

-2 µ=2.7eV

FIG. 5. Change in the electron density ���
LH�r� directly caused

by the electron/hole accommodation in the LU/HO states of the
outer/inner CNT under the bias voltage �=2.7 eV.
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limit where the classical electromagnetism works. In other
cases, contributions from the DOS terms can remain finite in
the capacitance. For instance, if the tube-tube separation,
Rout−Rin, is fixed at a small value, we are unable to neglect
the contributions from the DOS even when the radii of the
inner and outer CNTs approach infinity.

From these analyses, we understand that the large quan-
tum effects in the capacitance observed in the present
DWCNT capacitor are due to the nanoscale radii and the
nanoscale spacing of the CNTs. These nanoscale geometries
make the contributions from the spill and the DOS prominent
in the capacitance. Rich structures in the bias dependence of
the capacitance C���, which originate from the Van Hove
singularities peculiar to quasi-one-dimensional systems, are
highlighted with the help of these conditions.

V. CONCLUSION

In conclusion, we have investigated the capacitance of the
DWCNT �4,0�@�24,0� as a nanoscale coaxial-cylindrical ca-
pacitor. We have performed first-principles electronic-
structure calculations based on the DFT with the LDA to
obtain the responses of the capacitor to the bias application.
We have found two principal quantum effects in the calcu-
lated capacitance.

First, we have found that the capacitance exhibits large
and characteristic bias dependence, which reflects the DOS
of the quasi-one-dimensional CNT electrodes. This is the
first time that detailed analyses of such a nonlinear response
of the capacitor to the bias application have been performed
in CNT-based systems. Second, we have found that the cal-
culated capacitance value is larger than what is estimated
from the classical electromagnetism with the tube-wall radii.
This enhancement is explained by that of the electrostatic
component of the capacitance due to the quantum-
mechanical spill of the stored electron density from the tube
walls. We have also pointed out that these two quantum ef-

fects in the capacitance are peculiar to nanoscale systems and
are highlighted by the small radii and spacing of the CNT
electrodes in the present DWCNT capacitor.

The spill length of the accumulated charge and, thus, the
electrostatic capacitance are not explained by the LU/HO
states directly involved in the electron/hole accommodations
under the bias-voltage application: The spill length is closely
related to the bias-induced deformations, i.e., dielectric po-
larization, of all the occupied electron states. We have also
found that the spill length in the inner CNT is almost the
same as that in the outer CNT. However, the former more
strongly contributes to the enhancement of the electrostatic
capacitance than the latter. This is due to the higher concen-
tration of the electric flux on the surface of the inner CNT
than that on the outer CNT, reflecting the coaxial-cylindrical
geometry of the present DWCNT capacitor.

The two quantum effects in the capacitance which we
have found in the present paper can be utilized for design
and control of CNT devices. Discontinuous increase �or de-
crease� in the capacitance brought about by the bias sweep-
ing can be used to obtain highly sensitized on/off switching
in CNT-based FETs or to fabricate nanoscale detectors for
external molecules which are physisorbed or chemisorbed on
the CNTs through electric-dipole moments or electron trans-
fer between the molecules and the CNTs.
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