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Introduction 

This thesis is cOlnposed of four papers [9]， [10]ヲ[11]ωd [12]， il1 which we dealt with mi山nal
immersions and Yang-Mills connections. 

In differential geometryうthereare mally problems which arised from variational problems 

in physics. Harmonic mappings， minimal imrnersions and y，但19-Millsconnections are the 
typical examples. These are the critical points for variational problems on energy， volulne 
組 dthe square nonn of the curvature fonns， respectively. We shall deal with these problems 
on compact Riemannia且 homogel1eousspaces including spheres and Grassmann manifolds. 
Compact Riemannian homogeneous spaces play a central role in the theory of Riemannian 
geometry of positive curvature. We can apply group-theoretic methods to these spaces. 

In Chapter 1， we shall construct harmonic mappings and minimal immersions from 
compact Riemannian homogeneous spaces into Grassmann rnanifolds in two ways (see 

Theorem A and B) 

Let M and N be two cOlnpact connected Riemannian manifolds. A smooth mapping 

P:M→ N is called harmonic if it is an extremal of the energy. Moreover， if harmonic 
mapping F : M → N is a且 isometricimmersioll， then F is a minimal immersioll. An 
isometric immersion F : M → N is called totally 9ωdεsic if P carries every geodesic of M 
to a geodesic of N. A totally geodesic irnmersion is especially minimal. The existence and 

construction of minimal immersions and h但・monicmappings are interesting and important 

problems in various situations. There are many studies on minimal immersions into a 

sphere whose starting point is theorem of T. Takahashi(see [3]，[4]，[29]) 
Let G be a compact connected Lie group alld !( be a closed subgroup of C;. Then 
M=οj K is a compact Riemannian homogeneous space with a C}-invariant Riemannian 
metric (，). For a field E二 R，Cor H， put 
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(J~ 二 R) ，

(ι= C)， 
(1'; = H) 

Put Gn，m(}t)) = lJ(n +川 E)jlJ(n，R) x U(爪 8)，which we caJll the J~一 Grαssrnαηmηmαnifiμolω d 
C∞O悶 Sはtir時 ofall "ル，
e叫quiva創訂叩r吋'1凶an川tmappi凶ng.The児enthere exists a Lie hOlTIOmorphisl11 ρ : (; → U(n + 川 ， /1，') with 
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p(J{) c U(n， E) x U('Il~， E) such tl川 F(gl()= p(g)lJCn，ι) x U(川 E)for each gεC 
Put V = Ji)'Tけぺ vj 二 JI]\~ = l~ぺ Then V = V] + V~ (direct sum). Put 

HOln川V]，比)= {A ε HOln( \.t七 V~); ρ(人: )11 = Aρ(k) for eachんξ K}.

Theorem A 1f HomJ{(V1，九)= {O}αnd ¥.ti (i = 1， 2)お notG -invariαnt， then F isα 
nonconstαnt hαγmon~c mα，pping. Furthermore， if C;αcts ir、reduciblyon V， then F is E-full 
(see 31.2 for definition). l¥loreover，ザK acts irγ'educibly on九(M)，then F isαminimal 
immersion with respect to αmultiple of the C:-invariαnt Riernαηnian metric (，) on M 

Take a ∞ntrivial R-spherical representation (p， V) of (G， K). Then the陀 existsa nonzero 
vector VoεV such that 

ρ(よ:)vo二 町 for each kεK 

Take a G-invariant inner product (，) on V. Put 

iも二 Rvo，
V1 ρ(m )vo， 
v2 the orthogollal projection of spa吋p(X)p(Y)vo;X， Yεm} 

to (Vo + V1)よ?

Vk 二 the orthogonal p戸ro、OりJe印ctionof spa 吋/ρフ(X1)ト.. ρバ(X"ρJふ〉川)'Lμ)V(叫川j々(
tωo (Vt陥ぺ令)十 ...+ レ凡iLG叶一-1)γよヘヲ

w here we dellote the di百'erentialrepresentation of ρof C) by the same symbol p. There 
exists an integer 1H such that 

V = 乞vi(the orthogonal direct sum of J{-inV3Tiant subspaces)ヲ

M ヂ {O} fo1' 0三t三111.

Put Sm二 {O，• • . ， n~}. Fo1' subsets P(ヂ日)，Q(ヂ日)with Smご Pu Q (disjoillt unio吋， put 
ゆ ='Lp日比，¥匂='LqεQ Vq，αdim Vp， b二 dunVc..? Then V Vp +均(orthogonal 
direct sum of K -invariant s山 spaces).Put 

F:M二 GjK → C;Cl，b(R)= SO(a十 h)jS(O(a)x O(b)); 
gK 日 ρ(g)竹:>ρ(y)S(O(α)xο(b)). 

Theorern B F isαnonconstαnt R-full equivαγωnt hα門ηon~c mαpping. 11 the lineα7・
~sotropy αction of K zs zrアeducibLe，then F isαminimaL im7neision. Jn particuLαiJ if we 
put e = {O}， (2 = {lγ ・.，'In L then 1" isαnunirnal imTTぼTsion01 M inloαprojedive spαce， 
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Theorem C 1f (G， K) is αcompαct irreducible symmetric pα'lrα吋 putP = {even}， Q = 
{ odd}) then Ji' isαtotally geodesic immersioη 

A minimal immersion is said to be stめた if the second variation of the volume is non-

negative. There doe not exist a stable minimal immersion into a sphere. A minimal 

immersioll is stable if and only if the minimum eigenvalue of the Jacobi operator is non-

negative. In 31.5， we shall calculate the eigenvalues of the Jacobi operator by USillg group 
theoretic methods. 

In Chapter 2， we shall study Yang-Mills connections on cornpact simple Lie groups. 
Maxwellヲselectromagnetic theory provides the simplest example of a gauge theory， with 
the五eldequation being given by Maxwell's equations (see [5]，[20]，[25]). We therefore begin 
with a brief review of Maxwell's equations. We de∞te by Rj (R4， dL2 -I:l=l d17;) 
the four dimensional Minlくowskispace-time. We denote the magnetic field， the electric 
fieldぅ thecharge densi ty叩dthe curre江tdensi ty by B 二(J九 β2，β3)(以 Rj→ R)，
E = (E1， E2， E3) (Ej : R~ → R) ， p : R~ → R and J : R4→ R， respectively. We define 
2-form F on R3 by 

Ji' = l~ l dXl ̂  cU + E2dx2 ̂  dL + E3dx3 ̂  dL +βIdx2 ̂  dx・3+ B2dx3 ̂  rlxl + s3dxI ̂  dX2・
Then we have 
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and 

/θE¥  
8 F = (divE)(U + (一一+川BI . clr， where we put clr = (dXl， dX2，の3)lθL ' ----J 

Maxwellヲsequations are given by: 

cl F' = 0， 6ft' = j， where we put j ==ρ(11. + Jdr. 

The first equation， which means Faraday's law of induction and the non-existence of the 
magnetic monopolesぅholdsregardless of the charge density or the current density. The 

second means Gaussう lawand Ampere's law. We rewrite the above equations by using 

a scalar potential rp and a vector potential A : The equation d F' 0 implies that the 

electromagnetic field F is derivative from a l-form Jt = Aodi + I:l=-o Jtidxi， i.e. Fこん=
cLJ1. We call Jt the gauge potential. Remark thatん時 =ん forXεC∞(Ri). If we put 
cp = -Jto and A = (A1， A2' A~3) ， then 

B = rotA， 
θA 

E = -gradrp一 一一.
θl 
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The equation bF = j implies that 

ームψ-ffdivA=ρ?
θi 

け [PA
チ;-;-grad~+一一一一ムA+ grad divA = J. 
υIθ[2  

The source-free field equations are obtained by setting j = 0 and can be written as 

cLF = 0 (Bianchi's identity)， !i[i' = 0 (Yang-Iv1iUs equation). 

The above formulation admits immediate generalization to the case when the Minkowski 

space-time and gauge potential A is replaced by a semi-Euclidean space R;~ = (R't， ds2 = 
2ごとffb-?-2ごj=-'n-pj 1 dXJ) and a g-valued l-form A =ει1 A.id:ん (A-i εC∞ (R;~ ， g)) on R;ヲ
where 9 is a Lie algebra of a compact Lie group G: Fix a bi-invariant Riemannian metric 
on G. For a g-valued l-form A we define a fJ-valued 2-fonn IÎ~\. by 

1 ~ _ . ()A.; ρA; 
ん ニdA+ ~[A ̂ A]二戸んdX-i^ (L勺

For a g-val ued k-fonn 0 二 古 ε Oi1... Ì!.:仇l 八・・・八 d~川 we define a g-valued (k + 1 )-form dAO 
by 

aOi ω二戸(叱Oil'''h)clxj ^ clXil ^ . . . ̂叫

The Bianchi's identity dA 1弘=0 holds. A gauge potential A is called a yiαng-!tfills coη-

nection if A satisfies the following: 

dA * /乍=0 (Yang-Mills equation). 

We donote the set of all gauge potentials and the set of all g-valued k-forms by A and 
[2k(9)， respectively. The gauge tansformation group c = C∞(R;L G) acts on Ok(9) and A 
as follows: 

(1) J* E， = Ad (f-1 )ご for とεOk(g)，.fεc， 

(2) J勺¥= J-1dJ + Ad(f-l)A for Aε人jεC 

Here f-1df is a pull-back of the Maurer-Cartan form on C: by f. We have: 

(1) PrA  = J* PA， 111'1リ 11 二 11/1入11，

(2) If A is Ya昭一Mills，then f*!¥ is also Yang-Mills 
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If we set G = U(l)， thell the Ya時 -Millsequation is equivalent to Maxwell's equations 
G = SU(2) x U(l) was used in Weinberg-S山 ntheory combining the weak interaction and 
electromagnetic theory， and C; = SU(3) was used in QCD(二 q凶且tumchronodynamics). 
G = 8U(5)， 80(10)，1九組dPoincare group were used in order to ullify the electromaglletic 
interactionぅtheweak interactionヲthestrong interaction and the gravity into one geometry. 

The above formulation admits immediate generalization to the case when the semi-

Euclidean space 3l1d the gauge potential are replaced by a :Riemannian m31lIfold M and 

a connection on a principal C)-bundle P over M: Let D̂  denote the curvature form of a 
connection A on P. A critical point of the yiαng-J¥fills functionαJ 

AHjjfI11Q八112

is called a yiαng-J¥liLlsωnnection. A Yang-Mills connection A is said to be stαble if the 

second variation of the Yang-Mills functional is non-negative. A fiat connection is a stable 

Yang-Mills connection. H. T. Laquer dealt with Yang-Mills connection on compact s戸n-

metric spaces (see [17]，[18]，[19]) and he [16] proved that (O)-connection on a compact Lie 
group is an instable Yang-Mills connection. A compact Riemannian rnanifold M is said to 

be Yang一九1iLlsinstαble if， for every choice of C) and every principal Ct_ bundle P over M， 
stable Yang-Mills connection is always flat. S. Kobayashi， Y.. Ohnita and M.Takeuchi [15] 
clぉsifiedthe compact simply connected irreducible symmetric spaces of type 1 which 3l'e 

Yang-Mills instable. 1n their paper， they gave a following question: 

1s every simply connected compact simple Lie group Yang--Mills instable? 

We consider an equivariant Ci-bundle [J over a cOlnpact connected sIlnple Lie group 

IJ and invariant connections on fJ. Every equivariant Ci-bundle P is obtained by a Lie 

h01nomorphismρ :L→ G. The space of inv31'iant connections on the principal G-bundle 
P=Kxροover [j is identified wi th 

Homρ(r， g)二 {AξHom(r，g); [p(X)， i¥(Y)] = A([X，νリ for X， Yξr} ， 

where Hom({， g) is the space of linear mappings from the vector space [ to the vector space 
g. 

We determine the structure of the space of inv31'i311t connections when p(l) is a regul31' 
subalgebra of 9 (see 92.2 for definition) 

Theorem D Assume p( l) isαregi山

(1リ)r万f凶 nkく(υ/j)三2)t仇heηHoαl叫T
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(2) lf ra此(L) = 1 J then there exis t f 1 ，・，f2・5ξ Homρ([，g) such that 

Homp(l， g)ニ Rp+乞Rf-i;

αηd the set of fiat invariαnt connections is given by 
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αηd the set of y(αηg-l'dills invariαηt connections except fiat connections is given by 

{O} U {十;トrt;2α? 二 ~}

Applying this result to Yang-Mills invariant connection， we get that any non-fiat Yang-
Mills invariant connection is instable when p(r) 1S a regular subalgebra of 9 (Corollary 2.2 

Theorem E Assume ρ(r) containsαregulαr elen淀川 ofg. Thenαηy non-，βαt y(α句ふfills
homogeneous connection is instable. 
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Chapter 1 

Equivariant minimal immersions 

between compact Riemarlnian 

homogeneous spaces 

1.1 Preliminaries 

Let (; (resp. U) be a compact conllected Lie group with Lie algebra g(resp.川andf( (resp 
L) be a closed subgroup of G (resp. U) with Lie algebra t(resp. 1). Then M = G/ K (resp 
N U / L) is a compact Riemannian homogeneous space with a (;(resp. U)-invariant 
Riemannian luetric. Since K (resp. L) is cOlupact， M (resp. N) is reductive， that is， 
there exists an Ad(K)(resp. Ad(L))-invariant subspace m (re:sp. t) such that 

9 = e+州directsum) (resp. u = 1 -ト t)

We call m(resp. t) a Lie subspace of M (resp. N). We identify the tanget space 1~(M)(resp. 
rl ~(N)) at 0 二 π(ε)with m(resp. t) in a natural manner， where πis the natural pro jection 
of G(resp. U) onto M(resp. N). The differe凶 almapping ん(kεjぐ)(resp.ム(lεL)) 
acting on Tv(M) (resp. To(N)) corresponds to Ad(k)(resp. Ad(l)) on m (resp. t)， that is， 

ん7f*X二 九 Ad(k)X for each X εm. 

Hence we have 

fl(exp tY)JJltニO二 九 [Y，X] Yεe，Xξm. dt， ，---r --I~ ~--I 
、、EE
，J
1
1ム
1
i
 

1
i
 

，，i
l

、

Let [i' : M → N be an equivariant mapping， that is， there exists a Lie homomorphism 
ρ:G→ U with ρ(!() c L such that F(〆て)= p(g) t for each .rJε(:. We get 

l'~X = ((九X)t for each X 七m (1.1.2) 
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We denote by ¥1 and R the covariant derivative and the Rielmannian curvature tensor of 
M， respectively. We denote by ¥1 and n for N in the same way. For each Xモ9we define 
a Killing vector IIeld X本 ε支(M)by 

x:=flexp lx・:rlt-0ε九(M)・
X dl 

We have by the Kosz叫 formula(see [7， p. 48， (2)]) 

同 Y本)0二 一 [X
m行l-;ル川n ぉrX，Yεg

From the above equation， we have 

\19~VX 二 五 (exp(- IAd(ρ)υ))*Xg cxptv 山て0+ か [，U ，g，:-] Xg!{]m 
for v εm  ，g εC}，Xε支(M)，

(l.l.3) 

(l.l.4) 

n(x，Y)Z - ~[[X ， Y]m ，Z]m -~[[Y， Z]m ，X]m + ~[[X ， Z]m ' Y]m 
-[[X， Y]e ，Z] 

for X， Y， Z εm. 
(l.l.5) 

Let F: M → N be an equivariant isometric immersion. Then there exists a Lie homomor二

phismρ :G→ U with ρ(K) c L such that F(gK) =ρ(g)L for each 9 εG. Let A and 13 
denote the shape operator aJld the second fundalnental form of F， respectively. T.叫<.eむ1
orthonormal basis {Xi}1:S1:S1i of 9 with {Xdl三伝川 Cma凶 {.Xj}."叶1三j三pc t 

Proposition 1.1. 1 (1) 

13(X，Y)二一[(p*X)

for X， Yεm. 

(2)F is m同 αJザαηdonwzl(凶)[， (凶)t]= 0 

Proof: (1) is obtained from (l.l.2) and (l.l.3). (2) is cleaJ" from (1). • 
We review some elementary results on representation theory of compact connected Lie 
groups without proof. 

Lemma 1.1. 2 Let (p， V) be αγωl irγeducible representαtion of C:. (pC， VC) is not α 
complex irreducible representαtion of C; ifαnd only if there exists α c01T~plex irナeducible
represer山 tion(T， W) of G such that (ρ，V) = (ア'n.，W]ふωhereωedenote by (pC， VC) (resp. 
(T!{.， ~{)) lhe complex(resp. reαl) representαtion of (，' oblαined by extens'lon(Tesp. res[，Tic-
tion) of the coefficient field of (p， V) (resp. (T， W)) to C (resp. R). 
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LelTIlna 1.1. 3 Lel (ρ，V) be αcornplex irナed-uciblerepresentatioηof C). (ρl七 \!í~J is notα 
real irナeduciblerepresentαtion of C/ ifαηd only if there exislsαγωl irreducible representatioη 

(7， W) OJ () such thαt (ρ， V) = (7ペWC).

Lemma 1.1.4 Let (ρ，V) beαcon1plex I1ナeduciblerepresent山 onof C}. (pH， VlI) is notα 
quaternion irreducible representation of G ifαηd only if thereεX'lSお αquαlernionirナeducible
γepresentation (ア， W) 0 f G such thαt (ρヲV)= (T(;， Wc))包Jhereωedenole by (pll， VH) (resp. 
(TC， Wc)ノthequαternion (resp. complex) represenlαtion of G oblained by extension (resp. 
restriction) of the coefficientβeld of (ρ，V) (ァesp.(T， W)) to H (resp. C). 

Lemma 1.1.5 Let (rハV)beαquaternion irナeduciblerepresentαtion of C:. (ρc， Vc) is not 
αcomplex irアeduciblerepresentαtion of C; ifαηd only if there existsαcon1plex I1アeducible

representation (T， W) of G such that (p， V)二 (TH，WH). 

1.2 A construction of equivariant minimal immer-

sions of compact Riemannian homogeneous spaces 

into Grassmann manifolds 

Let G be a COlnpact connected Lie groupむldK be a closed su bgro叩 ofC.ThenM =ο/K 
is a compact Riemannian homogeneous space with a G-invariant Riemannian metric (，). 
For a field E = R，C or Hヲput
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(万 二R)，
(E = C)， 
( l~ ニ H)

Put Cn，m(JiJ) = U(7叶川 E)/[J(u，万)x U(n~ ， E)， which we call the 1'J'-Grassn1αnn mαnifold 
consisting of all n-dimensional E'-subspaces in v. Let F : M = C//!(ζ→ Gα7ηn，'TI 
1，バ?凡 三1り)be aむ組工且1e悶qu凶llV刊a訂叩na叩ntma叩pp戸i時. Then there exists a Lie homomorphism ρ : C) 
U(口十 711，万)with p(K) c U(n，ι) X U('171" E) such that F(〆て)=ρ(g)U(n，E) x U(71L， lt.;') 
for each g εC;. Put V = E九十7へV， E'rL， V2二 8m. Then V = V1 +弘(directsum) and the 
Lie algebra U of U(n + 1n， E) acts on Vヲnaturally.Put 1 = Lie(U(n) x U(711，)) an 

t = {Aξu;AV1c¥仏 A¥合c~}. 

Then u二 [+ P is the canonical decomposition of u . Put 

日01nl{(V1，九)= {AεHom( V1， ¥12); p(":) J1 = J1p(ん)for each kεf<}. 

We will define that Ji' 1S jf;-full. Let V
1
' and V; be subspaces of V1 and ~イ~， respectively. Put 

d = dimlgMr and 1If 二 dim/IJη Then (j ('/1，' + '1川人/，.，')lS cOllsidered as a c10sed su bgrou 
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置

of U(n十 7n，E) in a natural manner. 80 C;仰が(E)is a totally geodesic submanifold of 
Gn.m (E). The mapping f? is said to be E-full when the image JiぺM)is not contained in 
these totally geodesic s山 manifoldsど;J的 n'(E) with n'十1n'く n十7n.

Theorem A 1f Homj;(V1， V:2) = {O}αηd vi (i 1，2) is not G-invariαnt， theηF isα 
ηoηconstαηt harmoηic mapping. Furthermore， if nαcts írアed'ù~cíbly 0ηV， then F is Jt.;' -full. 
JHoreover，ザKαctsirreducibly on r/~)(M) ， then F isαminimal immersion with respect to 

αmultiple of the G-invariant Riemαnn'lαn metricし)on M. 

Proof: Let 1 [εp denote the tension field of F at 0 (see [6ヲChap.1， 32] f01" the definition 
of tension field). Then by homogeneity F iおs1削 .'lnol
pバ(k刈)l!for each kεK， we have }j = O. 80 F i8 a nonconsta凶 harmoniclnapping. 
We assume that K acts irreducibly on 'j ~) (M). We define a symmetric linear transforma-
tion A of To(M) by 

(X， AY) = (II:X，凡Y) fo1' X， Yε九(M)，

where (，) denote a [J (口+7H， E)-invariant Riemannian metric on Gn，1IL( l~). 8ince A is a 
jぐ-homomorphism，A is a scalar operator by the irreducibility of the action of K. The 
scalar is clearly nonnegative. 80 if P were not an isometric (more precisely， horllothetic) 
immersion， then 1'~ = O. Thus vi is (，'-invariant froln (1.1.2) and the connectedness of C:. 
80 Ji' is an isometric minimal immersion. If C; acts irreducibly on V， then F is clear匂
l~-full. • 
Exatnple (Equivariant minirnal Itnlnersions of .，>"2 into Gωra正a悩1、九

Let (ωρ， V) be a町 8U(2)-E-irreduciblereprese凶ation. Pu1t /(二月({} (1) x {} ( 1 ) ). Let 
v=乞'IWi be a K-E-irreducible decomposition of V. We have 

W'i ~ Wj (K-isomorphic)に二}'i = j (see 31.6， Lemma1.6. 1 ) (1. 2.6) 

Let viヂ{O}(i= 1，2) be a K-J~-invaria品 subspace of V such that V = V] +弘(direct 
sum). Put n = diml!; Vi， 1Ft二 dim/;¥令.If we put F' :伊 =SU(2)j K → C，¥t，m (8); g7' 1--1 
p(g)U(n， l~ ) X U(1n， E) for タε(;，then F is a full mi山 nalimmersion丘om(l.2.6) a吋
Theoreln A. • 
We will apply Theorem A. Let M (ヂ{asingle point}) be a cornpact Riemannjan hOlnoge-
neous space. The identity cOlnponent G of the group of all Isometries of M is compact. 
The action of (; on M is effective and trallsitive. The s山 gro叩 K= {gε();g・0二 o}of 
G is closed and called isotropy group of M at o. 

A G-E-irreducible representation (ρ， V) is called an J九rpl町 icalrepreser，山 tionof the pair 
(G， K)， if V，正 二 {vξ V;(J(k)v二 '/Jfor each k E K}ヂ{O} (1'; =: RヲC，H).The dimellsion of 
V and ¥ウィ is called the degTee and the multiplicity of (/行 V)，l'E~spectívely 
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Lerun1a 1.2.1 lf Kヂ{c})then tf町 eexistsαn I~叩heríca.l representαtion (p， V) such 

that ~うピヂ V.

Proof: We may assume tl川 π=C by Lemma 1.1.3 and Lemma 1.1.4. Let L2(C;j K) 
denote the space of complex valued functions f on r: j J( with 

ん/川

Put 
J}(G， K) = {Jεl}(C;j K); J(k吋 =J(x) for each k ε!{，XεM} 

Since J(ヂ{e}，we get L2(C;j K)ヂ/}(Ci，K). If V = Vh' for each C-spherical representation 
(p， V)ぅthenwe have J}(GjK) = J}(C:， 1て)台omPeter-Weyl theorem (see [30， p.20]). This 
is a c ontradiction.E  

The manifold M is said to hαve 'lrアeduciblelinea.r isotropy group， if J( acts irreducibly on 

九(M).

Lemma 1.2. 2 We αssume that M hαs irreducible lineαr isotropy group. 

(1) The degree of a.ny nontri山uR-sp!町 ica.lrepreser山 tionof (G， K) is grea.ter thαη or 
equal to dim ̂イ+1.

(2) 1f dim M三2，then the degree of a.nyηontrivia.l C-spherica.l representαtion is grea.ter 
thαη or equαl to 2. 

Proof: (1) is obtained企omTheorem of T.Takahashi [29]. But， for the sal<:e of completeness， 
we give a proof. For each nontrivial R-spherical representation (p， V) of (C;， K)， put 

F':M=C;jlて→ V;gJ(f--7ρ(g)υ?

where vεV]( and 11υ11 = 1 wi th respect to a G-invaria且tinner product on V. Then we 
can prove that F' is an immersion in the same way as the proof of Theorem A. Clearly the 

image F(M) is contained in the unit hypersphere in V. So we get the conclusion. (2) is 
obtained from (1) and Lermna 1.1. 3. (FurthennoreぅFis minirnal (see [31， Proposition 8.1， 
p. 21])) 

Proposition 1.2.3 (1) A compαct Riemαηnia.n homogeneous spαce 01 dimension三2
with ITアeduciblelineαγ isotropy grひupad'mitsαn equ'lVαγiant rninimal immersion into 

αη r~-Gra.ssmαηηmαnífold. 

(ρ2) Tl町 eεαt幻istsαωncorηistωα7η1te句q'lωαanωαarωilh凶αT'moηt化C71η問1
110mηZωO勾ger印TηLeωousspαce 'lω1J'l“thηOηtγ九tれ1仇j九tαaliおsotか7γ、ひopl仰1νIg伊?γ‘刀O包p'lnηitωOαη/ιジ-G1γ.αωssmαηηmηZαr川L比ifold.
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Proof: (1) Take (p， V) as in Lemma 1.2. 1. Put V} = ¥公 and¥合=vl-with respect to a 
O-invariant inner product on V. Then the assertion follows from Theorem A. 
(2) It is obtained from Theorem A and Lemma1.2. 1 in the same way as the proof of (1). I 

If M is a compact Riemannian symmetric sp以 then(C:， K) is a compact symmetric pair 
(see 31.4 for de白fin凶ition
Lemma 1.2. 4 Lμet川(σ，K)beεαCωompμαct s勾ymηnrr附 tかγt叱cp仰αtけγ.

(1) The multiplicity 01αny C-spherical representation 01 ((;， K) eqωls to 1. 

(2) The muliiplicity 01αny R-spherica1 representation 01 (()， }{) eqωls to 1 or 2. 

(3) Any H-spherical representαtion 01 (C;， K) is obtαined fr07n ihe extension of coefficient 
βeld 0ザfασ一C一tけγT陀εeducκczめbler，陀epγeser印Tηniαωiiω07ηiiωoHα7ηid the TrZη'1川1

Proof: (1) Weぱ erto [30， p. 104，Theorem 5.5]. (2) is obtained from (1) and Lelnma 1.1 
2. (3) is obtained from (1) a工ldLernma 1.1. 5 

Lemma 1.2.5 Lei M beαcompaci irナeducibleRiemannian symmeiric spαce 01 dimeηs'Lon三
2. Then the degree of any nonirivial H-spherical represe7山 ti。η of(ど;，K) is greaier ihan 
or equαl to 2. 

Proof: It is obtained from Lemma 1.2.2 ，(2) and Lemma 1.2.4 ，(3). 

Proposition 1.2.6 (1) Let M-beαcompαci irアeducibleRie'mannian symrr/'etric spαce of 
dimeηS'LOη>  2. 

(i) M admiisαη equivariani minima1 immersion inioαreαl projective spαce or (:'2川(R).

(ii) M αdmiisαn equwαriani minimal immersion inio αc07nplex projeciive spαce. 

(iii) M adrniis an equivariαηi minimal immersion inio αq7.叫 εrnion pro jecii切 spαce

(2) Lei M be αcompαct Riemαnnian symmeiric spαceωiih non irivial isoiropy gro叩

(i) Tf町 eexisisαηoηconsiαηi equivariαηt harmonic m.αpping .from， Nl inio αreal projeciive 
spαce or G2，n(R). 

(ii) There exisisαnoncoηsiαηi equivariani harmonic 'mα，pp:ing fron~ M inio αcomplex 
projective spαce. 

(iii) There exisisαηonconstαηi equivariant harnlonic nlα.pping fronl M inioαquaiernion 
projeciive spαce. 

Proof: (1) It is obtained仕omTheorem A， Lemma 1.2.2 ， Lelnma 1.2.4 and Lemlna 1.2. 
5 in the same way as the proof of Proposition 1.2. 3 . 

(ρ2) It is obta幻叩inedf仕rornTheoαre白InA a泊I凶 L后emlna1.2. 4 in t廿;hesa叩a剖H問 wayaおst仙hep刀1"0∞ofof 
Proposition1.2. 3 . • 
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1.3 Another construction of equivariant minimal 

immersions of compact Riemannian homogeneous 

spaces into Grassmann manifol<ls 

Let G be a compact connected Lie group 'with Lie aJgebra 9 εl.nd K be a closed su bgroup 
of G Vlrith Lie algebra t Take a bi-invariant Riemannian metric (， ) on C: and denote also 

上
b匂y(し，)川theIl吋u山cedAd( σ )-inv.泊訂31'1但釦ltinner p戸ro、odu山cton m = t--'-. lf、h
is a c∞ompact Ri民emann1a紅叩nhomogeneous space. The subspace m of 9 is naturally identified 
with the tangent space九(M)of M at 0 =π(ε)ヲwhereπ:ο →M is a natural pro jection. 
Take a nontrivial R叩 hericalrepresentation (ρ， V) of (C;ヲK).Then there exl凶 sanonzero 
vector VoεV such that 

ρ(k)vQこ りu for each k εK. 

Take a C}-invariant inner productし)on v. Put 

V
町
的
仏
“

Rυ0， 
p(m)内?
the orthogonal projection of spa叫ρ(X)p(Y)υo;X，Yεm}
to (¥も十 V1)上下

(1.3.7) 

Vk the orthogonal pro jection of spa叫p(X])...ρ(Xん)υ。;X!，.・.，Xんξm}
to (¥1() +・・・+Vk-1)上?

where we denote the di百'erentialrepresentation of ρof G by the same symbol ρ. Since ρlS 
irreducible， there exists an integer 1n such that 

V = L ~ (the ort伽hoω珂og伊on凶凶ald命lf悶e叫ctsum of }(ぐ乙-lnva
M ラヂ1.: {O} for 0 三i 壬111，. 

Since ρis nontri vial， we get 111ど1.Putβ!?FL二 {Oγ.. ，rn}. For subsets P(ヂ日)，C2(ヂ日)with 
，Sm = P U Q (clisjoint union)， put Vp = 2二1垢 p~)' VQ = 2二析。VQ，α=dimし

f
p，bニ dimVq. 

Then V =竹:.J+均(orthogonaldirect sum of K-invariant s山 spaces).Put 

F:M二 GjK → (}u，b(R)= SO(α+ b)jS(O(α) x ()(b)); 
gE( ~ ρ(g)ル = ρ(g)S(O(a) x O(b)). 

We prove the following theorem. 

Theorem B F isαnonconstant R-full equivαnαnt hα門ηOin'lC mαpping. 1f the linear 
lsotropyαction of K is irreducible， then F isαminimal in~mersion. fηpαバiculαr，iJ "ωe 
put J> = {O}， Q = {1γ ・.， '111， }， th，eiηF isαminirnal imrnersion of M intoαPTojectωe spαce 

(1.3.8) 
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In order to prove this， we prove lemmas. First， we llote that p(m) ¥!k c Vo +・・・+V;什一1for 
k=Oγ. . ，'ln， where we put V;凡 1]= {O} 

Lemlua 1.3. 1 

ρ(m)竹;ζ Vkー 1+ Vk十九;11 for k = 0，1，・..，1rL，ωhere we put V-1 = {O}. 

Proof: We prove this by induction on k:. It is clear when k = O. We assume that this lemma 
holds until k. For 0三i三k-1， by the hypothesis of induction， we get (ρ(m)Vi，パ1，民)二
(竹;-11，p(m) Vi) = {O} 

We denote an orthonormal basis of m a吋 tby {1~Jl計三n and {ιL 1 j}l ~j三 l ， respectively 
We remark that the Cぉimiroperator 

c=乞ρ(以)2

of p is a scalar operator because G't is a G-invariant syrnmetric transformation組 dρ1S
irreducible. For υε V， we denote the Vk-cornponent of v by vYi.:' 

Leluma 1.3.2 2ン(九)(p( E.JVk) V}.， I lξ 凡+Vk 1] for each VkξVk 

Proof: We have 

しいヨ CVk 二 乞 ρ(l~í)(P(ι)川
t-l 

Hence we have by Lemma 1.3. 1 

2ン(Ei)(ρ(f !J'i ) V k ) Vkl 1ε ¥!k + Vk 11 

Since Vk is J(-invariant， we get the conclusion. 

The Lie algebra U of SO( α + b) acts on V， na抗turally.Put [ 二 Lμi白e吋(/)'ちザI'(O(α吋)x O(φbの)))an 
t = {T可 ε u叫;T'v祢う乍J C ¥均匂年，T¥均匂 cVルp}.Then u 二 r + T is the ca出r∞:
For Tξu， we denote the t(resp. r)-componer 

L…a1335(ρ(!~.JIρ(1会 )þ +ρ(f込)tρ(f古)[)= 0 
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Proof: For each v kε凡， we have 

乞ρ(1会)21jk=CUK-乞/)(I441j)21lkεれ;

Since 

会p(Ei)2=主(ρ川町t+州 pρ(E.J[)+会(ρ(Ei)tρ(凡)[十州

we get the conclusion. 

Proof of Theorem B: Let 1 [εT  denote the tension of F' at o. By (1.1.3)， we have 
11 =工7=1[ρ(Ei)[ ，ρ(Ei)t]. From Lemma 1.3.3 ， we have 

ff=25ρ(川(以)p=-2p(ι)川 Jr

If 0， 1εP  or 0，1εQぅ thenwe have 1I Vo二 oby p(凡)puo=0.1fO εJ)，lεQ or 
O εQ，lεJ)， then we have fJvo = 0 byρ(Ei)[vo = O. Hencerwe have IljVo = O. We assume 

that ]-II(Vcパ|竹)= O. We will prove 11
1竹1] = O. Clearly， we have 11竹llcgTM By the 

hypothesis， we have 

O二UJL'¥;ふら1)二一(玄凡 11叱H1) 
() -l-O 

Hence we have [1 VJi 1 (二 Vjll+竹12+ vj・I~~・ Let Xρand X () denote the characteristic 
functions of P and Q， respectively: 
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For each VjトIξ vjI 1， we have by Lemma 1.3. 2 and the hypothesis of induction 

(ZP(凡)[ρ(I込)p)Vj 1 1 

二 Xp(j+ 1)乞χQ(ん)I: I:χQ (l) (p(以)(ρ(ι)Vjj 1) Vk)竹

旬。(j+ 1)乞χp(k)乞乞 Xfコ(l)(p(ι)(ρ(凡)V j 1 1) V
k 
) vi 

k=j ニ1l二人;-1

= Xp(j十l)XQ(j+ 2) 乞(ρ(Ei )(ρ (J~'i)Vj ~ 1)巧IJ巧1'2

+ Xp(j + l)XQ(j + 2)初 (j+ 3)乞(ρ(以)(ρ(Ei)VjI ~ 1)竹12)竹13

+ XQ(j + l)Xp(j + 2)乞(ρ(ι)(ρ(E.JVj 1 ~ 1 ) 巧 1 2 ) 竹 1 2

+ XQ(j + l)Xp(j + 2)χp(j + 3)乞(ρ(仏)(ρ(ι)竹十1)竹IJ竹13， 
i ] 

(?(凡)pp(凡)r)Vj11 

一 χ泊p(υj+1リ)ε X灼ρバJ(μAん:)2ε; ε X均Q(引ωlり)(fω/ρ)(υ1~.令心州'i)以)(ωρ(伊Eιωi)'lυ旬iυl

+旬XQ凶(υj十1り)ε χ泌Q(例ん刈)2工;乞 χ灼ρバ)(lの州lり引)(泊(/ωjμ'J(似/ι以川?4込川以i)ぷi)(Pωp(叫Eι5九引.JVjυ勺l勺j-IJ) 凡) νi 
ん j 'l-l lょん-1

ー か (j+ 1)μ(j + 2)乞(ρ(凡)(ρ(E'i)Vj-ll)竹IJ竹12

+Xp(j+1)χρ(j + 2)XQ(j + 3)乞(ρ(以)(p( E'，JVj j 1)竹IJ竹1~~ 

+χο(j + l)Xp(j + 2)玄(ρ(E'i)(p(ι) 'lJ j I ~ 1 ) ¥0 -j J竹-j'2

十χQ(j+ l)XQ(j + 2)xp(j + 3)乞(p(l~í ) (ρ(1古川，d竹12)竹13
t二ニ1

日町e3ifj + 1 J + 2 ξ P or j + 1，j + 2 ε (2， then we have (ε立;工乙しいい〕」ぺ~ 1Pυμ川rρ州J
J+ト1εP，j+ 2ξQ or j + 1ε(2，j + 2εP， then we have by Lemma 1.3.3 

(E ρ(叫州)t)υJ l i = zP(ωρバ州州(υ山川l以川川4川)(pωρバ州州(υ似川川/ι以川州ジ込心i)
( Z?ρ ( 州 ρバ州州(υ似川lιω川州令心~.JpνpジJ山)μ川U勺jれ川|けl = ZP(ωρバ州州(υ似川川/ιι川川ゾ今心'i)
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Hence we have J 1，竹11 = O. Therefol'e F is a nonconstant hannonic lnapping. 
If the isotropy action of K is irreducible， F is an iSOlnetric immersion. I 

Let (p， V) be a complex (resp. quaterruon) spherical representation of (ο，K). Put 

lう(={vεV;ρ(k)υ=υfor each kεK}(ヂ{O}). 

If there e)Osts a nonzero vectorυ。εわィ suchthat 
(ρ(g )vo， 'OO)εR  for each g εG3 (1.3.9) 

then we can construct a harmonic mapping frOln M illtO a complex (かr印resモe白sp. qu凶a抗te釘rn山10∞n
Gαra笛ssm但姐1nmanifold in the same way ぉ the proof of Theorem A. Condition (1.3.9) means: 

Proposition 1.3. 4 A complex (resp. quaternion)叩 he九calrepresentαtioη(ρ， V) satisβes 
(1.3.9)ザandonlyザthereexistsαreal spherical repγesentαtioη(ア，W)of ((i， ]{) such thαt 

(ρ，V) = (T， W)じ (r・CSp.(T，W)ll)， (l.3.10) 

ω九ere(T， W)C(rcsp.(T， W)H) denote the complex (resp. qωternion) representαtion of G 
obtαined by extension of the coefficientんldof (ア，W) to C (resp. H). 

Proof: Clearly (1.3.10) Ilnplies (1.3.9). Conversely we assUlne (1.3.9). If we put 

W 二 R-linearspan of {p (g )υ0; gεG'}， 

then (1.3.10) is concluded 

If (G， K) is a compact symmetric pair of rank 0 問 ， then eve白ryC (or H) 叩 he白町叩r吋'lCはa心1r陀ep児
S印en凶ta叫tion(ωρ ， V) of ( σ ，K) sa抗山tisfie白s(ο1.3.9幻)(see [31 ぅp. 25， Cor. 8.2]). 
We prove lemmas needed later (31.4). 

E 

Lelnma 1.3.5ρ(X1)"'p(Xdυ()三 ρ(XT(l))'.ρ(XT(k) )υo (mod V() +・ +比一1) for 
X1γ ・'，Xkξ m，Tε6k，ωhereωedenote by 6k the symmetric group of degr，白人

Proof: We have 

p(X1) ...ρ(X.i)ρ(X'il d... p(Xん)υo
ρ(X]) ρ(Xiー dρ(Xi11 )p( Xi)ρ( Xi 1 2) . . . p ( X k) Vo 
+ρ(X]) .ρ( Xi-1)ρ([Xi， Xi 1 d)ρ(Xi-l2) . . . p(Xk)υo 

Hence we get the cOllclusion. 

Lemlna 1.3. 6 

竹;二theorthogonαl pro jec tion 0 f spαn{ρ(X)k.{川

19 

• 



匝
.. 園田園ーーーー

Proof: We prove this by induction on k. It is clear whenん= O. We assume that this 
lemma holds for k From this， we get 

九・十1 二 the 0ωr‘t凶hogo凶 1projection of span吋{む/ρ)(X)ρバ(Y)戸んkVυ町句町v町均j花勺川oω);X，Yε m 
tωo (Vo任仏)+...+凡) 上. 

From Lemma 1.3. 5ヲwehave 
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for l = 1，2，' . . ，k + 2. By the fonnula of V;泊.1der Monde， we have 

det I 

¥(k + 2)。
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Hence the vector ρ(X)ρ(Y)人・Vois a li田 arcombination of ρ(X + Y)ん11VO，. • . ， ρ(X 十(k + 
2)Y)ん~1vo(modVc) +・・・+竹J

1.4 A construction of totally geodesic immersions of 

compact irreducible Riemannian symmetric spaces 

into Grassmann manifolds 

Let G be a compact connected Lie group with Lie algebra g， K a closed subgroup of C) 
with Lie algebra t The paIr (C)， }{) is called a compαct symrnet九cpair if there exists an 
involutive automorphism 0 of G such that K lies between Koニ {gεG;O(g) = g} and the 
identity component (}{o)o of }{(j・Acompact symmetric pair (C;， 1ぐ)is said to be irナeducible
if the adjoint action of Jイon111 is irreducible. 

Let (G， K) be a compact irreducible symmetric pair. An Ad(ρG) and 0一1nv山V刊var紅na凶 1nn
P戸ro吋du旧ct川(，)0∞n9 na抗tu山I刀rallyir凶 u即cesa C;一i凶n¥日van悶山a担I凶 R町lema叩1111凶l1a叩nrnetric 011 M = C; /}(ぐ(.M is a 
compact Riema11nian symmetric space with respect to the C)-invariant Riemannian metric. 
Since 0 is an involutive automorphisln， we have a canonical orthogonal decomposition of g: 

g=E+m. 

Put /，' as in (1.3.8)， 31.3 with P = {eve叶，Q = {odd}， the11 we have the following theOl'eln 

Theol'elll C '" isαtotally geodesic immersion. 
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In order to prove thisうweprove the following lemma. 

Lernrna 1.4.1 

p(m)竹;C VA;-l +竹;+ 1 for k = 0， 1γ ・" ?n， ωhere we pu，t V~ l = ¥づ川 1= {O}. 

Proof: We prove this by induction on k. It is clear when k = O. We assume that this lemma 
holds until k. From Lemma 1.3. 1 ， it is su伍cientto prove (ρ(m ) VA; 1 1， VA; 1 1) = {O}. When 
k is evellぅputk = 2l. For Xεm， by the hypothesis of illductiollぅweget 

For YεlU， we get 

p(X)vo 
ρ(X)'2vo 

εiι 
εLも+¥合う

p(X)2lVO εVO+V2+・・・十九l，
p(X)'2l十lVO ε 同+V3+・・・+V211ト

p(Y)(ρ(X)2l lIuoMl十 ρ(Y)ρ(X)2L-i1vo -2:ン(Y)(ρ(X)2lll'/)0)竹s-j1 

By the hypothesis of induction， we get 

乞p(Y)(p(X)2L1 IVO)V2S 11 ε 町)+ ¥合+・・・ +v.，u 

For each ~ ξm， we have 

(ωρ (Y)jρJ(X)戸引釧-イ十1ト川-

(ω似ρバ(げ例Y竹)(ω似pバ(X)戸2引Hl切υ句ω0ρ)凡竹V21ハ11+ I: p(Y) (p(X)~U 11υ0) V2.9 1・11I:(p( 2')2ll 1'/)0) V~.!l 1 1) 

(ρ(Y)(ρ(X)叫 1'00)ぬiト1，乞(ρ(2')2l-llυO)V2t11) 

(ρ(Y)(ρ(X)21-11VO)め111ヲ(ρ(Z)'2l+IVO)ぬ11J ). 

From Lemma 1.3. 6 ， it is su白cientto prove 

(ρ(Y)p(X)2l ~IIVO ， ρ (Z)2111VO) = 0 fo1' each X， Y， Z七 η1

For X1，・・・，X2112，Yt，・・ 1九lr ] εm，σε6211わ bythe hypothesis of inductioll alld [m， m] C 
e， we have 

(ρ(X1) p ( X 21 I '2) V()， /) ( Y1) . . .ρ(九1I 1 )vn) 
(p(Xσ(1))'" p(Xσ('21 1 '2)) '/J()， P ( Y1) . . . f> (九II1 )v()). 
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Hence we have 

(ρ(W)2l1 2VO， p(Z)2l1 lVO (ρ(W)2l1 ] p(:0)VO，ρ(Z)勺(W)vo)
(ρ(W)り();}2VO，ρ(Z) '2[-1 P ( W) 2 Vo ) 

(p(W)l-t 1ρ(Z)lトlVO，ρ(Z)lp( W)l 1 1VO) 
(ρ(Z)lI1ρ(W)l r lVO，ρ(Z)lρ(W)lllυ0) 
O 

for each W， Zξtn. 
Hence we have 

O 二 (ωρ(Y + 7nX)戸訂乱仙千|は2引2VO，

芝(2l;-2i ( """ _.1 "") 11川

for X， Y， Z εm，'l1L = 1γ ・.， 2l + 3. By the formula of Van der Monde， we have 

det I 

¥(2l + 3)。

1 
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He附 wehave (ρ(Y)ρ( X ) 2l 1 1 VO ， 
same way. E 

Proof of Theorem C: We have ρ(m) C T by Lemma 1.4. 1. Hence F is a totally geodesic 
lmmersloll. • 
Remark 1.4.2 Let (ρ， V) be a cOlnplex (resp. quaternio吋sphericalrepresentation which 
sati均(l.3.9).Then we can construct a totally geodesic imrnersion of M into a complex 
(resp. quaternion) Grassmann manifold in the S3Jne way as the proof of Theoreln C 

The next eX3JTIple is not contained in Theorem A. 

Example (C)， K) = (ふ川川ヲsο(n))(n三3).
Since G acts on Cn naturally，οacts on a complex vector spaι.e W = (σ，W)ニ sY2(C7L)= 
span{'u . V = ~(tl ② υ +V ② u);ThuεCtl }. Let {の}1釘 ndenote the canOI山 albasis of Cn 

Put V() = 乞?l c? ε W. Then we have σ(ょうV()= '/J(J for each 1，: ε /(. Put ((J， V) = (σ? W)lt-
Then (ρ， V) is a nontrivial real spherical represelltation of (ど人 jぐ)(see Lernlna 3.5). The 
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E 

canonical inner product on Cn = R:2n naturally induces a (;-invariant inner product on V. 

We define ]{ -invaria川 subspaces凡 asin (1.3.7). Then we have 

lイ)二 Rvo，

v; 壬玉主ιZ三L壬臼凡R 円ιfηt勺いぺ+イ(住2z tρ円刊e弓ふ小わh?Lいh;戸川川X釘7斗tιd叫R町(1三壬一;
弘 =155Jei勺+{会ichid(15M7恰ぃO}，
V3 RAvo， 

V 二乞M
'i-=O 

Put [i' as in (l.3.8)， then F is a minimal imlnersion. Since \も 竺 凡~ ~三 ~(K-isomorphic) ，

this exarnple is not contained in Theorem A. 

1n order to prove the irreducibility of (ρ， V)， we prove a few lemmas 

Leluma 1.4. 3 Let (σ，W) beαcomplex irreducible representation ofαcompαct connected 
Lie gro叩 ο1ftf町 eex'l必 αweight入of(σ， W) such that -入isnotαωeight of (σ， W) 
then (σ， W)R isαァealirアeduciblerepreser.山 tion01 c;. 

Proof: If (σ， W)R were not irreducible， then there e泊stsa reaJ representation (ρ，V) of G 
such that (σ，W) = (ρ， V) C by Lemma1.1. 3. Let) denote the co吋ugationof W with 
respect to V. Then J is a conjugate G-linear mapping with )2二 1.Let T be a maxIlnal 
torus of C; with Lie algebra t. Letり入 bea nonzero weight vector of入， that isう

ρ( f1)v入=ゾコ入(11)υ入 for each 1Iεt 

Since J is conjugate G-linear， we have 

ρ(J1)九 二-H 入(1I)Jυ入foreach 11εt 
Since一入 isnot a weightぅwehave )v)..ニ O.Since )2ニ 0，this is a contradiction. I 

Lemma 1.4. 4 (σ，W) isαcomplex irreducible陀presentation01 (;. 

Proof: We first let Eij denote the matrix whose '1'-th row and s-th column訂 egiven by 
8.iTbj.<;. 
It is su伍cientto prove that the complexi日cation.5l(n， C) of .5'U.(n) acts irreducibly on 
W. Suppose WO(ヂ{O})is an .5l(n， C)-hlvariant subspace of VV. 1n order to prove Wo二
W
ヲ firstwe show VoεWo. Let 'U二 乞lくた<lくれαkZCk. Cl εVVo・ Put i min{k:;αkl ヂ
O} ，j = min { l ;αuヂO}.We mayぉsume(i， j)ヂ(11ヲη). If'i=j(<川， then we have 
yt七ヨ σ(En-J2v= 2αiie ，~~. If i < j， then we have同〕ヨ σ(Eni)υ=乞j笠 1L仰 ;l• Cn・Hence，if 
< j = n， then we have WoヨαM:;:.Ift <jく TL，then we have Wo ヨ σ (/~nj)σ( I~ni)υ = 
fviHence we get Ci εW(). For 1三'l~ n -1， we have Woヨσ(I九J2d=2イHencewe 
have 'UoεWo. Since W = spall {ρ((:)vo}， we have W(J = W. I 
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LelUlua 1.4.5 (ρ) V)おαγealirreducible representαtion of C) 

Proof: Put 
T二 ，'，)(U(l)x・・・ x U(l)) 

n-times 

and 

t = {ゾ-1 diag { x 1， . . . ， x・n};:.DiεR(l三t三日)，Zzt=0}.

Then T is a maximal torus of G "rith Lie algebra t. For 11 = Adiag{Xl)・・.，X'.n}εt， we 
have σ(IJ)(c.i.勺)= vコ(約十 ~J;j) Ci . Cj. Since n 2 3， this shows that (p， V) is irreducible 
by Lemrna l.2. 4 and Lemma l.2. 5 . 

1.5 The Jacobi di宜erentialoperators of equivariant 

minimal immersions 

1n this sectionう wesucceed the notation in 31.1 and weぉsumethat F is minimal. We 
define sylnruetric linear transfor江川oinsflx and Ax on the normal space Nx (M) at x as 
follows: 

九(り=乞(え(Ci，V)Ci)1-，人;(v)=乞l-J(ei，A'UCi) 

for V ξ Nx(M)， where {cdl三的nis an orthonormal basls of Tc(M). Clearly， we get A = 0， 
if F is totally geodesic. Let N(M) denote the normal bundle of M and r(N(M)) denote 
the vector space of all C'∞-sections of N (M). Letム denotethe negative of the rough 
Laplacian of the normal cOllnectioll ¥7上ofN (M)， that isヲ

ームv=2二 g勾九円JV-
1 :三 i ， j~ r凡

I: gij¥7もF;;RjV for V εr(N(M))， 
1壬i，j壬rn，

where {Ei}l三区川 is a local frame field of M， g向iり1二 uι込，1叫ら)剖組ld(ωgグ1りηJつ)]壬出i，j必壬7川F凡L= (ωgρ「弓Jt九川ω，j泊.
Since the J acobi dif狂ferentialoperator 

J=ム+R-)¥

is a strongly elliptic linear di百erentialoperatorぅithas discrete eigenvalues: 

Spec(J) = {入1< 入2三・・・ → ∞}.

The minimal irnmersioIl F is said to be sla6le if the second variatiol1 of the volurne of F is 

nonnegative for every variatioll. The minimal imluersion Jt' is stable if and only if入l三O
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(see [28]，pp.73-74). Since the orthogonal coぞlplementm1-in p is identified with No(M) in 
a natural mannerうwemay consider J( and A as symmetric linear transformations on mム .
Let (l人L)be a compact symmetric pair. An Ad( lf)但ldO-invariant iUJler product (， ) on u 
naturally induces a U -invariant Riemalllliall metric on N. Since p = {Xεu; O(X) = -X}， 
we have ゅうp]c [ 

LeInma 1.5. 1 (1) 

え(υ)=E[凡Xi，[1ミXtA{lIvizlklhluu叫

f01'υεmi. 

1f (U， l，) is a compαct symmetric pαir， then 

えれJ)ニ喜[川，[凡AtlilmifOT 'U ξlT1i. 

(2) A(υ) = -2ごと1[(ρ*XJr + ~(ρ*Xi) p ' [(ρ本X.J(+ ~(ρ窓X.J p グ!九m]nlよ

1f (U， L) isαcompαct symmetパcpαi1'， then 

A(υ)=-5[仏 f07・ uε1ni.

Proof: (1) This follows台om(1.1.5). 
(2) By usi時(1.1.3)，we have 

(J¥'IIX.i，Xj) = (v ，(\7(f!~Xi)~(ρ*Xj ) 本 )0)

foγ 

=ー(υ，[(p*X.Jp' (ρ*Xj)d + ~[(ρ*X.J p ' (ρ*X.i)p]p) 

Hence we have by Lemma 1.5. 1 (1) 

υεm上.

ば(1j)??tj)=-pl川)1十j(仏)山Xi)r+ ~ (P.Xi)川 m]，W)

for叫wεm上. • 
The group K acts on m..l by Ad(fゅう)(kεf<).We denote by (Ad 0 p)1-this action of K 
on m-'--. We identify r(N(M)) with 

c∞(C;mi)11・ ={ψεC∞((;;m..1); tpCリん)= (Ad 0 /)) 1 (A:一I)tp(g)f01 クε(;，1.;ε!(} 
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by the following correspondence: 

c∞(G; m1.) f{ :3 <p f---7 (tεr(N(M));タ(gl()=ρ(g )*cp(g) for 9εC 

We define an action Lx (respρ(x )*) of C; on C'∞(σ;mi)κ(resp. r(N(M)) as follows: 

(Lx<p)(g) ニ (ρ(x-]g) for <pεC∞(G; lU1.) [(， X，!lεG， 
(ρ(x九V)g[( 二 ρ(1; )本九一IgK for V εr(N(Mr))， x， gεG. 

The action Lx(xεG) on (}∞( (;; m 1.) K corresponds toρ(x)本 onr(N(M)). We also denote 
上~

by J，ムandA the operators on C∞(C;; m -L) K correspondi時 tothe oparators J，ムandA on 
r(N(M))， respectively. Let C: = -L~二 ]xl denote the negative of the Cぉimirdi百ere凶 al
operator of G. 

Lemma 1.5.2 

ム<p C ψ + 2 1 [ バ ， [仏J1 1 -2 z訂P[Kb(ωρ凶州*ぷ丸刈)rげ，x"ふル刈X丸ル州川tω刈叫j，cpJm吋ペ九Jm
一E刃[(ωμ凶州*xλX丸刈i)r十川バ山山?ぺぷ心羽[(pμ(ω仇pんμ凶州志JぷX丸刈i)[レげ川川川，<PJ]叫仇伊叫州叫山lリ刊凡]mη上 一 反ル州(ωω伊ω)一E刃[(P.μ凶州X爪刈i)p'xλル刈X丸均州zω刈v叫ベJ1
岩[(f川/
ti川

1f (lノ，L)isαcompαct symnLetric pαir! then 

ムψ = G<p+ 乞IMJt，MAd-2El(仏 )rヲXωJmよ

-Z[(仏)r' [(凶)r'<p]]m-L -ル)for 山 了∞(G;11/，1.)[¥ 

Proof: For V =やεr(N(M))，we have 

一(ムV)(o)= (乞マ(川事)々 (川i)'V)
よ(ο)+ A(九)

Put Wi =マ(ρ.Xj)・V(l三t三7川.Then we have by (1.l.1)組 d(l.1.4) 

レVi，仰旬、KiL 若(exp(-Sfらん))ぷ)XIヲ(/.18)p'XiLI" 0 
+(exp 1ρ紘Xi)*[(rんX-;.) [， (ex p ( -1 fんXd*V;~xl 】 1[.九 x ，t，J
+ ~ (exp 1 /J* X.J* [(fl*X.Jp' (exp( - 1/九 )(i))ぷ~xp/. fi.x;d 

26 



.圃-

In particular 

W帆札1ωoゴ1( 叫州(叩 X九刈川i)川)リ)凡
Thus we have by (1.1.1) a凶(1.1.4)

マ(p.Xd. V (ρ。Xi).V)(o) 
二(マ(P.Xi)'WJ。

l' . I.IJ • 2 本 tJt'YOJt. 

一 えむ{似叫p(←一t伊p*Xぷ刈i)リ)苓川刈*Wi，問帆九』ム叩i，explρe 
一 均Jメ介(いex叩刷p以(一べ(れL+ s)νp本JぷXぷ刈i)心)リ)本ぷχ凡江却p凶仰昨耐(いいtι判-1似 Xi刈μ川i1ι刈Iι川仰，1いt-sトバ-心O 

50 we get 

一(6ψ)(e)= 

十2[(ρ*X.J[，長(exp(-[ρ*Xi))本Vex仰 .XJ，lt.=o]+ [(ρ*Xi)r， [(ρ*X-i)r，しら]]
+((仏\~，長(叫 (- t.μi))品川 ~i，Llt ~~] p ~ J[(μ.J t， [(μ.Jp'九]p]
+を[(fんX.i)p，[(p*X.J {， VO]]t + ~ [(ρ*XJp' [(ρ* X"i)p' Vo]p]p 

(ε;モ]Xl<p)(e) + 2乞F1[(ρJi){3(XM)(c)lmi
+ L~l [(p*Xi) [， [(p*Xi)げ (e)]]mょ+A(<p(c)) +ε211(ρぷ )γ(Xicp)(C)]mよ
+江主][(ρぷ)l' [(ρぷ )p'<p(叫]mょ+江主1[(んXi)p'[(ρλ)げ (ε)]]m-L 
+ ~ 2ごとd(ρ*Xi)þ' [(ρ* X'i ) P ， <p ( e ) ] t] mム・

5inceムLx二 Lxムforx εοby the equivariance of F， we get the conclusion. I 

We de自民 operators J.i : C:∞(G;m上)Iピ→ C∞(G;m-L)κ(i= 1ヲ2)by 

J]cp 
一 E刃[い仏仏*Xi九，Xλル刈X爪均川t伊川伊叫ベ<p]m..Lしんlη1

J'2<P -51(仏 )pldlJ

for <pεC∞(G;m上)κ・

Relna比 1.5.3 It follows that Lf-1 [ρ*X.i， Xi<P]ln..L， 2二LlMJゎ !ρ*Xi，ψ]mょ11nh

ロ~d(μ.JγXi<P]mよ and 乞仁d(ρぷ )γ [p*Xi， <p]m..L ]nt上 ε ct仰門切吋∞(仔οqωJh;汁mゲ州nピi勺)山rcpε ζC伊門'100刈∞ぺ(C;ム;ηmゲ州1寸内i勺)久
Mo白r閃m、モeoωvereach of the above four operators is commutative with I~x for x ξ G. If (l人L)is 
a compact symmetric pair， thenゐ=o. 

Theorem 1.5.4 (1) 

Jv= cv-2JlV+lgJ l(Miらん)2cp]mょ+J2CP-立 dρみ [(μ.Jp'cp] I/~ m]m..L 
~2ゴニ d(ρ*Xi)h' [(rんXJh，<pL， rr1 L~ ..L 
~ L.....J .t -= Jl\r"'--~/p' l\r"'--~/þ 

for <pεC∞(G;lni)κ 
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(2) )1二 Oザαnd0ηlyザ[pJ31llmi=OfOTXξ爪 uεmi.

(3) )2二 Oザαηdonlyザ[(ρ*X)pパ1]mよ 二 ofor Xξ爪 vξmi.

(4) lf(U，L) isαcompαct symrn，etric pαtγJ then 

I P l 

Jrp = C1rp -2J1ψ+ I ~(adp*Xi)2rp I forψεc∞((); tn..1) 1イ
16.一ム
Li-l J m 

Proof: (1) follows from Lemma 1.5.1ぅ Lelnma1.5. 2 and minimal condition (Proposi-
tion 1.1. 1 ， 4.1 (2)) 
(2) and (3) are obtained in the san1e way as [26， Iぅp.138ぅProposition 4.2.2]. (-1) follows 
from (1) 

Remark 1.5.5 It follows that ()ψ， [2:f--l (adρ*Xi)2rp]~ 1-， 2:rで 1[ρ*Xi， [(ρ本X.Jt，ψl川 n]m1-口1

and 2:ゴ~d(ρ本X.J p ' [(p*Xi)p' rp]凡m]mよ ξC∞(C:;m上)1": for ψξC∞(C; m..1)f十 Moreovereach 
of the above four operators is commutative with Lx for 2" εG. 

Let D( G) be the set of equivalence classes of finite dimensional C-irreduoble represen-
tations of G. Let cσ(三0)be the eigenvalue of the nagative of the Casimir operator of 
(σ， W) E J)( G'). (By the forrnula of Freudenthal， we can deterffiIne cσ(see[30]，p.205).) FOl 
(σ，W)εD(とi)， put 

(W*②(m上)C)O二 {α εW本②(111i)C;(σ*②(Ad0 p)上)(k)α=α for kεJ(} 

』

rしu
 

p
i
 D(ο;K，(Ado ρ)..1) = {(σ， W)εJ)(C); (W本の(m-L)C)oヂ{O}}
For (σ， W)ε1)( (); }{， (Ad 0 ρ)上)， we de白nea symmetric linear mapping J，σξEnd((W本②
(m上)C)o)as follows: 

ゐ cσ1-2 ~ 立ニ l ♂ (X.J の [ρ*Xi ，*] ょ+lw' ②乞f~ I [p*Xi， [ρJh*l nijmij 
L 口 -，'m 'm ) 

+ lw・②[2:f.=1(adんXJ2*]…よ

+ {立10"*(X，J②[(ρぷ)ドlmi +lv 何~)- d(ρぷ) p ' [仏バ]m1-]m上}
+ lw ‘ ② {~江ειL1リ[(ωんμ*Xム刈i)pγドμ'ぺぷ[(ωρ本JλXん刈i)弘pγド，*ペ，*] [1付叫*] [I~m 

Clearly， if (UヲL)is a compact syffilnetric pむrヲthen

電ん こ Cσ1 - 2 i ε~) :- I (J* (X.J ② [ρ本 Xi ， 本J.~1-+ llV・②乞仁I(f九Xi1(/んX'll*L.1-] ょトl-." 'm -. 'm 'm ) 
+ lw'②[2:ιl(adhXi)~llnよ・
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By virtue of the Peter-Weyl theorem for homogeneous vector bundles， the problem of 
computing the spectra of J is reduced to the eigenvalue probleln of the linear mapping Ja 
~rith (σ，W)ε])(0; }{， (Ad 0 p)上)(see [26， 1，35]) 

Theorem 1.5.6 For (σヲW)ε!)(ο;K， (Ad 0 p).l )， let {入σ;1 ，・ 1入σ;問。}be the eigenvαlues 
d ιωhere 1nσ= dim(W'本② (m.l)C)o・Then

Spcc( J) = U(σ，W)ω(G;l¥，(Adoρ)よ){入σ;1γ ・・?入σ;1 ，・・ 1入σ;7凡σ3・・・?入σ;7na}， 
」一一一一『ザ一一一一..". .... V 

dσ da 

where dσ= dim W. 

Remark 1.5.7 If (U， L) is a cOlnpact symmetric pair and F is a totally geodesic immer-
sion， then 

Jσ=cσ1 + lw.②乞(adρ*Xi)2本 .

K. Mぉhimo，Y. Ohnita and H. Tasaki studied the stability of various totally geodesic 
s山manifoldsin compact symmetric spaces using this formula. ([21]， [22]， [23] and [27])・
Relna比 1.5.8We state K. Mashimo's study [24] related to TheoreJn1.5. 6. Let G be 
a compact connected simple Lie group alldσan automorphism on (] of order 3. Take an 

Ad(G) and dσ-invariant inner product (，) on g. Put K = {gε(];σ(g)ニ g}.We consider 
the Cal'tan embedding 

申σ:C;jK→C:;gKト→ gσ(g一 ]) 

The induced Riemannian metric on M by the Cartan embedding Wσis a nonnal hOlnoge-
neous metric: For X， Yεm， 

(丸本(X)，守σ*Y)ニ 3(X，Y) 

By Propositionl.l. 1，(1)， the seco吋 fundamentalform fJ of the Cartan embedding Wa is 
given by 

β(X， Y)二 A[σ(X)グ]-~[X ， a(Y)]εe. for X， Yεm 2 L 2 
』

?
bu
 

D
i
 u = ど;x C]， 

L = {(g， g); gε(}}， 
[ = {(X，X);Xεg}， 
p = {(Xぅ-X);Xεg}
ρ ()→ (; x ();クト→Cr;，σ(g)) 
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When we identify C./ with (ノ/L by C)竺 U/ L;ω-1日 (α，lJ)L，we get 

丸 :G→ U/L;gKf-7ρ(g)ム

mi二 {(Y，-Y); YεE}竺e.

We assume that ¥Tσis minIInal. For X εtn， YεEう

lp(X)?(Y?-Y)llIl上 = (~[X +σ(X)， Y]， - ~[X +σ(X)， Y]) 
二 0，

which implies that J1 = 0 by Theorem 1.5.4ヲ(2).Hence we get 

Jσ =山 lw ② IZ(adρJ小

K. Mashimo studied the stability of Cartan embeddings of compact Riemannian 与symmetric

spaces by using this formula， 
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1.6 An example 

In this sectionヲ wedenote by G (resp. J{) the special unjtary group SU(2) of degree 2 

(resp. the closed subgroup S"Y(U(l) x lJ(l)) of SlJ(2)). Basic notations are same in 34. We 
define組 Ad(G)-invaria川 innerproduct (，) on 9 by 

(X， Y) = -2Tr(XY) for X， Yξg. 

We also denote by (，) the induced CJ-invariant Riemannia且 metricon 82 = Cj / [(. Then the 
Riemannian manifold (S2， (， )) is of constant curvature 1. We cho∞os臼e釦 Oωrtl悶
{ヤε的叶J凶壬:::;3of 9 as follows: 

。
円

円
。

日
0

0
円

First we write down all C-E-irreducible representations: 

Lemlna 1.6. 1 G-!E-irreducible representαtion (p， V) is one of the follo切旬

(1) The cαse of li) =C: 

There exi必 αη orthonormalbαsis {!k}O三人;:::;n of V such that 

ρ(ω)fk 

ρ(el)]k 

ρ(e2).fk 

for 0 ::; k ::; n. 

手(-n十2":)ん
手(ゾ(H一州 k+l)fん11+雨戸-k+1)ム-1ト
~{ - J(n-k)(k+ 川十 l 十両nて-k+ 川- 1}

(2) The cαse of E =R 

(2-α)Theγe existsαη orthonoγmal bαsis {ho} U {!k，仇J]引;臼 ofV such thαt 

ρ(句)ho

ρ( e3)Jk 
ρ(C3)gk 

p(el)l的

ρ(e)) Jk 

ρ(edgk 

p(c2)ho 

ρ(c2)fk 

p(ω)Yk 

kgk， 

-k]ん

J寄ろ1，
~v(n - ん)(n+ k +山ん 11+ ~{0江五) (n 一 ん+ 1)仇・ー1，
-i色こた)(n刊+1)ム|l-i1ぷ;工k)(n-k+1)ム-1，
-v叫叫II'
-N('11. - k)(n + k:+l)Ikll 十~{0古川('/1. -lトl)fk-Jヲ
ーがい-川l十ん十万仇 11+ ~{0正人: )(11， -A:弓弘一l
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for 1三k壬11，where we put Jo二V21句，go= O. 
(2-b) There existsαη orthonornz，al bαsis {fk，タ人Jcり三2nー 1of V such that 

p(e;Jム
p(匂)gん

p(cdfk 

ρ(el )gk 

p(c2)fk 

p(ω)gん

4(-2n十 1+ 2k)gk， 
- ~( - 2'IL 十 1+ 2k)Jム
げ(2n一 l - k)(k+l)仇・11 +~ fk(2n 一 k伽)g胤9仇仇ル人んト.」一

一 一;μv(ρ2n一 1一 k)(k+ 1リ)1:ん 11 一 ~ J'ρ山k刈(ρ2口 一 k)]:トい1， ? 
-N(2n -1 -k)( k + 1)!k11 + ~ Jk(2n 一 k)!，ト]， 
-~ v (2n -1 -k)( k + 1) 9 k 1 1 + ~ J A: (2n一人・)Yk-l

for 0 ~ k ~ 2n -1. 

(3) The cαse of E二 H:

(3-α) There existsαηoγthonormal bαsis {!k}Oμ合一1of V such thαt 

~(- 2n + 1十2k)ん

~(1 -ι-1) {雨 -1一川叫ん]+vk(2nーめん-1}
+円ユト(-1)η11kん_1+iJ(n-1)(叶 1)ム-2J ' 
~ (~ -bk，n-d {-J(2n -1 -k~( k: + l)!k1 1土Vk(2ト k)ム-1}
+円ユ{-'/L(ーか|ljfη1+ゾ('1/.-1)(η叫ん斗

for 0 ~ k三n-1.

(3-6) There exísts αη orthoωrn~al bαsis {fk}O討さ2n0 f V such that 

ρ(e3)fk 

P(C1)!，λ-

ρ(e2)fk 

ρ(e3)ム
ρ(Cl)!k 

ρ(C2)Jk 

i( -n十ん)ん

~ {ゾ(2'11，- 刈(k十川 /1+丙211.--k + 1)ム-1}， 
~ { -/(2ト k)(k + 1) Jk 1 1 + V k ( 2日一ん+1 ).Ik-l } 

for 0 ~ k三2n，ωherewe denote the differential representation of the representαtion 
ρof G by the sαme symbolρ. 

Proof: (1) is obtained from [8， Theorem 1.3ぅp.599].
(2) is obtained from (1)ヲLemma1.1. 2むldLemma 1.1.3 : 

(2-a) When n = 21ll. in (1)うput
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and 

W =RI句+乞(Rpん+R(f;J. 
k-l 

Then VV is a G-R-irreducible representtion. We rev.rrite 1n 二 11"Pk fk， (lk二 gkand 
w = V. We get (2-a). 
(2-b) When n = 2nl， - 1 in (1)， ((P'2mーl)R，(~'r凡ー 1)H.) is a ()-R-irreducible 日presentation
Put gk二 ゾ二IJk.We rewrite 771， 二 H.We get (2-b) 

(3) is obtained from (1)， Lemma 1.1. 4 むldLemma 1.1. 5 : 
(3-a) When口 =2'll1， - 1 in (1)， we define a conjugate CJ-linear mapping J by 

J~人 二 (-1)たん7九一 l-k

Since J 
2 
= -1， (P'2m-l， V'2m-l) is considered as a G-H -representation (σ山 Wm，).{fk}O::;k::;rnー l

IS a釦n0ωrt仙ho∞no訂r口rm悶叫albasis of (似σ叫7川 W帆~，J
(似σ叫n，~η) 二 (仇ρPn ，ぷVrL)ト. We get (3-a) 
(3-b) When '11 二 2ntin (1)， ((ρ2m)H， (九7rz)Il)isa C-H-il目 duciblerepresentation. We 
rewrite 7n二 日 Weget (3-b). 

For G-E-irreducible repr出 entation(ρ，V)， put 

X 二

{031?.??L} 

{1，. . "吋
{O， 1， . . " 211. - 1} 
{O， 1，'・・，11，-1} 
{O， 1， . . " 2n} 

(if (ρ， V) is type (1) ) ， 
(if (ρヲV)is type(2-a))， 
(if (ρ，V) is type(2-b))， 
(if (ρ， V) is type(3-a))， 
(if (p， V) is type(3-b)) 

For subsets P(ヂ日)，Q(ヂ日)of X ¥vith X = P U Q(disjoint union)， put 

LCん (if (ρ， V) is type(l))， 

Rho 十 乞 (R.I~) 十 時Ip) (if (r入V)is type(2-a))， 
ρεP 

L(Rj~J 十 Rgp ) (if (仏V)is type(2-b))， 
11εP 

L HJ1) (if (ρ， V) is type(3-a) or (3-b))ヲ
ρεP 

2二Cん (if(p， V) is type(1))， 

2二 (Rj~+ RgfJ) (if (ρ， V) is type(2-a))， 

乞(Rj~+ R向) (if (p， V) is type(2-b))， 

~コ

VQ = 

i
I
J
 
H
 一
whL同

(if (/人 V)is tyr刈3-a)or (3七))， 
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α= dimE Vp， b = dim/~ VQ. 

Then Vp(ヂ{O})and 均(ヂ{O})are }(-1ジーlnvana且tsu bspaces of V and 

V= Vp十均(directsum)， HomI¥ (~仏均) = {O}. 

Thus 

F: 8
2 
= Gjl{→ Cα，li(E) = U(α+ b)jlJ(α) x lJ(b); glてト→ ρ(g)U(α)x lJ(b)foryεC 

is a full minimal IInmersion by Theorem A. Note that 82， Cin，2(R)， Gm，n(C) are He白rm立ml註耐i
S可ymmetricspaces. 

Proposition 1.6. 2 (1) The cαseωhere (ρ， V) is type(l): 

F is totαlly geodesicザαηdonlyずP = {even}， () = {odd} (or P = {odd}， Q = 
{even} )， 

F is αK ahler immersionザαηdonly ザp 二 {O，1γ・"k}， Q = {k + 1γ・・ 7吋 (or 
Qニ {O，lγ ・・ ，k}，[>={ん+1，・・・，n}) 

(2) (2-α) The cαseωhere (ρ， V) is type(2-α): 

F is totαlly geodesicザαndonlyザP二 {even}，Q = {odd}， 

F isαK ahler immersionザαndonly if (2 = {η}， 
(2-b) The cαseωhere (p， V) is type(2-b): 

F is totαlly geodesicザαηdonlyザ戸 二 {even}，Q = {odd}( or P = {odd}， Q 
{even} )， 

F isαK ahler immersionザαndonlyザp= {O}， {2nー 1}(俳 (2= {O}， {2n -1} ) 

(3) (3吋 Thecαseωhere (p， V) is type(3-αノFis not totally geodesic， 
(3-b) The cαseωhere (ρぅV)is type(3-り:

Fβ totαlly geodesic if αnd onlyぴP= {even}， Q二 {odd}(or P = {odd}，ο = 
{even} ) 

Proof: It follows from Proposition 4.1 (1) • 
For example， when (p， V) is type (2-a) and P = {l}，Q = {2}， WI附ecはa山lucl比Cαu山l
時 T百heωor陀em1.5. 6 . 1n thisω久sinceF is a Kぬl町 immersion，F is stable (see[28]，p.76，Theorem 
3.5.1). 

Theorem 1.6.3 The spectra of J is gwenαs folloωs. 

87町 (J)= {入f=(叶 3)(71， -2)士山(71， 十3)(n-2) (川(ぽ)= 2(2'lJ十 1));n = 2，3，' • '}， 
ω/ほreωedenote the multiplicity of入tby川(入f)
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Proof: In this case， 

l匂=Rf2 + Rg2・

The expression matrix of p( eJ (1壬i三3)with respect to但1orthonormal basis {ho， f1， 91，ん，.92}
of V is as follows: 

Vp 二 Rho+ Rjl + RYl， 

ハU

ハU
1
i

ハU

ハU

ハU
1
i

ハU

ハU

ハU1i
 

0

0

0

0
一

ν包
O 

O 

o
d
o
o
o
 

， p( e2)二

-
B
i
 

O
一

ハU

ハU

ハU

0

0

1

0

0

0

0

0
」

0

孔
0

0
」

0

0

0

0

0

2

o 0 
o 0 
ゾ3 0 
o 0 
o 1 
o 0 0 
o 0 -1 
010  

o 0 0 
o 0 0 

ρ(e 1) 

ρ(e3) 

U 
'U.J 

x 

z 

; 1:，υ，Z，W E三Rイ

0

0

叩

0

0

-w -Z  -2; 

Hence we have 

ハU

ハU

ハU

ハU

ハU

ハU

ハU

ハU

ハUu(ユ:，y，りり =
i 
tn 

z -71' -y 

and 

[p(匂)?IJ(Z7U?Z川})]こυ(-2y，2x・，-3w，3z).

tn~ = {υ(O，O，Zパty);Z??IYεR}.mfニ {υ(Z?U?OJ);z・?υεR}，
Put 

..1，上
tn = tn]十 tn，

Then we have 

(J<-irreducible decomposition) 

上
tn1， 
上
tn2・

011 吉川
組 d

011 

九二 dυ(1，土イコ， 0 ， 0)ε(rn~)ベ 'w土 二 V2v(O ，0，1，士¥/- 1) ε (tn~)C 

ι
E
U
 
U
 

P
A
 

Then 

[ρ ( e:~) ， 'U:f:] =干2Vご1V:f:，[p(cふ
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Hence we have 

1J( C}， K， (Ad 0 ρ)上)= {(P2n， ~合7t);1L = 233? ・} ，

where we denote by (P2n， V2'1lJ the complex irreducible rep陀 sentationof () of degree 2'1 i + 1 
The expression matrix of ει1 P2n (e'i)② [/恥小*] ょwith respect to an orthogonal basis 

m 

{!，:， 2②υ-，1，:十3②wー，J，:-'2②Ul?j!;-3②W_} of (V;*'L②(m..l)C)o is as fo11ows: 
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/
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where we put α 4 v6(n + 3) (n -2). Since the eigenvalue of the Casimir operator of 
(P2n， V2"J is日(11，+ 1)， we have 
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Hence we get the conclusion by Theorem 1.5.6 . • 
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Chapter 2 

Invariant connections on compact 

simple Lie groups 

2.1 Preliminaries 

Let L be a compact connected simple Lie group with Lie algebra L T:北ean Ad( L )-invariant 

inner product (，) on L Let G be an another compa.ct connected Lie group with Lie algebra 
g. Take an Ad(G)-invariant inner product (，) on g. Let p : L→G be a Lie homomorphisrn 
We denote the differential Lie hOlnomorphism of ρby the same symbol p. Put 

K = L x Lコ11二 {{l，l);lεL}竺 fJ ((l，l)←→l) a.nd lv1 = K /11. 

We define an inner product (，) on t by 

((XヲY)，(ZヲW))= 2( (X， Z)十 (Y，W)) for XヲY，Z，W εr. 

We define an Ad(11)-inva.riant subspa.ce m of e by 

m = {(X， -X); Xεr} 

Then we have: 

e = f) + m (direct sum) 

The induced Ad( II )-invaria.nt inner product on m naturally inぬ悶sa K-inva.riant Rieman-
nia.n metric on M. The mapping 

m→ [; (jx?-jx)HX 
is a. lineru、isolnertyfrom m onto r. In this correspondence， we ha.ve 

(Ad(! I)， 川 ~ (Ad(!ふ r)
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The mapping 

(a， b) J J f----? ab -] 

is an isolnetry from M onto ι 
We de五nea Lie homomorphism Ji from I f into (; by 

p : 11→ (); (lヲl)日 ρ(l)

Every Lie homomorphism from J J into C/ is obtained in this way. The space of invariant 
connections on the principal (;-bundle P = J{ xρ(; over M is identi五edwith 

日omρ(r，g)={AεHom(l，g); Ad(ρ(α))A(Y)二 A(Ad(a)Y)，αεL，Yξr}

= {AεHom(l， g); [ρ(X)， A(Y)] = A([X， Y]) for X， Yεl} 

byWanピstheorem ([14ヲpp.106-107ヲtheorem1l.5])ヲwhereHOlll( rヲg)is the space of linear 
mapplngs 台omthe vector space r to the vector space g. Rernark that Rp is contained 

in Homρ([， g). The curvature form 0 of an invaria川 connection^ ε HomL([， g) is an 
alternative linear mapping fr、omr x [ to 9 which is given by 

加川)=-jp(lxrl)+IA(X)A(Y)l

In particularヲthecurvature form 0，. of LpεRρ1S 

、、‘，，
JY
 
X
 

〆
'
E
E

‘、
Jz'' 

¥
I
l
l
-
-ノ

1
i

一aAせ

内

LJ
ι
 

/
I
l
-
-
¥
 

一一Y
 
X
 

J

，，‘‘、Q
 
つ臼

Hence ^ 士 ~p are flat connectio瓜 which are called (士)-一-cc叩Cα∞仁Oα}ηnl1
critlcal point of the Yang-Mills functional A f----? 110112 is called a 'Yang-Mills connection. An 
lllvarl叩 tconnection AεHOlnρ(l， g) is Yang-Mills if姐 donly if for each Xε[ 

乞[A(l仏 O(Ei，X)] = 0 (Yang-Mills問 uation)，

where {E1，・・" En} is組 orthonormalbasis of 1. This equation is independent of the choice 
of an orthonormal basis {l!.，'di=1・ InparticularヲA= 0 is Yang-Mills connection， which is 
called (0 )-connection 

ーTakea maximal torus T of G and denote by t the Lie algebra of T. The complexification 
れ

fJ of t is a Cartan subalgebra of the complexification g" of g. For eachα εt， put 

gα 二 {XεgC;[ll，X] = H(向 JI)X for all 11εL} 

An eleme川0'εtis called a root of gC with respect to t
C 
if 9けず {O}.Let只巾notethe 

set of all ωnzero roots of gC. Fix a lexicographic ordering on t. LetむIand n 二 {(~.Ji 1 
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denote the set of a11 positive roots and tl~~ set of a11 simple roots， respectively. Then we 
obtain the root space deCOlnpositions of 9ιand g: 

g 二 t+ 乞 (R/'~ 十 RCn ) (orthoganal direct sum)， 
αεむ1

9じ 二 t
C+乞Cl~ (direct sum); 

αE~ 

(A1) 11凡11= IIC)α11二 1ヲ

(A2) E_α -17}~α ， where we denote 7] the conjugation of gC ¥¥北hrespect to g， 

(A3) E，αε gαi.e.， [JJ， Ea] =ゾごI(α，J J)ん for11ε仁αε2?

(A4) l~ 二 Eα - E_α，Gα=ゾ-l(sα+J~-n) for αε~1 

2.2 The structure of the space of invariant connec-
tions in the case where ρ(r) is a reg;ular subalgebra 
of 9 

In this section we use the same notation in ~2 . 1. 

We say thatρ(r) is a regulαr subα1gebra of 9 if the児 exista subspaceわoft a且da subset 
ムIof ~ 十 such that 

p(r)二 h+ 乞 (R凡 +RC7α)
αモA十

Put ム = ム I ~ U (-ムt).Then 

(B1) If Q， s are inム，and α+グε又thenα+グεム?

(B2) h is a linear closure ofム.

We decompose 9 =乙gi+ 3 where g'i is a simple ideal of 9姐 d3 is the center of 9 (悶
l7， p.132， Cor. 6.3; Prop. 6.6]). Denote ρi the gi-compO配 ntofρ. Then p二 乞ρiand 
Homρ(r， g)こむHompi(r， g.J. Hence we may assulne that (; is sirnple in order to determine 
the structure of Homρ(r， g). 
Let rp be an inner automorphism of G and denote ρI the Lie homomorphism of 1.1 into 

G defined by ψO ρThen the lnapping rp : Homρ(r， g)→ Hom〆(r，g); ̂ f-------+ rp 0 ̂  is a linear 
isomorphism and for ^εHornρ([，g)， IIDI¥II = IID.po八11.Hence we rnay ide山 fyρIwith μ. 

Theorem D ([12]) Assume ρ(r) isαregulαr subα1gebra of 9αηd that () is simple 

(1) 1f rank(ι)三2)then Homρ([，9) = Rp 
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(2) lf rank( L) = 1) then tl町 eexist r 1 ， . • . ， r 2sεHomρ(r， g) such thαt 

日omρ(r，g) = Rρ+乞Rri;

αηd the set ofβαt invariant coηnections is given by 
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αnd the set of ytαng-/l.Iills invαnαηt conηectioηs exceptβαt connections is given by 
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Corollary 2.2. 1 Assumeρ(1) isαregulαrsωα1gebra of g. Then αny non-βαt ytαng-/l.Iills 
tηυαnαηt connection is instαble. 

Definition We say thatρis indecomposαble if wheneverρ=ρ1+ρ2 andん:[→ 9 is a Lie 

homomorphism such that [pl(f)， fh(r)] = 0 thenρ1=0ヲρ2=ρ01ρ2=0ヲρρ

Corollary 2.2.2 Consider the follo切ngthree conditions (Cl)，(C2)αnd (C3): 

(Cl) P is indeco仰 osαble)

(C2) Flαt invαnαηt connectionsαγe only (士)-conηect~ons)

(C3) (0) -connection is α un~que ηon-βαt ytαηg-/l.1ills invαnαnt connection 

Then (Cl)αηd (C2)αre equivalent. The condition (C3) implies (Cl). /l.lore07.貯ザp(r)is 
αregulαr subα1gebra Of9) then (Cl) implies (C3) 

Remark 2.2.3 In general， (Cl) does not imply (C3). In fact we will give an example 
satisfying the following th悶 conditions(see ~2.4): 

(Dl)ρis indecomposable， 

(D2) There exists a non-fiat Ya昭 一Millsinvariant connection A such that 

日omρ(r，g) = Rρ+ RA (orthogonal direct sum)， 

(D3) ^ attains a local minimurn on the space of invarIant connections HomfJ([， g). I 

40 



Proposition 2.2. 4 ([12]) Assume ρ(r) is αγegulαr subα1gebTa. of 9αnd thαt Gf is sirnple 
1f dimHolllρ(r， g)三2，then there exi必 αε ムト suchtha.t 

ρ(1) = Rα+ RI'~>: + RC}α 00! su(2). 

117ρe set 

E(α) = {グ εE;(o:，s)=11α112}， 

then there exsist /3i > O，!i < 0 (1三t三s)such thαt 

E(α) = {α} U {f3-i，γ'i}1三山

αηd thαt 

土α+戊-sj，土α+均一γjモE(1:ヂj)，グi十γi=2α.

Such pαirs (9，α)ωη be clαssifiedαηd essentia.lly (i. e. ，αs in the sense 切 mentionedin this 
section) they must be enlisted in the tαble beloω 

g lαI dimHomρ([， g) I 

50(2n + 1) Iαη 2n -1 

5t(η) Iα1 I 3 

仏 |α:~ I 7 

Hereωeαdopt the sαme notαtionsαnd numberings of the simple roots given in the Bour-
bαki's tαble [1]. 

Table 1 

Canonical numbering of the sIlnple roots 

50(2n+1) 

~ r8--一一一一一一一?そ72 αなと二急L

、、EEE
，ノ
.，む
今

t
，，st
、、
h
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p
H
d
 

包 容一一一一一一一一 ~YO=2 %士二~L

The black circles denote the shorter roots. 
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Proof of Proposition 2.2. 4 : 

Let p : t →わ denotethe orthogonal pro jection. If dim Homρ((， g)三2，then we have 

p(L:-ム)コム (2.2.1) 

1n fact there exists ξ̂ 日omρ(r，g) such that ^ tJ-Rp. Since (̂[)内p(r) is an ideal of ρ(r)， 
we get A(l)ハρ(l)= {O}. 
We use the clぉsificationof compact simple Lie algebrぉ ([7ヲCh.Xヲ96]).

Case 1. g二 su(口)，.50(1仏eG，と7，と8: The condition (2.2.1) does not hold since the length 

of roots of tare the same-

Case 2. 9 = g2 : The condition (2.2.1) does not hold. 

Case 3. g =50 (271， + 1) : Since the Weyl group W (Ci) of C; operates simply transitively 
on the則 ofsystems of simple roots of 2:: (see [2ヲp.205])ヲwemay assulne thatム
contains the shortest simple root αμ・Supposethere existed 1 ~ 'i ~ n -1 such that 

hξ ム Thenαη+ιε ム，which is impossible. Hence we getム={士nπ}and 

L:(αrJ = {αn} U {局=(凡+九 li=九 - (i; 1 :~ i三11， - 1}. 

Cぉ e4. 9 = 5t(n) : Since the shortest simple rootsα1，・1αn-lare mutually transformed 
by the action of W ((;)， we may assume αIε ム Thecandidates for x εL: which 

satisfies ]JX =α1 are X 二 2(}and Xニ -2(2・Inboth casesヲ C}十仁2=土(x-]JX)εh.l. 
Since the set of the shortest roots which are orthogonal to (1 + (2 is 

{土αdU {土(i土 (j;3壬'i< j}ヲ

we getム={士αl}U({土白土任j;3三iく j}nム).Here {土αl}and {土心土仁j;3三tく j}
are orthogonal to each other， which unplies thatム={土内}.

Cぉ e5 9 = f4 : We may ぉsume的 ξ ム.Suppose there existed 1 ~ i < 3 such that 
。εム.Thell Ü~l 一 向 ε ム ， which is unpossible. Hence (i手ム(1三i三3).Relnark 
that 

1 
~(ε1 士 (2 士匂士(，1)芋と1= ~(ιl 土と2 士匂干 Ll)ε2

2 

Suppose that ~ (仁，+臼十勺 +ζ，)and ~((1 -(2一勺+e.l) were both inム Then 
El +匂 εム.This is a contradiction. Hence these do not take place in the same time. 
Using the same argument凶 consideringa refiection with respect to fi(2 ~ 1: ~ 4)， 
we may assulne that the candidates forムareas fo11ows: 
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Suppose the latter took place. Thell pX二 α3implies x =α3・Thisis a contradiction. 
Hence we getム={土α3}and 

ム(α;3)= {α;3} U {!九=匂+九%こと，1-f:'i}l三行3・

1n order to prove Theorem D， we prove lemmas. 

Lelnma 2.2.5 Take tεR  such that cos (t 11α11) = -l. Then 

(1) Ad( exp Ll~~) E，βι=  Ad(exp( _!.[I::X))んυ

(2) Ad(exp tl"o.)E_/3i二 Ad ( exp ( -ll"a) ) E;ーん

(3) Ad(exp tl~)JJ;•γi = Ad(exp( -l.1ら))Eγυ
(4) Ad(exp l.Fa)E_γι 二 Ad(exp(-t1心))E_γι
Proof of Lemma 2.2. 5 : 

(1) First we remark 

帥 xp2l.命)C/α二 C)a， 帥 XP2titii)此 =均

Take sモRsuch that sin(sllα11) = -l. Thell we have 

which implies that 

Ad(exp sC)α )l~ =三L
11α11 ' 

Ad(expδsぐοJらαa)Ad(exp2幻tJκtC三ωc
Ad(いexp2引t.Ad(いexpδ.ぐGどοJんια，Jl'丸叫ら~ )Ad(いexpsCοJんα(;t )8Jらfβf九T 
Ad(eの叫〉

Ad(怜eぽ叫xpドδδoAd(怜eぽxp凶2幻ln両2奇計I日i)川(J{仏ωαnJ凶Ad伶(いexp凶2幻t日誌命2奇計I日j)ι吟〉九
Ad(いexpsC心どοJらωαCt)1πヲsi'

(2) This is the co中19ationof the equation (1). 

(3) This is 0 btailled in the same way as the proof (1) 

(4) This is the conjugation of t he equation (3). 
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Lemlna 2.2.6 An iηυαriant connection A in Hom爪，g)isβαtザαndonlyザ

山川

Proof of Lemma 2.2. 6: Assume A εHomρ(rヲg)satisfies the above equationヲ whichis 
equi valent to 

l川)，A川 =jρ(α)

Take tεR  such tl川 sin(t11α11) = 1， tl 

which implies that 

Ad州(expドt.許κLκι;ら主:t)μα = 一斗11川α叶州11阿σα， Ad(exp UI~I)Gα 二 三L
11α11 ' 

同(凡)，A(α)] 二 -j||α112ρ(どん)

Take u εR  such that sin(tl.1Iα112) = 1， then we have 

Ad(exp 'Uα)Fa = Gα， Ad(exp 'IUl')Gα 二 --1'ふ

which implies that 

[A((;α)， A州 二 ;bUかトh|lルμ州|ド怜川ピα叫州主:)1
Hence A iおsa自a抗tconnectio11. The C011verse is trivial. 

Lemlna 2.2. 7 (1) [E'ßυ E-rJj]+[/~，j ， J;;- 'i] = O ciヂj)，

(2) [1!J~βυ E_γj]+[ E'/Jj ， R_，J=O ('i<j)， 

(3) [E.γυR一角]+[Eγj'E_/3J = 0 ('i < j). 

Proof of Lelnma 2.2.7 : 

(1) Take tεR  such that cos(t.11α11)二一l.Fi'om Lemma 2.2. 5うwehave 

[1おけ J~一向] + [ι7，j' J~-，.J [J~βυE-βIJ - Ad(exp tl斗)[1仇，l'J'-sj]

Si11ce士α+ßi - Iち手~， we get the asse出 011.

(2) This is obtained in the same way as the proof of (1) 

(3) This is the c011jugation of the equatio11 (2). 
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Proof of Theorem E: (1) This is clear from Propositioll 2.2. 4. We show (2). Take [， εR 
sωh that cos(tllα11) = -1 and put 

Esi Ad(exp lI'~'i )E_γυ]~~θ. =-1jICJfz 二 Ad(exp l]I~'i ) ιい
は = ]弘一 }~' βρ どな =ゾゴ(J弘+Rと!iJ

Since these vectors )ジLff J 1 9 
‘ 
and G1f3， fill the same r唱ole of E弘~土丸判jん[

vectors satisfy the co凶 itions (A 1 ) rv (A 4) )， we rev.吋eE土β，=I1JL17Jfth.=I9JCJβi= C)み-
By Lemma 2.2. 5ヲthesevectors satisfy the following condition: If cos (tllα11)二一1，then 
E土βzニ Ad(expL.I叫んγγFor1 ~ i ~ S， we can de五neAi， Ai t，'JεHomρ(r， g)C by 

Ai( Eu)二 E{J;， A山 (EcJ= Eγγ 

We get 

A.i(E-α) = -E.γi' Ail 以C-α)= -E_β， 

and that {ρ} U {Ai' Ai I 8}]三凶 forms a basis of Homρ(!?gf. From Lemma 22 6 叩 d
Lemrna 2.2.7ぅweget that AεHomρ(1， g) is flat if姐 donly if 

A=十 or A古川十九)，ト=-;
The set 

{ri二 Ai-Ai-Is，rits =ゾごl(Ai+八ω)}f二1
forms a basis of Homρ(r， g). Thus we get the set of fiat invariant connections. For every rε 

日om ρ ([， g)， there exist 川/ε R and fiat in山lV刊var担訂na
~) such t出ha抗tr二 Zρ+yr九0 日b、omYa創n略1屯g一Millsequation， r is Yallg-Mills if and only if 

r = 0， 二+(叫
1 1 

士r0 (ftat ) or (x， y) == (士宇土~). 

Proof of Corollary 2.2. 1 : For example， we show the instability of a Yang-Mills invariant 
connection of the fonn: 

1 1 
r=-=-ρ+ ~ro ， 
4' 2 

which appears in the proof of Theorem D. Let 0". be the curvature form of 

九二G -~)ρ + G + う f()

Then we get 
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which implies that there exists a positive constant c such that 

くII0tllft0二一仙+1川くO“L白 IL U 

Proof of Corollary 2.2. 2 : Ifρ= [>1+ρ2 is a non-trivial decomposition ofρ?then j(ρl-P2) 
is a flat invariant connection except the (士)-connectionand ~Pl is a non-flat Yang-Mills 
connection except the (O)-connection. Hence (C2) unplies (C1)，組d(C3) Ilnplies (C1) 

We show (C1) implies (C2). Let A be any flat invariant connection. Put 

ρl=;川? ρ2ニト-A
Thenρ 二 P1 + P2 is a decomposition of ρ. Since p is indecOlnpOsable，ρ1 = 0 or {Jlρ. 
Hence 八 二土4p
We remark that in the case where we deal in Proposition 2.2. 4ヲρis1l0t indecomposable. 

Hence we have the last half part. 

2.3 The case where the subalgebraρ(r) contains a 

regular element of 9 

We may assume that p is injective. 

Theorem 2.3.1 ([11]) Ifρ(l) contαznsαreg1山relement of 9， then (C1) implies (C3) 

Theorem E ([11]) Assumeρ(l) contαznsαreg1山relement 0 f 9. Thenαηy noη-fiαt 
Yang-Pdills invαnαηt connection is instαble. 

Proof of Theorem 2.3. 1 and Theorem E: 

It is sufficie凶 toprove that for each non-flat Yang-Mills connection八ξHomρ(r，9)， there 
exists α(=α八)εHomρ([，g) such that 

(E1)α 二 oimplies A = 0， 

(E2)ρ 二 α+(ρ-α)is a decomposition of ρ， andρ-αヂ0，

(E3)長I10tlllt=0< 0， where O/. is the curvatu閃 formof A + t(p -α) 

Applying Whitehead's vanishing theorem of cohomology group (see [13うp.95，Theorem 13]) 
for the representation (ad 0 fJ， g) of [， we have following: 

If -̂ll -̂2εHomρ(r，g) satisfy 
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(Fl) [Al (X)， A2(Y)] = -[Al (Y)， A2(X)]， 

(F2) 6xy，z[p(X)， [A1(Y)， A2(Z)]] = 0， where 6xχ~ is the SU111 over the cyclic pelτnuta-

tions of X， Y， Z， 

then there exists A3εHomρ(1， g) such that 

[Al (X)， A2(Y)] = A3([XうY])

Relnark that under the condition (Fl)， the condition (F2) is equivale凶 to

6x，y，z[A1 ([X， Y])， A~(Z) ] = 0 

Sinceρ(l) contains a regular element of g， [Al' A2) is skew匂 n1lnetricautomatically. In 
fact， take Cartan subalgebras t and h of [ and 9 respectively such thatρ(t) c fJ. Then 

[ρ(t)， Ai(t)) = Ai([t， t])ニ O.

This implies Ai ( t)ζh byassumption. In particularヲ[At(t)，A2(t)]二 oand [Al (ll)， A2(11))二
o for /1εt. Since [= Ad(L)t (see [7， p.248， Theorem 6.4))， we get [A1(X)， A2(X))二 O.
Let AξHomD(I， g) be any non-fiat Yang-Mills invariant connection. First we prove 
6x，y，z[p(X)， [A(Y)， A(Z)]) = 0 using the classification of compact simple Lie algebras 
The vector space 

V二 [̂  [二spa吋XハY;X，Yεr}
is an [-lnodule by the [-action: 

(adZ)(X八Y)= [Z，X]ハY+X八[Z，Y].

The space 

W = span{[A(X)バ(Y));X， Yε[} 

is an ad (p( r) )-invariant su bspace of g. We consider the 1-homomorphism φfrom V onto W 
which is defi.ned by 

φ: V = [  ̂r一→W;XハY~ [A(X)， A(Y')). 

Since φis surjective， V j\ゐ ~ W as [-modulesヲwhere'vも =Kerφ. On the other hand， we 
consider the [-homomorphism W from V into [ which is defined by 

申 :Vニ [^[→ I;X八Y日 [X，Y)

Since [1， 1] = [， ¥T is surjective. We show that the irre山 cibilityof V1 = Kerψ. We denote 
by [C， tC and ρC the complexi五cationsof r， t and fJ respectively. The complex Lie algebra 
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C 
r
C 
is simple. We denote byムtheset of nonzero roots of ['-' wi th respect to L'--'. For αε ム?
there exists a non-zero vector l~'t ε [ '--' such that 

[1人8n]α(J/)ん for all 11εt
C
. 

We have a direct-sum decomposition: 

(二t
C+乞 CE.α
αε6. 

Fix a lexicographic ordering on しWedenote by cSo the highest root ofムandby {αh・ αr}
the set of simple roots ofム.The set 

{oo -αtε ム}ヂ日

is a single-point set {b l} or twひ pointset {b 1，ん}，and the set consists of two points if and 
only if {二叫(111，). 

In the case where {Oo -CXiε ム}= {81}， we define an [-invariant s山 spaceVI (00 + CS1) of 
V1
C by 

同(80+ b 1) = ad ( U (lC ) ) (ι:t)o ̂  1九Jヲ
where U(ic)is the u凶versalenvelopi時 algebraof [C. The highest weight of VI (80十 151)is 
80 + 81 and the multiplicity of bo + b1 is equal to 1. Hence vi (bo + b・1)is irreducible. By 
virtue of Weyl's deg問 formula(see [13ヲp.257])ヲweget 

dim {(dim r -3) 
dim V1 (80 + 8 I )二 2=dimVl-

Hence V1c = VI(80 + /)1). In particular，し~C is irred uci ble so is vi 
In the case where {80一 向 ξ ム}= {b1，b2}， we define {-invariant subspaces VI(bo + bd 
and V1 (bo + b2) of V1C by 

vi (bo ート8 I ) 

vi (bo十82)
ad ( (J (())(/~s() ^らJ，
ad(U([C)) (J;t)CJ ^ /:;sJ 

For i = 1， 2， the highest weight of V1 (行0+ん)is 80 +ん andthe multiplicity ofん+ん 1S
equal to 1. Hence V1 (80 +ん)(i二 1，2)is irreducible. By virtue of Weyl's c:limensionality 
formulaうweget 

dimV1 (い1)= dirn V1 (のけん)二 jd川

Hence we have 

V1
C = V1 (()() + () 1) + V1 (()O +む (directsUln) 
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We denote by W(L) the Weyl group of L. Clearly， there existσ1，の εW(L)such that 

σ1 (50 + 51) = -(ho + 52)，σ2(50 + 62) =一(80+行1). 

Hence V1 is real irreducibleヲwhethere{50一向 εム}is a single poi凶 setor two points set. 
80 we get 

V1 = ad(U(l))(t ̂  t) c Vo・
Hence φnaturally induces f-homomorphism <p企omV / V1 onto W defined by 

ρ: VjV1→ W;X^Yト→ [A(X)，A(Y)]， 

where X八Yis the equivalence class of X ̂  Y. From Jacobi's identity， we have 

Hence we have 

6x，Y，zad(Z)X ̂  Y = 6x，)r，.6"([久X]八Y+J(八[Z，Y]) 
二 26x，Y，.6[Z，X]八Y
o. 

O二 ψ(6 X，Y， z ad (Z)支大Y)二 6x，Y，z[p(Z)，[A()()， A(Y)]]. 

By Whiteheadヲsvanishing theorern of cohomology group， there exists αεHomρ( f，日)such 
that 

α([X， Y]) = 4[A(X)， A(Y)] 

By Jacobi's identity， we have 

6x，y，z[α(lX?Yl)?A(Z)l=16xy，zllA(X)7A(Y)!?A(Z)l二 O
4 

By Whitehead's vanishing theorem of cohomology group， there exists fεHomρ(r， g) such 
that 

[α(X)， A(Y)] = f([X， Y]). 

8ince A is Yang-Mills， we have 

-jF(X) j 2か川
ε [休川A川(1川C山叫.J，[A(F-i)， A(X)]] 

= 一色(X)，
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where c is the eigenvalue of the negative of the Casirnir operator of (ad， r). Hence r = A， 
that is， 

[α(X)， A(Y)] = A([X， Y]) 

Hence we get (El). We show αis a Lie homomorphism. From Jacobi's identity， we l~即e

i[α(X)，α([Z， W])] = α(X)， [A(Z)， A(W)]] 
= [[α(X)， A(Z)]， A(W)] + [A(Z)， [α(X)， A(W)]] 
= lA([X， Z])， A(W)] + [A(Z)， [A([X， W])]] 
ーが([[X，Z]， W] + (久[X，W]]) 
- jα([X， [Z， W]]). 

Hence αεHomρ(r， g) is a Lie homomorphism. 80， if we put 8ニ ρ一久 thenp二 α+h is a 
decomposition of p. The curvature form 0 of A is given by O()(， Y)二ーが([X，Y]). 8ince 
A is not fiat， we have bヂO.Hence we have (E2). Si恥 e[b(X)， A(Y)] = 0， the curvature 
form O[ of A + tb is given by 

Hence we have (E3). 

412 - 1 
q(X7Y)=-Z-6(lX7Yj)-
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~固』

2.4 An example 

When ρ(r) does not contain any regula1' element of 9 01'ρ(r) is not a 1'egulru' subalgeb1'a of 
ι the (O)-connection is not necessarily a unique nonιat Ya組工且19ε-M札Mi他llsin町var剖紅na‘
even i江fρisindecomposable. We show such an example. Put L二 Slf(l1l，)for 77l.三3.We 
define an Ad( L )-invaria川 innerproduct (，) on r by 

(X， Y) = -tr(XY) for X， Yε{ 

The inner product (，)凶turallyinduces a Hermitian inner product (，) on (. Put G = 

8U([C) and p二 Ad:L→ ().In this case， p(r) does not contain any reg叫arelement of 9 
We define叩 Ad(G)-invariant inner p1'oduct (，) on 9 by 

(A， B) = 乞(AEi，βEi) for Aぅβε f!，

where {Edl'Siくがー1lS a且 orthonormalbasis of L We define組 invariantcon凹 ctionAε 
HOffip(l， g) by 

(八(X))(Y)ニコ乙τ{(XY+YX)-Lr(XY)lm}?、hn2+ 4 ~ ¥ 7J/. 

where 1m is the identity matrix (cf. [18]). 

Remark 2.4. 1 If 7H二 2，then A = O. • 
Proposition 2.4. 2 In this exαmple， the conditions (D1): (D2)αηd (D3) in Remark 2.2 

3αre sαtisfied. 

Proof: By simple calculation， we have Ho叫([，g) = Rρ+ RA (orthogonal direct sum) 
This result and Corollary 2.2.2 imply (D1). 

The equations 

and 

L [1九[Ei'X]] = -27HX， 
7凡2_1 一、:2

Z小 一三二;;flm

[A(X)， [A(Y)， A(Z)]](W) 

fIi2A(lXJK Zll)(W) 
4(1l ~2 十 4)

+寸一一{tr(YW )̂(X).%' -tr(.%'W)A(X) Y 
'11γ十せ
-tr(Y A(X)W)Z + tr(χ八(X)W)Y}
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-r 

implies that A is a ∞n-fiat Yang-Mills invariant connection. Hence we have (D2) 
Put A(x， y) = ~P + yA and J(川/)= 41ID(x，ν)112， where D(~t ， y) is the curvature form 
of A(丸 y).The equations 

L IIp([Ei， Ej])112 
't，] 

乞IIA([1九州)112 
't，] 

L 11 [ A ( !:)i) ， A ( 1ら)]112 = 
Z，] 

implies that 

4111，2 (111，2 - 1)ヲ

m2('llL2 - 1)(111.2 - 4) 

1n2 + 4 
71内川2_ 1)(nL2 - 4) 
4(川 2+ 4) 

f (x， y) = '11 L 2 (11 L 2 - 1) ~ ~ (1，~ 2 - 1) 2 + A fn
2 

- 4 
l 4 ，-' -I 4 ( r n 2 + 4) 

rn2 - 4 .) c)1/，2 -4 ， l) ， l) i 
一 一 -:Eγ+r./ f) ~\〆 - l)y乙〉
1n2+4--<J '2(rn2+4)'-- -/<;1 J 

Hence J attains a local minimum at (0，1). Hence we have (D3). 
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