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1 Introduction

Hansen and Sargent (2008a) and Barillas et al. (2009) used detection error probabilities to
demonstrate that a moderate amount of concern about model misspecification under multiplier
preferences can substitute for an implausibly high level of risk aversion. The computation of
these detection error probabilities is under the assumption that the log consumption streams an
agent faces in an endowment economy follow a random walk or trend-stationary process with
i.i.d. Gaussian errors. The computational procedure relies entirely on simulation. In this note,
we show that it is possible to compute the detection error probabilities using the cumulative
distribution function under a class of models widely used in the literature, including the random
walk, trend-stationary, long-run risk, and idiosyncratic risk models.

Under the random walk and trend-stationary models, Djeutem (2014) was the first to show
that detection error probabilities can be calculated in a closed form. However, this note extends
these results and makes the following unique contributions. First, it demonstrates that there
are closed-form solutions for detection error probabilities if the value function is linear in i.i.d.
Gaussian shocks, which also holds for a particular class of long-run and idiosyncratic risk mod-
els.! Thus, it provides a generalization of the formula in two directions.? Second, it presents a
method for calculating standard errors for the overall detection error probability using the delta
method.

The advantages of our result described here are twofold. The first is that it more quickly
and easily provides the exact value of the detection error probabilities and enables us to test
for their statistical significance unlike the existing simulation-based method. The second is that
it enables us to reveal analytically their properties and therefore facilitates our interpretation.
Our method, being based on a closed-form solution, is also useful if the overall detection error
probability must be computed many times, which holds for the asset-pricing applications in

Hansen and Sargent (2008a) and Barillas et al. (2009).

!The intuition for this is given in footnote 3 using a simple static setting.
20ur proof differs from that of Djeutem (2014) in several respects and includes a correction of his proof.



This note is organized as follows. Section 2 briefly reviews the framework and computation
procedure proposed by Hansen and Sargent (2008a) and Barillas et al. (2009). Section 3
explains our approach and shows how it is applicable to their asset-pricing applications. Section
4 discusses the extensions and some limitations of our formulas. All proofs are in the separate

appendix.
2 The Framework and Computation Procedure

Hansen and Sargent (2008a) and Barillas et al. (2009) used the finding that risk-sensitive pref-
erences and multiplier preferences are observationally equivalent to reinterpret the quantitative
finding of Tallarini (2000) concerning the risk aversion parameter. The risk-sensitive preferences
are a special case of the recursive preferences suggested by Epstein and Zin (1989) and Weil

(1990), in which the intertemporal elasticity of substitution is fixed at unity:

). (1)

where ¢; is log consumption and 5 € (0,1) is a discount factor. The parameter 6 represents a

Ui=c¢ — B01n (Et {exp (— Ut“)

0

measure of risk aversion
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where v is a coefficient of relative risk aversion (RRA).

From the viewpoint of multiplier preferences, this parameter # can be interpreted as the
degree of an agent’s concern about model misspecification. The detection error probabilities are
used to quantify the degree to which the agent fears model misspecification. To illustrate the
calibration method, let model A be an approximating model (a reference model), and let model
B be a worst-case model associated with §~1 (an alternative model in proximity to model A). Let
pa denote the probability that a likelihood-ratio test selects model B when model A generates
the data. Define pp similarly as the probability that selects model A when model B generates
the data. Finally, define the overall detection error probability p(6~!) by p(0~!) = %(p A+ DpB).

In Hansen and Sargent (2008a) and Barillas et al. (2009), model A is assumed to be the



following random walk and trend-stationary models

Ct = b+ Ct—1 + Oc€y, (3)

et =CHpt+ 2z, 2t = pzi—1 + oe€r, |p| < 1, (4)

where €; ~ 1.i.d.N(0,1). The corresponding worst-case model (model B) is then given by

¢t = b+ OWRW + C—1 + 0c€r, Wpw = —0c/0(1 — f3), (5)

¢t = pi1 + pigt + ocwrs + pe—1 + ocer, wrg = —0e/0(1 — pp), (6)

where 1 = ((1 — p) + pp and p2 = (1 — p)u. The procedure for calibrating the detection error
probabilities developed by Hansen and Sargent (2008a) and Barillas et al. (2009) (henceforth,

the BHS procedure) proceeds as follows.

1. Set the values of 1, 3, ¢, i, p, and o.. Simulate a path of length T for ¢; using model A.
Calculate the log-likelihood ratio, In(L 4/Lp), to perform a test for distinguishing model A
from model B. The test selects model A if In(L4/Lp) > 0 and model B if In(L4/Lg) < 0.
Perform this test many times by simulating a large number of paths under model A, and

count the fraction of In(L4/Lp) <0

(7)

pa = Prob (ln (LA) < 0) ~ #In(La/Lp) < O.

Lp F#simulations

2. Simulate a large number of paths of length 7' for ¢; using model B. Perform the log-

likelihood ratio test, and count the fraction of In(Ls/Lp) > 0

LA) . 0) _ #In(La/Lp) >0

=Prob(In|{ —
bB ro ( . (L B #simulations
3. Calculate the overall detection error probability p(6~1).

4. Repeat steps 1-3 for different values of §~! to obtain a graph of the overall detection error

probability versus ! (i.e., a detection error probability function).



The number of simulations for each computation of p4 and ppg is 100,000 or 500,000 in the BHS
procedure (see Barillas et al. (2009, p. 2405) and Hansen and Sargent (2008a, p. 320)), so
that the total number of simulations required is 200,000 or 1,000,000 to obtain one value of the

overall detection error probability p(6~1).
3 Simplification of the Procedure

Let ®(-) be the standard normal cumulative distribution function. The following proposition
states that we can compute p(6~!) without relying on simulation under the random walk and
trend-stationary models with i.i.d. Gaussian errors. To our knowledge, Djeutem (2014) has
already noted this claim, but in a different context and form.

Proposition 1.

(i) For the random walk drift model, the detection error probabilities p4 and pp are given by

\/T O¢ \/T O¢
pa=9® <_29(1—5)> and pp=1—- <2(9(1—ﬁ)> .

(ii) For the trend-stationary model, they are

\/T O¢ \/T Oc
pA:(I)<_29(1—,05)> and pB:l_¢<20(1—pﬁ)> . (10)

The overall detection error probability p(0~') is equal to p4.

A proof for this proposition is in Appendix A. In the proof, the key is that if the value
function Uy is linear in random shocks ¢, then a likelihood ratio g(e;r1) = 7(€r+1)/m(€141)
can be expressed as the exponential of a linear function of €;41. Here, 7(€;41) is a conditional
density of a sequence of random shocks {e; 11}, and 7(e.41) is some other density in proximity
to m(er1) (i-e., a distorted density). By this result, the log-likelihood ratio In(L4/Lp) takes
the familiar form under the AR(1) structure. Using this and the normality assumption of the
shocks ¢, it is shown that the detection error probability p4 in the BHS procedure represents

the cumulative distribution function of a standard normal random variable (constructed from



3 Given this result, the representation for pg follows from the

the i.i.d. Gaussian shocks e).
symmetry of the standard normal distribution.

When 0= = 0 (i.e., model A and model B are identical), it is easy to confirm from the
formulas that p(6~1) = 0.5 because of ®(0) = 0.5. Also, our formulas establish that the overall
detection error probability is a decreasing function of #~!, other things being equal. These are
consistent with both the claim and simulation-based finding in Hansen and Sargent (2008a) and
Barillas et al. (2009). In addition, our formulas reveal that the overall detection error probability
is a decreasing function of two variables. One is the sample size V/T. This means that the agent
can distinguish between the approximating model and the worst-case model more easily given
more data (i.e., a longer history of the economy). The other is the volatility parameter o, of
the consumption processes. A higher volatility also makes it easier for the agent to distinguish
between the two models, so that the model detection errors become lower.

To illustrate the use of our result in the asset-pricing application, we apply estimates of
the random walk and trend-stationary models and the values of 8 and ~ given in Barillas et
al. (2009). They estimated p, o, p, and ¢ using maximum likelihood (ML) methods and
US quarterly consumption data from 1948:2 to 2006:4 (7" = 235). Panels A and B of Table
1 summarize the ML estimates and parameter values.* Their calibration results indicate that
overall detection error probabilities between 0.01 and 0.05 succeed in achieving the Hansen—

Jagannathan bounds. However, Barillas et al. (2009) do not reveal their exact value.

Panel C of Table 1 presents the calculation results of the overall detection error probability

3The intuition of the proof is the following. To see the idea clearly, consider a simplified static structure. Note
that the likelihood ratio g(e) takes the form, g(e) = @ (e)/m(e) = exp(—U/0)/Elexp(—U/6)]. Then the detection
error probability pa is pa = Prob(select model Bjmodel A generated the data) = Prob(lng*(e) < 0|m(€)), where
g*(e) = 1/g(€). (This inversion is merely for maintaining consistency with L/Lp and is not essential.) If the
value function U is linear in ¢, say, U = ao + a1€, then ps = Prob(e < —(0/a1) In(Elexp(—(a1/0)e)])|r(€)) =
Prob(e < —a1 /26| (¢€)), so that the distribution function ®(-) can be used because of € ~ N (0, 1). Note that while
this static-case derivation conveys our idea, our proof is needed in the dynamic setting that we treated.

4While Hansen and Sargent (2008a, p. 321) reported that the value of v that achieves the Hansen—Jagannathan
bounds is around 250 for the trend-stationary model, Barillas et al. (2009, p. 2406) pointed out that it is only
about 75, despite both using US data from almost the same period. This large difference in  between the two
studies arises only for the case of the trend-stationary model. According to a preliminary investigation based on
our formulas, it seems difficult to corroborate the claim of Barillas et al. (2009) for v = 75. Hence, we adopt
v = 250 for the trend-stationary model.



based on our formulas (9) and (10), where we employ the MATLAB function normcdf as the
cumulative distribution function ®(-). The first step of our procedure is to find the value of §~!
corresponding to the value of y that attains the Hansen—Jagannathan bounds. Thisis 67! = (1—
0.995)(50—1) = 0.245 for v = 50 in the random walk case and §~! = (1—0.995)(250—1) = 1.245
for v = 250 in the trend-stationary case. The second step is to determine the overall detection
error probability for this v by substituting the value of §~! obtained and the ML estimates into
our formulas. It is p(f~!) = 0.0302 for the random walk model and p(f~—!) = 0.0277 for the
trend-stationary model.® Of these, at least the former is significantly different from zero (see

Appendix D for the calculation of the standard errors).
4 Extensions

This section discusses what types of consumption processes have a closed-form solution for the
detection error probabilities. We focus here on two models. One is a simple version of the
long-run risk model of Bansal and Yaron (2004), which has been studied in Hansen (2007) and
Hansen and Sargent (2008b, 2010). The other is the model in which log individual consumption
has both aggregate and idiosyncratic risk components, which has been considered in De Santis

(2007) and Ellison and Sargent (2015).

4.1 Long-Run Risk

A simple version of the long-run risk models used in Hansen (2007, Example 2) and Hansen and
Sargent (2008b, 2010) is given by
Ct+1 — Ct = [+ 2+ Oc€t41,
(11)
Zt+1 = PZtt+ Oz€41, €41 lldN(O, 1)
As described in Appendix B, this long-run risk model can be expressed as an ARIMA(1,1,1) pro-

cess. The following proposition therefore states that we can derive a closed-form representation

of the detection error probabilities under the ARIMA(1,1,1) model for log consumption.

5To confirm the validity of our results, we plotted the overall detection error probabilities against various
values of §~! for the random walk and trend-stationary models using formulas (9) and (10) (see Appendix E).
This figure is consistent with Figure 2(a) in Barillas et al. (2009).



Proposition 2.

For the long-run risk model, the detection error probabilities pa and pp are given by

pa=7 (—\/IT{CZWL(l—P)}é{liBUH— (1_55(1_5)02}) (12)

and

p3:1—<1><\/?{z+(1—p)};{1iﬁae+(1_ﬁ£(1_6)az}>- (13)

The overall detection error probability p(0~—') is equal to pa.

A proof for this proposition is in Appendix B. Note that the simple long-run risk model
(11) is a special case of the multivariate state model of Hansen et al. (2008) where differences
in log consumption are a linear function of a state vector x that follows a first-order vector
autoregression: c¢i41 — ¢p = e + UeXy + AoWir1, Xep1 = Gxp + Hwyy1, Wiy ~ 1.1.d.N(0,1)
(here, the notation follows theirs). Our proof remains valid for a multivariate state case if all
elements of the row vector U, are one and the matrix G is the diagonal one with the same

element, say, p (note that the model has the same structure as that of (11) in this case).

4.2 lIdiosyncratic Risk

Following Ellison and Sargent (2015), we assume the following value function recursion:

) | (14)

Here, log individual consumption ¢! has aggregate and idiosyncratic risk components that follow

U; = ci — fB601n (Et {exp <— Ugl)

random walk processes:

Cé = ¢+ 5;,
Acy = Vewry, (15)
A0 = ewy,

where

w1y N[l 99— /2 7 0
w ~ —72/2 |’ 0 2 ’
2t 73/ 72
A noteworthy point for our purpose is that this specification can be rewritten as a random

walk model for log individual consumption: ¢}, ; = ci + /€(wii41 + wa41). Assuming that the



aggregate and idiosyncratic shocks wi; and wo; are i.i.d. as in the previous cases, we can show
the following.
Proposition 3.

For the model with idiosyncratic risk, the detection error probabilities are given by
VT \Jelrf +73) VT (el +73)
pa=o (_29(1—5)> and pp=1—-@ (29(1_5)) . (16)
The overall detection error probability p(0~—1) is equal to p4.
A proof for this proposition is in Appendix C. This proposition can be regarded as a gen-

eralization of Proposition 1 because \/€(7? + 73) corresponds to the square root of the variance

of the error term in the random walk model for log individual consumption.
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Table 1
A Computational Example of Detection Error Probabilities Based on an

Alternative Method

Model
Random walk  Trend stationary
A. Barillas et al. (2009) ML estimates

L 0.00495 0.00418
(0.0003) (0.0003)
Oc 0.0050 0.0050
(0.0002) (0.0002)
P — 0.980
— (0.010)
B. Barillas et al. (2009) setting of parameters
T 235 235
B 0.995 0.995
~y 50 250
C. Detection error probability
6! 0.2450 1.2450
p(6~1) 0.0302 0.0277
(0.0051) (0.0490)

Note: Standard errors in parentheses. The estimates and standard errors for u, o., and p in Panel
A are from Table 2 in Barillas et al. (2009). The values of T, 8, and v in Panel B are reported in
Barillas et al. (2009). See footnote 4 for the choice of 7. The value of 6! in Panel C is calculated
using §~1 = (1 — B)(y — 1) derived from equation (2). The overall detection error probability p(6~1) is

calculated using formulas (9) and (10).
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A. Proof of Proposition 1

The result (i) for the random walk model is a special case of (ii) for the trend-stationary
model. Therefore, we provide only the proof of (ii) below.! Consider equation (4) reproduced
as

et =C+ ut+ 2z, 2t = pzi—1 + oe€r, € ~ 1i.d.N(0,1). (A1)

As z; has an AR(1) structure, the (average) log-likelihood function for a sample of t = 1,2,...,T

takes the form

1 1<
InL = Tlnf(cl)—i—fglnf(cﬂct_l). (A2)

The density f(c1) under model A is obtained by writing (Al) at t = 1 as ¢ = (+pu+ 21
and z; = pzg + oe€1. Assuming the initial condition zg = 0, it follows that z; = o€, so that

c1 = ( + p + ocer. Therefore, the logarithm of the density f(cp) is

L a—c-w2 (A3)

1
In f(c;) = —5111271' - §ln03 " 252
To obtain the conditional density f(c¢|c;—1) under model A, rewrite (A1) by substituting out z;

as

¢t = p1 + pot + pei_1 + o€y, (A4)

where 111 = ((1 — p) + pp and pg = (1 — p)p. Because of o.6; ~ i.i.d.N(0,02), the logarithm of

the conditional density f(c¢|ci—1) is given by

1
In f(ct|e—1) = —§1n27r ~3 Ino? —

1

@(Ct — p1 — pat — pei—1)*. (A5)

Substituting (A3) and (A5) into (A2), the log-likelihood function under model A is

1~ 1
(1 —¢—p)*~ T Z g(Ct — 1 — pat = pe1)?. (A6)
t=2

11

1 1,
h’lLA = 7511’1271'* 51110-6 — T@

[l V]

"When p = 1, it is possible to simplify the proof by beginning with the first-differenced form of the model:
Act41 = p+ oc€r+1. However, when p < 1, this approach is not valid. The proof based on the first-difference
form is described in Appendix C for a more general case that includes the random walk model (3) as a special
case.



Noting that the difference between model A and model B is that the mean of ¢; shifts from 0 to

wrg, the log-likelihood function under model B is

1 11 1
lnLB = —511’1271'—51HUS—T@(01—C—ILL—UGTUTS)2—T

1

2
202 (ct—p1—pat—pci1—ocwrs)”.

M=

t

||
N

(A7)

Thus, the log-likelihood ratio for the trend-stationary model is

LA 1 1 2
1 = —— |=—(a1 — — fot — peyp—
1[1 T
+7 |5 (c — ¢ — p— ocwrs)? + — pat — pei—1 — ocwrs)?
T | 20 =

(A8)
The detection error probability when model A generates log consumption ¢; is obtained by

substituting ¢; — ( — u =o€y for t =1 and ¢ — py — pot — pci—1 = oeep for t =2,...,T":

pa = Prob(ln(L )<0>
Lp
T

B 1 1 5 1 9
= Prob( TZQU?(Jeet) +Tt 1 = [ae(et wrs)] <O>,
| T
= Prob (TZ —wrser) + wTS<O> (A9)
=1
1 & 1
= PrOb f— G —=——
(75 < b )
VT Oc
— Prob(z <Y % |
( 2 00— D)

where Z = (1/V/T) Y.L, €. On the other hand, the detection error probability when model B

generates log consumption ¢; is obtained by substituting ¢y — ( — p = ccwrg + oceq for t =1

and ¢; — py — pot — pei—1 = ocwrps + o for t =2, T
pg = Prob (ln (LB )
141 , 141 )
= Prob( T;202 oc(€e + wrs)] +ftz::l2062(066t) >0>7
1< 1
= Prob (T ; U)TSGt) — §U}TS > 0) (AlO)
1 & o
= Prob| = € > — <
(T; ' (1—p6)>
VT o
= Prob|Z > —
ro ( > 5 01—,05)



Because ¢; ~ 1.i.d.N(0,1), (1/T) L, ¢ ~ N(0,1/T), so that Z ~ N(0,1). Thus, using the

standard normal cumulative distribution function ®(-), (A9) and (A10) can be written as

\/T Oc \/T O¢
pA:(I)<_29(1—P5)> and pB:l_(p(QH(I—pﬁ)> . (A11)

From the symmetry of the standard normal distribution, it follows that ps = pp, so that
p(0~1) = L(pa+pB) = pa.
B. Proof of Proposition 2

To prove this proposition, we must specify the worst-case model (model B) for the long-run
risk model (model A). This requires two steps: first, the derivation of the value function, and
second, the derivation of the distorted density. Before proceeding, we need to introduce some
pieces of notation, following Hansen and Sargent (2008) and Barillas et al. (2009). Let 7(e;) be
conditional densities of a sequence of random shocks {¢;}, and let 7(e;) be some other density
in proximity to 7(€;), which we call the distorted density. Consider the following value function

recursion:

Ui =c¢ — B01n (Et {exp <_U;+1>

) : (B1)
The first step is to solve for U; under the long-run risk model. Guess the value function to

be Uy = ko + kict + kazi. Using equation (11), the value function at ¢ + 1 is
Upr1 = ko + kl(M + Ct) -+ (k‘l + kgp)zt + (kl(fe + k202)6t+1. (BQ)

Substitute (B2) into E¢[exp(—Ui+1/6)] to obtain

E, [exp <_Ut+1>} — exp <—{k0 +ki(p+c) + (k1 + kop)z )
’ (B3)
[ (—(km + ko) )
x By |exp 5 a1 )] -
Then take logs of both sides of (B3):
In <Et {exp (—UtH)D kot kit ) + (k1 + kap))
0 ’ — (k10 + k202) (B4)
+1n (Et [GXP ( 7 6t+1) ) .

3



Thus, recursion (B1) is

—(k10c + koo,
Ui = ci + ko + k1(p + c¢) + (k1 + k2p)ze} — B0 1n (Et [eXp ( (k1o 29 )€t+1>

0

) . (B5)

Using the properties of the lognormal distribution, (B5) can be further rewritten as

(kioe + k:gaz)2
292 ’ (B6)
+ (14 Bki)er + Bk + kap) 2.

Ui = ¢+ ﬁ{ko + k(e + Ct) + (k1 + k2p>zt} — o

kioe + koo,)?
= 5(k0+klﬂ)—5(102620)

Matching the coefficients in Uy = kg + k1c; + koz¢, we obtain

1 Bu B 1 B 2 _ 1 _ g
’“0‘1—/3[1—5 29(1—5”6*(1—5;))(1—&)%)17’“1‘1—5”“2‘(1—@)(1—5)‘
(B7)

The second step is to derive the distorted density 7(e;). To do this, we use the following

result, as shown by Hansen and Sargent (2008) and Barillas et al. (2009).

—-U,

sy = — P F) i) (B8)

E; {exp (#)} (€ett1)

Using (B2) and (B3), g(et+1) can be written as
<—(k106 + koo) )
€xXp 0 €t+1

g(6t+1) = —(k’lo' T kQO' ) . (Bg)

E; {GXP < 60 - €t+1>

Noting that the denominator of (B9) is equal to exp((kioe + ko0.)?/20%) by the properties of

the lognormal distribution, (B9) can be rewritten as

—(kioc + koo,) 1 (k1oc + koo,)?
glet41) = exp 0 ‘15 g2 |
X (B10)
= €Xp | WLRE+1 — 2W%R) )
where wpr = —(k10c + koo)/6. Because g(€4+1) = 7(€+1)/m(€r+1) and 7w(eq1) denotes the
density of the standard normal random variable €41, the distorted density 7 (e;41) is
N 1
T(ert1) = m(€41)exp (wLR6t+1 - 2“%3) ;
o0 (=5t ) o (wenen = juta) @1y
= exp | — =€ exp | wrret1 — —w ,
\/ﬂ p %t—f—l p LREt+1 9 WLR

- 4 . 2
= TﬂeXp 2(€t+1 wLR) >



which implies that €41 ~ 1.i.d.N(wrg, 1). Using (B7), the mean wr g is

_ (kioe + koo)
WLR = ———5

Ve 5 (B12)
- Tt )

Now we turn to the proof of formulas (12) and (13) for the detection error probabilities.

Rewrite the long-run risk model (model A) in the following form by substituting the first equation

into the second equation in (11) and shifting time by one period:
Acppr = p* + pAcy + €141 + 7, (B13)

where p* = (1 — p)u, ¥* = 0./0 — p, and € = oce; ~ i.i.d.N(0,02). Then, the worst-case

model (model B) is given by
Aciy1 = " + a*wpr + pAcy + €51 + V"€, (B14)

where o* = 0.(1 +v*). This is because the constant term of model A shifts by a*w g with the
change of the mean of ¢ from 0 to wrr.? Given that model A and model B take the form of
an ARIMA(1,1,1) process, we can form the (conditional) likelihood function provided that Acy
and €] = 0 are taken as given (see Hamilton (1994, Ch. 5)).

Taking Ac; and € = 0 as given, (B13) at t = 1is Aco = p*+pAcyi+eb, so that Aca|(Acy, €] =
0) ~ N(p* + pAcy,0?). Fort = 2,...,T — 1, it follows that Ac;1|(Acy, ..., Act, el = 0) ~

N(u* + pAct + *€f, 02). Thus, the (conditional) likelihood function is given by
f(ACT7 B ACZ|ACD GT = 0)

T-1
= f(A02|A0175T = O) X H f(ACt+1|ACt, ce ,ACl,ET = 0)
t=2
1 1 " (B15)
= exp |—=——5(Aco — p* — pACl)Q}
2702 [ 202
Vs = 1
71;[2 \/@exp |: 2052( Ct+1 H PAC @b Et)

2Consider ¢; + wrr, where €, ~ i.i.d.N(0,1). Replacing the error term ¢; of model A by this, we have

*+ pAcy + oc(€ir1 + wrr) + Y oe(er + wWLR),

Aceyr = p
= pFo(l+9)wrr+ pAct + ocerpr + P oces.



Define the (average) log-likelihood function as

1
InL = T In f(Acp, ..., Aca|Acy, €] =0),
. L T-l (B16)
= T_-1 In f(ACQ‘ACl,ﬁT = 0) + ﬁ g 1Ilf(ACt+1|ACt, .. '7A617€){ = O)

Then the log-likelihood function under model A is

1 1 1 1 *
InLy, = —§1n27r—51n062—T_1@(AC2_N _PACI)Q
LTl (B17)
L A o Acy — * % 2.
71 2 2062( Ct+1 — M pAc; — P ey)

Noting that the constant term shifts by a*wpg as in equation (B14), the log-likelihood function

under model B is

1 1 1 1
lnLB = _§1n27r_§1n0-€2_ﬁ@(ACQ_M*_a*wLR_pACI)2
1 T4 (B18)
2

Thus, the log-likelihood ratio is given by

L4 1 1 , =1 )
ln (LB) = —4T 1 [202 (ACZ - ,LL* — pACl) -+ tzz:z 20_62 (Act+1 _ ,LL* _ PACt o w*ﬁ:)
1 1 . , =1 . oo
+7T ~1 | 202 (Acy — p* — a*wpr — pAcy)” + 2 557 (Acgyr — p* — a*wpr — pAcy — P*e))?| .

(B19)
Note that €}, = oeei1 and o* = o {0. /0 + (1 — p)}. Substituting Aco — p* — pAcy = €5
and Aciyy — p* — pAcy —Y*ef = €fyy for t = 2,...,T — 1 into (B19), the log-likelihood ratio

under model A is

Ly 1 = %2 1 — * * 2
(7)) = 707 Login g 2 ger(in — wen)’,
LT =

T-1 o2 202

1 1
L orwppe, + a*Qw%R} , (B20)

1 € €
T-1 2
1 o, 1 (o, } 9
= — S {%Zia- - .
T-12 { +( P)}wLRét+1+2{U + (1 =p)p wig

O¢ €

Alternatively, substituting Acy — pu* — pAcy = € + a*wrr and Aciy; — p* — pAcy — Y*e; =



€1 +a*wpg for t =2,...,T — 1 into (B19), the log-likelihood ratio under model B is

Ly 1 = 1 * * 2 1 = [
In (LB> = 71 2 T‘g(etﬂ + ofwrr)” + 71 ; @etﬂ,
1 = L, % L o 9
= 71 ; —U—ga WLRE L1 — T‘ga wLR} , (B21)
T-1

1 O 1 (o, 2 2
= Hz_{@+(1_p)}wLR6t+l_2{U+(1_p)} Wi R-

t=1 €

Using (B20) and (B21), the detection error probabilities under model A and model B are,

respectively,
L
pa = Prob (ln (A)<O),

N 1 (o

= Prob <T— 1 t:l(_wLR€t+1) + 5 {0_6 + (1 —p)}w%R < 0) y
1 = 1 (o, kioe + koo,

— P _ 2% 4 g ) 1T T 202

rob<T_1;et+1< 2{054-( p)} 7 ,

1 = 1 (o, 1( 1 8

= Prob - S 1-— 7 € z )

0 <T—1t:ﬁ“< 2{05“ p)}9{1—50+(1—ﬂp)(1—ﬂ)0 }>
VT —1 {oz }1{ 1 153 }
= Prob|Z < — — +(1-— - O + o ,
< N A B e A T )
(B22)
and
L
pp = Prob <1n<A>>0>,
By

1 o,

1
T—1 (_wLR€t+1)_2{+(1_P)}W%R>O>,

< 1
1 = 1 (o, kioe + koo,
= PI‘Ob(T 1Z€t+1>2{0+(1—p)}9 )

1
LU P ]
Z>m{az+(1—p)}l{ ot ; U}>’

0l1-8"°" (1-Bp)(1-p)""

(B23)

where Z = (1/V/T — 1) S €441 ~ N(0,1). These give equations (12) and (13).



C. Proof of Proposition 3
To prove this proposition, we need to specify the worst-case model (model B). This requires
two steps, as in the proof of Proposition 2. Guess the value function to be U; = kg + k1ci. Note

that equation (15) can be written as

iy = Cz +Ve(wirr1 + wary), (C1)
= C% + €t+1,

where €11 = /e(wiir1 +warr1). Then Upyq = ko + kici + k1egy1. Substitute this into equation

(14) to obtain

, 1
Ui = Bko + (1 + Bk1)c; — p01n <Et [exp (—9k16t+1> ) : (C2)
Using the property of the lognormal distribution, it can be verified that
1 k1 2+ 72 k3 12+ 73
In <Et {exp (—9k1€t+1> ) = —g € (g — T + 97267 (CB)

Matching the coefficients in Uy = ko + kic} after substituting (C3) into (C2), we obtain

B ¢+ 73 1 e(rE+13) 1
ko= ———= — — ki =——. 4
To derive the distorted density 7(e.+1), we use (B8) again. Note that
U 1 , k
exp (— Hl) = exp (—(ko + kwi)) exp (—1et+1> . (C5)
0 0 0
Using (C5) and the property of the lognormal distribution, we have
ky
eXp { — g €t+1 C
g(ety1) = ( - ) = exp (wIRetH —wirB — w?32> ) (C6)
E; {eXp (—#Etﬂ)}
where
k 2+ 72
wIRE—617BE\ﬁ<9— 12 2>aCE€(T12+7'22)~ (C7)
Therefore, it follows from (B8) that the ratio of densities is
(e C
Rleer) _ exp <w1R€t+1 —wirB — w%R) : (C8)
m(€41) 2

8



Here €41 ~ 1.i.d.N(B, C), so that the density 7(€;41) is

1

1 2]
(e = ——exp |—=— (41 — B)7| . C9
(€t+1) NorTe p[ 2C(t+1 ) (C9)
Substituting (C9) into (C8) and rearranging terms, we obtain
. C
f(er1) = m(e41)exp (wIR€t+1 —wirB — w%RQ) )
1 [ L B C))Q] (C10)
= ex € +w .
J2rC p o0 \Et+l IR
Thus, the approximating model (model A) is
Cii1 =i+ €41, €41 ~ 11d.N(B,C). (C11)
The worst-case model (model B) is given by
i1 = ¢+ wirC + €41, €41 ~ 1.i.d.N(B,O). (C12)

Now we turn to the derivation of the formulas for the detection error probabilities. From
E(Aci,,) = B and Var(Ac}, ;) = C under model A, it follows that the log-likelihood function
under model A is

1 T-1 1 ;
lnLA——71n27r—71n0——Z—C(Act+1—B)2. (C13)

From E(Acj, ) = wirC + B and Var(Ac}, ;) = C under model B, the log-likelihood function

under model B is

1
InLp = ﬂlnzw — = 1nc - = Z 2C(Act+1 (B +wrC))2. (C14)
Thus, the log-likelihood ratio is
LA 171 s 1 )
In (LB) = 2 |55 (A — B+ 55(Addy — (B +win0)) } . (C1s)

t=0

Substituting Ac},; = €41 into (C15), we have

n{=%) = = B B
n (LB) T t:ZO { 20 (€t41 — ) °C —(et11 — (B +wrC))"|,
= 1 (C16)
= 7 (—wrR€ts1) + wirB + §w?RC'

~+

=0



Therefore, the detection error probability under model A is

pa = Prob <ln (LA) < 0)
Lp
k1

= Prob < Z €11 < B - 260>

= Prob <Z < —fkl \F) (©17)

T+T
—Prob(Z<—V ! 2)

where Z = (5 ' e41 — B)/\/CJT ~ N(0,1).

Alternatively, substituting Acj,; = w;rC + € into (C15), we have

o (ég) - Z{ ac (o = (B —wm@))"+ 20(6t+1 3)2]’ (C18)

= = Z —WrRE+1) + WIRB — %wIRC
Therefore, the detection error probablhty under model B is
(n(z3) >0)
= Prob(iet+1>B+k C’)
T = 26
(Z mevﬁ> (C19)

pp = Prob

—_

= Prob

VT \Je(rf +73)
= Prob( = T e1i=5) ) )

These give equation (16).
D. Calculation of Standard Errors
D.1 Random-Walk Case
The overall detection error probability p(9~!) for the random-walk case can be written as a
function of oe:
m@>=@<—ﬁTW—1wJ. (1)
Let 6. be the maximum likelihood (ML) estimator of o, and let o be its true value. Applying

the univariate delta method, we obtain

VT (9(60) = 9(00)) =a N (0.{g (00)}*Var(o0) ) - (D2)

10



The standard error for p@l) is therefore given by

se (p@l)) = se(g(dc)),

- (D3)
= e GoPvar),
where
g =YLy (—“f(w - 1>z> (D)

D.2 Trend-Stationary Case
The overall detection error probability p(f~!) for the trend-stationary case can be regarded

as a function of 8 = (p, o)":

VT Te ) (D5)

9(6) = (—2<1 - B)r-1)

Let 6 be the ML estimator of @ and let 6y be its true value. Let G(8) = dg(0)/06’. Applying

the multivariate delta method, we obtain

VT (9(6) = 9(80)) —a N (0, G(60)2G(8))) (D6)
where
= [ Var(ng) Var(()ago) ] ' (b7)

The standard error for p(f~!) is therefore given by

se(p(61) = se(909)),

= \/; (g3 Var(p) + g3 Var(6.)), (D8)

= 32 (se(0))> + 33 (se(62))’,

where
. _0g(0) VT B . VT Ge
i =2 = =~ ) g cb( La-ser-1- 6) (D)
o= 2200 :—?(1—/3)@—1)1_1%@'( - -1)- (D10)



E. Graphs of the Overall Detection Error Probability

Figure 1 plots the overall detection error probabilities against various values of #~1 for the
random walk (solid line) and trend-stationary (dashed line) models using formulas (9) and (10),
in order to confirm the validity of our results based on the cumulative distribution function.

This figure is consistent with Figure 2(a) in Barillas et al. (2009, p. 2406).

5[' \ T T T T T T T
W Randam walk
: : : : : — — — Trend =tationary

45 e ............... ............... ............... ............... ............... IESEREEEEEENE TR EREEE .

Pie™") (%

Figure 1: Detection Error Probability versus the Inverse of the Penalty Parameter
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