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Abstract

For open systems described by the quantum master equation (QME), we investigate the excess
entropy production under quasistatic operations between nonequilibrium steady states. The average
entropy production is composed of the time integral of the instantaneous steady entropy production
rate and the excess entropy production. We propose to define average entropy production rate using
the average energy and particle currents, which are calculated by using the full counting statistics with
QME. The excess entropy production is given by a line integral in the control parameter space and its
integrand is called the Berry-Sinitsyn-Nemenman (BSN) vector. In the weakly nonequilibrium regime,
we show that BSN vector is described by In gg and py where pg is the instantaneous steady state of
the QME and pg is that of the QME which is given by reversing the sign of the Lamb shift term.
If the system Hamiltonian is non-degenerate or the Lamb shift term is negligible, the excess entropy
production approximately reduces to the difference between the von Neumann entropies of the system.
Additionally, we point out that the expression of the entropy production obtained in the classical
Markov jump process is different from our result and show that these are approximately equivalent
only in the weakly nonequilibrium regime.

1 Introduction

In equilibrium thermodynamics, the central quantity is the entropy S, which describes both the macro-
scopic properties of equilibrium systems and the fundamental limits on the possible transitions among
equilibrium states. In equilibrium thermodynamics, the Clausius equality

AS = fQ, (1.1)

tells us how one can determine the entropy by measuring the heat. Here, AS is the change in the entropy
of the system during the operation, [ is the inverse temperature of the bath contacting with the system,
and @ is the heat transferred from the bath to the system during the operation. This equality is universally
valid for quasistatic transitions between equilibrium states. In the equilibrium classical (quantum) system,
the entropy is given by the Shannon entropy of the probability distribution (von Neumann entropy of the
density matrix) of states.

The investigation of thermodynamic structures of nonequilibrium steady states (NESSs) has been a
topic of active research in nonequilibrium statistical mechanics [1, 2, 3, 4, 5, 6, 7, 8, 9]. For instance,
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the extension of the relations in equilibrium thermodynamics, such as the Clausius equality, to NESSs
has been one of the central subjects. Recently there has been progress in the extension of the Clausius
equality to NESSs [10, 11, 12] (see also Refs.[13, 14, 15, 16, 17, 18]). In these studies, the excess heat Qp ex
(of the bath b) [2] has been introduced instead of the total heat @ from the bath b. The excess heat Qp ex,
which describes an additional heat induced by a transition between NESSs with time-dependent external
control parameters, is defined by subtracting from @ the time integral of the instantaneous steady heat
current from the bath b. In the weakly nonequilibrium regime, there exists a scalar potential S of the
control parameter space which approximately satisfies the extended Clausius equality

> BiQbex = AS. (1.2)
b

Here, (3, is the inverse temperature of the bath b, AS = S(a,) — S(ap), av = (o}, a?,...) is the value
of the set of the control parameters at time ¢, and t = 0 and ¢ = 7 are the initial and final times of the
operation. We assume multiple baths to maintain the system out of the equilibrium and the symbol >,
means the summation over the baths. In classical systems, S is the symmetrized Shannon entropy [11].
In quantum systems with the time-reversal symmetry, S is the symmetrized von Neumann entropy [12].
However, the study of the excess entropy in the quantum system without the time-reversal symmetry
seems still lacking. This is the main objective of this paper.
In general, the left-hand side (LHS) of (1.2) is replaced by the excess entropy

Oox défa—/ dt J%(ay), (1.3)
0

where o is the average entropy production and JZ%(ay) is the instantaneous steady entropy production
rate at time ¢ [19, 20, 21]. In the quasistatic operation, the excess entropy is given by

Oex = AS + O(20), (1.4)

where € is a measure of degree of nonequilibrium and § describes the amplitude of the change of the
control parameters. Sagawa and Hayakawa [19] studied the full counting statistics (FCS) of the entropy
production for classical systems described by the Markov jump process and showed that the excess entropy
is characterized by the Berry-Sinitsyn-Nemenman (BSN) phase [22].

The method of Ref. [19] was generalized to quantum systems and applied to studies of the quantum
pump [23, 24, 25]. Here we briefly explain the studies of the quantum pump. At ¢ = 0 and t = 7,
we perform projection measurements of a time-independent observable O of the baths and obtain the
outcomes 0(0) and o(7). The generating function of Ao = o(7) — 0(0) is

Z.(x) = / dAo Py (Ao)eXAe (1.5)

where P-(Ao) is the probability density distribution of Ao and y is called the counting field. To calculate
the generating function, the method using the quantum master equation (QME) with the counting field
(FCS-QME) [26] had been proposed. The solution of the FCS-QME, pX(t), provides the generating
function as Z,(x) = Trg[pX(7)], where Trg denotes the trace of the system. The Berry phase [27] of the
FCS-QME is the BSN phase. The average of the difference of the outcomes is given by

(Ao) = /0 dt i0(1), (1.6)



>

an

Figure 1: Schematic representation of the trajectory C in the phase space of the control parameters, o'
and ™.

where i(t) is the current of an operator O. If the state of the system at ¢ = 0 is the instantaneous steady
state and the modulation of the control parameters is slow, the following relation holds:

<Ao>:/07dt igs(at)—l—/cda” A9(a), (1.7)

where iQ(ay) is the instantaneous steady current of O. C' is the trajectory from ag to a, as shown in

Fig.1 and A9(a) is the BSN vector derived from the BSN phase. o™ is n-th component of the control
parameters and the summation symbol for n is omitted. The derived formula of the BSN vector depends
on the approximations used for the QME. The Born-Markov approximation with or without the rotating
wave approximation (RWA) [28] is frequently used. The QME in the Born-Markov approximation without
RWA sometimes violates the non-negativity of the system reduced density operator. The QME of the
RWA or the coarse-graining approximation (CGA) [29, 30] is the Lindblad type which guarantees the
non-negativity [28]. If O is the total particle number of a bath b, there are several methods to calculate
A9(a) of (1.7) V).
In this paper, we propose to identify

o(t) N7 By(t) [~i () — p(t) {—iN (1) }] (1.8)
b

YFor non-interacting system, A9 (a) is calculated from the Brouwer formula[31] using the scattering matrix. Recently,
the quantum pump in interacting systems has been actively researched. There are three theoretical approaches. The first
is the Green’s function approach, [32] The second is the generalized master equation approach [34, 35]. The third is the
FCS-QME approach. Reference[25] showed the equivalence between the second and the third approaches for all orders of
pumping frequency (see also [33]).



with the average entropy production rate, where ju, is the chemical potential of the bath b, and i7¢(t) and
Ve (t) are energy and particle currents from the system to the bath b, respectively. Hp and N; represent
the Hamiltonian and the total particle number of the bath b, respectively. This is a straightforward
extention of the entropy production rate argued for an NESS [36] to a time-dependent system. Now, the
excess entropy is obtained by

Oex :/ dt [o(t) — J& ()] :/ da™ A7 (a), (1.9)
0 C
where we used (1.7) in the second equation with

A(a) =N By [AT (@) = p {— AN (@)}] . (1.10)
b

Here, AHb(a) and AN (a) are the BSN vectors of Hy and Nj. It should be noted that 3, and u; could
also be the elements of the set of the control parameters, a. The following expression is the main result
of this manuscript,

dpo(a)

oam

A% (a) = —Trg [lnﬁo(a) ] + O(e?), (1.11)
without any assumption on the time-reversal symmetry. pp(a) is the instantaneous steady state of the
QME and pg(a) is that of the QME which is given by reversing the sign of the Lamb shift term. If the
system Hamiltonian is non-degenerate or the Lamb shift term is negligible, we obtain

Tex = Syn (po(ar)) = Syx (po(an)) + O(£26), (1.12)

where Syn(p) o —Trg[plnp] is the von Neumann entropy.

The structure of the paper is as follows. First, we explain the FCS-QME (§ 2.1) and the formula for
the excess entropy. Then we introduce the generalized QME in § 2.2. In § 2.3, we explain the RWA and
after this section we focus on the RWA except for § 3.3. In § 3.1, the BSN vector A in the equilibrium is
discussed. In § 3.2, the main result of this manuscript, (1.11), is derived. Next we mention the results in
the Born-Markov approximation § 3.3). In8 4, we compare the preceding study on the entropy production
in the classical Markov jump process [21, 37] with ours. In § 5, we consider the time-reversal operation.
At last (8§ 6), we summarize this paper. In the Appendix A, we derive the formula of the derivative of
the von Neumann entropy and in the Appendix B, we show the details of the derivation of the relation
in a weakly nonequilibrium regime. In the Appendix C, we explain the definition of entropy production
of the Markov jump process and the result of Ref. [21].

2  Quantum master equation and full counting statistics

2.1 Full counting statistics-quantum master equation

We consider system S weakly coupled to several baths (although we used the same symbol S as the
entropy in 8 1, S only means the ‘system’ in the following discussions). In order to maintain the system
out of equilibrium and in NESS, the system needs to be coupled with more than one bath. The total
Hamiltonian is given by

Huor(t) = Hs(as(t) + ) [Hy + Hsy(ass(t))]. (2.1)
b
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Hg(ag) is the system Hamiltonian and ag denotes a set of control parameters of the system. Hj is the
Hamiltonian of the bath b. Hgy(asp) is the coupling Hamiltonian between S and the bath b, and «agp is
corresponding set of control parameters. We denote the inverse temperature and the chemical potential
of the bath b by 3, and up which can be the control parameters, and a; denotes the set of 5, and Spup.

We symbolize the set of all control parameters (ag, {aspty, ap def {ap}p) by a. While ag and agp
are dynamical parameters like energy levels, tunnel coupling strengths or a magnetic field, ap are the
thermodynamical parameters. We denote the set of all the linear operators of S by B.

Consider slow modulation of the control parameters during 0 <t < 7. At ¢t = 0 and ¢ = 7, we perform
projection measurements of time-independent observables {O,} of the baths which commute with each

other. The index u distinguishes the time-independent observables of the baths. {0,(2-)} ({OLO)}) denotes
the set of outcomes at t = 7 (¢t = 0). The generating function

Z:({x0,}) / HdAoH ({Ao,})et 2onXouton (2.2)

is the Fourier transform of the joint probability density distribution P({Ao,}) where Ao, def 0,(;) — OLO ),

Here, xo, is the counting field for O,. The generating function is given by

Z-({x0,}) = Trtot [pioy(t = 7)] (2.3)
using an operator of the total system p{,(¢) obeying the modified von Neumann equation [26]
d X
& 0%t) = ~i [Hn (1), 0l (1), (2.4)
In this paper, we set i = 1. Here, for two operators A and B, [4, B], def AB — BA_, and
Ay el 732, X0, On/2 =130 X0, On/2 (2.5)
x denotes the set of the counting fields {xo,}. The initial condition of pi(t) is given by p(0) =
> {ov} Pros1Ptot (0 )P{OV} [26]. Here, piot(0) is the initial state of the total system, {o,} denotes eigenvalues
of {O,} and P, is a projection operator defined by O, P,,} = 0,P0,1, Pio,1Proy = Po,y Hu 60‘“0;‘,
and Pgoy} = Py,,1. We suppose
prot(0) = p(0) @ pp(ap(0)), (2.6)
where p(0) is the initial state of the system and
def 1 — _
ar(0)) & _ e Po(0)[Hp—15(0) Vo] 2.7
polan0) ™ @ 5o 1)

b

with Zp () def Trb[e_ﬂb[H”_“bNb]]. Try, denotes the trace of the bath b, and Trpg denotes the trace over all
baths’ degrees of freedom. Then, we have

P (0) = p(0) @ > Pio,yp8(c5(0)) P,y (2.8)
{ov}

We suppose [Hp, Np] = 0. If all O, commute with H, and Ny, Pj,,; commutes with pp(ap(0)) and
pr:(0) = p(0) ® pp(ap(0)) holds because Z{o,,} P,y = 1.
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We defined pX(t) © 7y BlpS:(t)] and the generating function is calculated with

Zr({x0,}) = Trs[pX(t = 7)]. (2.9)
We assume
p5u(t) % pX(0) @ plan(t) (0<t<7) (2.10)
where
an(f)) e L -0 N
pB(ap(t)) @ = (on () - (2.11)
The FCS-QME [26] is
W _ fx(ae o), (2.12)

and the initial condition is pX(0) = p(0). Here KX () is the Liouvillian modified by x. The Liouvillian
is given by

KX(a)e = —i[Hg(ovs), 0] + Y LY (a)e. (2.13)
b

Here and in the following, ¢ € B. L} () describes the coupling effects between S and the bath b and

depends on used approximations, for instance, the Born-Markov approximation without or within the
RWA and the CGA. Generally, £}(«) has the form:

L (a)e = Z ey, (a)A, @ By, (2.14)

where A, and B, belong to B and depend on ayg, and cl’fa () is a complex number which depends on asg,
agy and ap. If and only if A,, B, # 1, ci‘a(a) depends on y. After § 2.3 we choose the Born-Markov
approximation within RWA; however, in this subsection we assume only Markov property (i.e., Kx just
depends on «y). Explicit expression of (2.14) will be given in § 2.3 . At x = 0, the FCS-QME becomes
the quantum master equation (QME)

dp(t ~

2D _ Ron)olo). (2.15)

t
K (oy) equals KX(ay) at x = 0. In the following, a symbol X without y denotes XX|,q.
In the Liouville space [25, 26], the left and right eigenvalue equations of the Liouvillian are

EX(@)lpx(e)) = N(@)lpxX(e)), (2.16)
({Z (@) EX(a) = M) ()] (2.17)

In the Liouville space, A € B is described by |A)). The inner produce is defined by ((A|B)) = Trg(A'B)
(A, B € B). In particular, ((1|A)) = TrgA holds. A superoperator which operates to a liner operator of the
system becomes an operator of the Liouville space. The left eigenvectors [ () and the right eigenvectors
pra () satisfy ((Ix(a)|p¥.(a))) = dpm. The mode which has the eigenvalue A¥(«) with the maximum real



part is assigned by the label n = 0. Because the conservation of the probability, ((1|p(¢))) = 1, and using
(2.15), the relation

L {1lp()) = (LR (@)lp(®)) = 0 (2.18)

dt
leads ((1|K (o) = 0, in the limit x — 0, Ay () becomes 0 and ((lf)((a)\Abecomes (1] (i-e., lp(e) is an
identity operator). In addition, the special state |po(«))) determined by K («)|po(cr))) = 0 represents the
instantaneous steady state.
The formal solution of the FCS-QME (2.12) is

t
o) = Texp | [ as £%(a)] 100}, (2.19)
where T denotes the time-ordering operation. Using this, we obtain the averages of Ao, at time ¢
(Do = =0 (1 (0)]
g d(ixo,) x=0
t t
= [ UERO @l = [ dui®w) (2.20)
0 0
where
of 0XX(av)
XOn(q) & 22 , 2.21
@ o heo (221)

when X is an (super)operator or a c-number and i%%(u) is the current of O, at time u. Here, we used
(1] K (a)) = 0. Moreover, using ((lp(a)| = (1], Ao(cr) = 0 and (2.17), we obtain

(LK O () = A" (@) (1] — (15" (@) | K (a). (2.22)

o1

Oy o)
then [j" = ~Blixo,) ’X:O

Here, ((l(())“(a)| is defined by O4i5 ()l

Aixo,,) ‘X:O’ holds. Now, the current i9#(t) is given
by [24]

() = (LK% (ar)lp(1))
= G (@)(11p(£)) = (16" () K () ()
= A0 (o) — (15 ()| S 1) (2.23)
The current can also be written as
i (t) = (LW (ar) (1), (2.24)
where WO (a) is the current operator defined by
(LW (@) = (11K (a), (2.25)

i.e., Trg[WO (a)e] = Trg[K O ()e] for any e € B. Therefore, using (2.14), the current operator is given
by

WO (a) =3 cp¥(a)BoAa. (2.26)
b,a



Using (2.22), the instantaneous steady current is given by
o .0
(LW (@)lpo(a))) = Ag" (@) = is" (@) (2.27)

In the following, we suppose that the state of the system at ¢ = 0 is the instantaneous steady state,
p(0) = po(ao). Then, p(t) = po(ay) + O(w/T') holds [25] where w = 2m/7 and I' = min,o{—Re(A,)}. In
w < I limit, we obtain

w2
(1) = 2 ) — 5" (o) el po(a))) + O(%6), (2.28)

which leads to
(Do), = / dt 1% () + / do™ A%(0) + O(%). (2.29)
0 C

where in the second term, the summation symbol ) is omitted. Here, o™ is the n-th component of the
control parameters, C' is the trajectory from ag to a,, and

0 def o 0
An(e) = = {{lo" (@)l 5~ lpo(@))), (2.30)
is the BSN vector. The BSN vector is also given by [25]

o 0

A% (@) = (WO (@)R(e) 2 |on(e), (2.31)
where R(«) is the pseudoinverse of the Liouvillian defined by
R(a)K(a) =1~ |po(e)) {(1]- (2.32)

The expression of (2.29) was originally derived like the following. The formal solution of the FCS-QME
is expanded as

X)) = Y eX()elo & M X (o). (2.33)

Because eo 45 Ai(as) (n # 0) exponentially damps as a function of time, only n = 0 term remains if
I'7 > 1. Solving the time evolution equation of ¢ (¢) in w < T’ limit, we obtain

3 =0 exp |- ["at (@itan g labta| (2.34)

Here, the argument of the exponential function is called the BSN phase. Substituting this expression and
c3(0) = {(IF(ao)|po(ao))) into (2.33), we obtain the expression of pX(7) which provides (2.29). However,
when we consider only the average of Ao, the BSN phase is not essential. All informations of the counting
fields up to the first order are included in W% 2)

P1n the research of adiabatic pumping, the expression of (2.29) is essential. In Refs.[23, 24, 25], (2.29) with (2.30) was
used to study the quantum pump. On the other hand, in Ref. [35], (2.29) was derived using the generalized master equation
[34] and without using the FCS. In Ref. [35], AQr (o) was described by the quantity corresponding to the current operator
and the pseudoinverse of the Liouvillian, as shown in (2.31). Reference[25] showed the equivalence between the FCS-QME
approach and the generalized master equation approach for all orders of pumping frequency.



As discussed in § 1, we propose to identify the average entropy production rate with
d f .
< Zﬁ — () { =" () }] - (2.35)
This is given by ¢(t) = Trg[W7 (o) p(t)] with

W (a) €S B-W(a) — p{ W™ (). (2.36)
b

The average entropy production is given by

def ! &
s & /0 dt & (1)
= /Odt J;‘S(at)+/c da™ AZ(a)+0(f), (2.37)

where

T defzﬂb — i { =i ()] (2.38)

and A7 («a) is defined in (1.10). Here, we used (2.28) for O, = Hp, Ny. The excess entropy production is
defined as (1.9) by

Tox d:ef/ do™ A%(a) + O(=). (2.39)
o T

2.2 Generalized quantum master equation for entropy production
We consider a kind of generalized quantum master equation (GQME)

L 0\(0) = KN (), (2.40)

with the initial condition p*(0) = p(0). Here, X is a single real parameter. We suppose that the Liouvillian
is given by

KA (a)e = —i[Hg(ag), o] + Zﬁ)‘ (2.41)

with L (a)e =Y ¢ (a)A, B, and Cl/)\a(a)’)\:() = ¢pq. While ¢ (a) of (2.14) depends on y if and only
if Ag, By #1, cl;\a(a) can depend on A for all a. We suppose that the solution of (2.40) satisfies

Trs[p'(1)] = o, (2.42)
where X’ %! g()f;) . This condition is equivalent to
(11K (@) = (LW (ev). (2.43)
Let’s consider
(15 (@)K @) = X5 (@) (I (@)1, (2.44)



corresponding to (2.17) for n = 0. Similar to (2.27) and (2.30),

Ao(e) = ({(1W7(a)|po(a))) = Jg(a), (2.45)
and

A%(0) = (bl soelpo(a)) = (11 (@)R(a) 2 (o) (2.46)

hold. Although A\}(«) and [} («) depend on the choice of K*(a), \j(ar) and A9 (a) do not depend, as can
be seen in the right-hand side (RHS) of the (2.45) and (2.46). The LHS of (2.43) is given by

(K (@) = (1] Z hala (2.47)

Using this and (2.26), (2.43) becomes

Zcba )Bady =Y [—ﬂbcgjb(a) + Bopelt ()] BaA,. (2.48)

b,a

Infinite solutions of this equation exist. One choice of K*(a) satisfying this relation is KX () in the limit
of xu, — —FpA and xn, — BoppA

While we can calculate the average of the entropy production as shown in 8 2.1 and in this subsection,
our formalism is not compatible to discuss the higher moments of the entropy production. “Higher

moments” ( ) = Trg[p? )H,\:o (n =2,3,---) depend on the choice of K*(a) and currently there seems

no physical guiding principle to determine an adequate K*(c). Although (2.29) is the average of the
difference between outcomes at ¢t = 7 and ¢t = 0 of O, there is no bath’s operator corresponding to o if
ap are modulated. In contrast, the higher moments of the entropy production could be considered for the
classical Markov jump process. In Appendix C, we review the entropy production of the Markov jump
process [21, 37], and in § 4, we compare that and (2.37).

2.3 Rotating wave approximation
In this subsection, we introduce the FCS-QME within RWA. First, we introduce the CGA. An operator
in the interaction picture corresponding to A(t) is defined by Af(t) = Ug(t)A(t)Uo(t) with

dUo(t)
dt

= —i |Hg(ag(t +ZH,, Uo(t (2.49)

and Up(0) = 1. The system reduced density operator in the interaction picture is given by p!X(t) =
I I I .
TrplplX(t)] where plX(t) = Uo(t)p ())UL (). plX(t) is governed by

dp [ ( ) I
td; [Hljnt( t), pior (L )xs (2.50)
with Hine = >, Hsp. Up to the second order perturbation in Hjyg, we obtain
pPX(t+100) = p"X()
t+1ca I I
- / du [ ds e ([ ). [E0(5). 0" (0) © pilan()])
= pIN(0) + roa L, (1 >pf’><<t>, (2.51)
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using the large-reservoir approximation:
I’ ~ ’
pit (t) = p"X(t) @ pp(ap(t)) (2.52)

and Trp[HL, (u)pp(ap(t))] = 0. The arbitrary parameter 7og (> 0) is called the coarse-graining time.
The CGA [29, 30] is defined by

d g 7 I
SIN(E) = DXy (00" X(1). (2.53)
At x = 0, this is Lindblad type. If 7 > 1cq, the superoperator IZ?CG (t) is described as a function of the
set of control parameters at time ¢. In this paper, we suppose T > 17cq. Moreover, Tcq should be much
shorter than the relaxation time of the system, 7g ~ % On the other hand, 7¢ < 7 should hold for the
adiabatic modulation. Hence toq < % < 7 should hold. By the way, the Born-Markov approximation is
given by

I, x e}
P == [ s Tea{ . ket - 9.0 @ pa(an ) (2.54)

Now we suppose

Hgp(asy) = Y Vikalos)al,cor + hoc., (2.55)
k,a

where a, and ¢ are single-particle annihilation operators of the system and of the bath b. Although we
have used indeces « or 3 to distinguish the system operators, this may not confuse the readers with the
set of control parameters or the inverse temperature since they only appear as a subscript of the operator
a (or a') and the parameters like Vik,as @?f B \I/Z:f op Or under the summation symbol. The eigenoperator
defined by

06(w) = D Sun o Eny 7V (En, 7ol Em, ) {Enm, 8| (2.56)

is useful to describe the FCS-QME. Here, w,, def E,, — E,,
Hg|E,,r) = E,|Ey, 1) (2.57)
and r denotes the label of the degeneracy. w is one of the elements of
W = {wmn| (En,7|aa|Em,s) #0 “a}. (2.58)
ao(w) and w depend on ag. Y aa(w) = aa,
[Hs,aq(w)] = —waq(w) and [Ng,aq(w)] = —aq(w) (2.59)

hold. Here, Ng is total number operator of the system. We suppose [Ng, Hs] = 0. In the CGA or
Born-Markov approximation, the FCS-QME is described by aq(w) and [aq(w)]T (w,w’ € W). If Hg is
time dependent, the generalization of usual RWA [28] with static Hg is unclear. In this paper, the RWA
is defined as the limit 7og — 0o (Tcq - ming 4. |w — w’| > 1) of the CGA. If Hg is time independent, this
RWA is equivalent to usual RWA.
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In the following, except for § 3.3, we consider the RWA. Then, Ezc(a) is generally given by (for the

details of the derivation, please refer [25, 26])
Ly (a)e =TI () @ —i[hy(a), o],

(2.60)

where hy(«) is a Hermitian operator describing the Lamb shift. hy(«) commutes with Hg(ag) for general
model and with Ng for the model (2.55). Hp(«) def >y ho(e) is called Lamb shift Hamiltonian. The

superoperator IT)(«) represents the dissipation.
Here, we suppose the free Hamiltonian of the bath b:

Hy = Z €bkCZkak,
k
and {O,} = {Ny, Hp}p. I () in (2.60) is given by

= 3 [0 @)an(e) o laa (@]l — 5By 05() o loa(@)] as(w)

w
—%@;wwnaa(w)ﬂaﬁ( ) o 1825 ()las()] ¢ 0a(w)
1, Pl

_iéb’aﬁ(w) o aq(w)ag(w)]" — §®;aﬁ(w)aa(w)[ag(w)ﬂ o,

where
() = 21> VikaViksFy (eok)e™ ek 2y — Q)

k

erNb +lXHb Q(I)b— 5 (Q)

) = 2w Vi ViksFy (eor)e” XN e XIS (g, — Q)
k
= e_iXNb_iXHbQ(I)Zaﬁ(Q)'

Here, xn, and x g, are the counting fields for N, and Hy. If the baths are fermions,

FHe) = fle) 2 —

eﬂb(‘S Eb) +1
and F, (¢) =1 — fy(e). If the baths are bosons,

def 1
F (&) =m(e) = Fmm—

and F, (¢) = 1+ ny(e). The Lamb shift is given by

= 23 (- g laa@ase) + 5¥;paa@)as@)]),

w a?ﬁ

where

_ v e 1
\I’b aﬂ(Q) = sz:%k,avbk,ng (gbk)Pm7
" 1
s = 2> %k,a%kﬂFJ(gbk)PEbk —q
k
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(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)



Here, P denotes the Cauchy principal value. @bia 3 (Q) satisfy
[ = D5,(Q), (2.70)
Of 5Q) = e POme . (). (2.71)

The latter is the Kubo-Martin-Schwinger (KMS) condition.
We introduce projection superoperators P(ag) and Q(ag) by

P(@S)’Em 7"> <Ema 5| = 5En,Em ’Em T) (Ema S|a (2'72)

and Q(ag) =1—P(as). We define sets of operators Bp o {X € B|PX = X} and Bq e {X € B|QX =
X}. KXPe € Bp holds. Then, KXQe € Bq and

QKXP =0 =PKXQ, (2.73)

hold. This implies that the right eigenvalue equations (2.16) are decomposed into two closed systems of
equations for Ppy and for QpX. Thus, py is an element of Bp or Bqg. In particular, pj € Bp. Then, the
matrix representation of po(«) by |E,, ) is block diagonalized. This implies

[Hs(as), po(a)] = 0. (2.74)

The particle and energy current operators from the system into bath b, w™™(a) and w*(a), are
usually defined by

def

w¥(a) € —[L)(a) Xs)' = ~L}(@)Xs (X =N, H). (2.75)

For a superoperator J, J' is defined by (JTX|Y)) = (X|JY)) (X,Y € B). L’;r(oz)o =>. cga(a)AL B}
holds. w™*(a) is a Hermitian operator and is given by

w¥ (@) = =) cra(a)BaXsA, (X =N, H). (2.76)

a

For the Born-Markov approximation and the CGA, w™* (o) = W™ while w't(a) # WHe(a)). For RWA,

wha) = W(a)

= 33 {ras@)lea@)a5() = O p@)aa(@)las@]} .17)

w a0

'wa(Oé) — WHb()
= 3> {wt s aa@)as(w) - 0@, y(@)aa(@)lag@)]}, (2.78)

w a0

hold. Therefore, (2.36) and (2.75) imply that W («) is given by

W(a) =Y L) (BHs — By Ns) = > _ I} (a)(BHs — By Ns). (2.79)
b b
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3 Geometrical expression of excess entropy production

3.1 Equilibrium state

In this subsection, we consider equilibrium state 5, = 8 and pp = p, and « denotes the set of (ag, {agp}s,
B, Bu). We show that AZ(«) is a total derivative of the von Neumann entropy of the instantaneous steady
state. Differentiating (2.44) by i\ and setting A = 0, we obtain

({To (@)K () + ((1IK" (@) = Ay(e) (1]. (3.1)

In the RHS, \j(a) = JZ(c) = 0 holds. The second term of the LHS is (1|W7(«). (2.79) leads

W(a) =B L}(a)[Hs — uNs] = BK'(a)[Hg — uNs], (3:2)
b

(B[Hs — uNs|K (@) = (1]W (). (3-3)

Then, (3.1) leads
[({lo()] + (B[Hs — pNs]|] K (@) = 0. (3.4)

This implies

{lo(@)| = —(B[Hs — puNs]| + c(e){(1], (3.5)
ie., {I{(a)}f = —B[Hs — uNg] + c(a) where (o) is an unimportant complex number. The equilibrium

state, po(a), is given by

(@ (as: . )def e~ B(Hs(as)—puNs)
&) = PgclOs; I, = p
PN = PSP T T (s B, )

(3.6)

with Z(ag; 5, Bu) def Trg[e’ﬂ(HS(aS)’“NS)]. Then,

{Ip()}T = In pge(as; B, Bpn) + ¢ (@)1 (3.7)
with ¢/(a) = ¢(a) + InE(ag; 8, Bu), holds. Substituting this equation into (2.46), we obtain

0

An(a) = 55 Sn(pgelas; B, Bh)), (3.8)

where we used (A.1) in the Appendix A.

3.2 Weakly nonequilibrium regime

In this subsection, we study the BSN vector and the excess entropy production in a weakly nonequilibrium
condition. We introduce parameters characterizing the degree of nonequilibrium:

def — def —— def le1p] |e2]
€1p = /8b - ﬂ7 €2 = ﬂb,ub - ﬂlu’a € = max{ =, — }7 (39)
b B |8ul
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where 3 and fBu are the reference values, which satisfy miny 3, < # < maxy 3, and ming By < Bu <
maxy pOp- € is a measure of degree of nonequilibrium. We consider ¢ < 1 regime. Now, we introduce

° def

Kq(a)e = —i[Hg(as) + kHy(a), o] + Z I (o (3.10)

and corresponding instantaneous steady state pé”)(oz):
K(a)pl™(a) = 0. (3.11)

Here, £ is a real parameter satisfying —1 < x < 1 controlling the Lamb shift Hamiltonian. (1|K,.(a) =0
holds. We use the following notations:

def def ~ def
o1y = By, azp = Py, X = X[, (3.12)
We expand p(()'i) and [, (the derivative of n = 0 left eigenavector for k = +1)
péﬁ)(a) = pé”) + Z (51,1705?1)) + 82,bpgfb)) + O(e%), (3.13)
b
(o) = I5(e) + > (c1pk1p + 25knp) + O(e?), (3.14)
b
with
p(()lﬁi = pge, lp(a) = =BHs + BuNs + 1 = In py +J1 (3.15)

Here, pgc o pec(as; B, Bp), € and ¢ are the same with c¢(a) and ¢/(«) in § 3.1. After some calculations,
we obtain following relation (i = 1,2):

kiv =y, pad + @il (3.16)

where ¢;; is an arbitrary complex number. The details of the derivation are explained in the Appendix
B. Using this relation, (3.14) becomes

() = Inpg(as;B,Bm) +Cla 1+228szlb Pae + O(E?)
b =1

= lnp(()_l)(a) + C(a)l + O(?), (3.17)
where C(« ) Qe >_bi Cib€ip- Substituting this equation into (2.46), we obtain

ap ()

A%(a) = —Trs [m oS (@) o

] +O(e2), (3.18)
where the notation pp(a) = pél)(oz) and po(a) = p[(;l)(a) is used in § 1 for clarity. We supposed
[pgcvpz(b )] = 0, which leads

In p((Jil)(O‘) = In pge + Z 5i,bp§,;

ib

Yped + O(2). (3.19)
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This supposition is satisfied if [Ng,p(()_l)(a)] = O(e?) (which leads [Ns,pggl)] = 0) or Bu = 0 holds. If
Hg is non-degenerate, [Ns,p(()_l)(oa)] = 0 holds, then [Ng,pggl)] =0, gc,/)(bl)] = 0 and (3.17) hold.
If the states of the baths are in the canonical distributions (up — 0), pgc is replaced by the canonical
distribution and (3.17) holds without any assumption.

If
[Hy(a), p” ()] = 0, (3.20)

holds, p(()ﬁ)(a) is independent of k (p(()ﬁ)(a) = po(a)), then (3.18) becomes

= 0 Sux(n(a) + OE), (3.21)

using (A.1). (3.20) holds if Hg is non-degenerate. (3.21) can be shown from [Hy,, p;lb)] = 0, which is weaker

assumption than (3.20) and is derived from (3.20) for k = 1. If we neglect the Lamb shift Hamiltonian,

namely we consider the QME for Ko(a), (3.21) holds (with a replacement py — péo)). From (3.21), we
obtain

An(a)

gex = Sux(po(ar)) = Sux(po(an)) + O(%6), (3.22)
with

0 = max _ (3.23)

where a" is typical value of the n-th control parameter.
Yuge et al. [20] applied the FCS-QME approach to the excess entropy production of the quantum
system. They introduced a time-dependent observable A(t) = —>", Bp(t)[Hy — pp(t)Np] and considered

the outputs at t =0 and ¢ = 7 as a(0) and a(7). Then, they identified the average o’ oy (a(1) —a(0)) as
the average entropy production. However, ¢’ seems not the average entropy production o. The average
o’ can be rewritten as

o Tl A7)~ T AO)pn0)] = [t STl A0pn 0]
S0, 0]
- o [ e - TG

e S [0 G oo i) (3.24)

Q

Here, (o) def Triot[®ptot ()], prot(t) is the total system state and Try, denotes the trace of the total
system. The integrand of the second term of the last expression of (3.24) roughly equals to & 3) The
first term, while its physical meaning is not clear, is nonzero in general. Moreover, it should be noted
that the FCS-QME is applicable only for a time-independent observable although A(t) is time-dependent.
These two issues are the problems of Ref. [20]. Nevertheless, the obtained Liouvillian (of which the
Lamb shift Hamiltonian is neglected) incidentally satisfies (2.43). Using that Liouvillian, for the system
with time-reversal symmetry, Yuge et al. studied the relation between AZ(«) and the symmetrized von
Neumann entropy. In contrast, we do not suppose the time-reversal symmetry to derive (3.18). In § 5,
we consider the time-reversal symmetric system.

3)Here, We supposed 7 (O)t ~ i9(t) for O = Hy, Ny. However, because the thermodynamic parameters 8, and u, are

modulated, 2 5 (Hp)+ and <Nb>t also include the currents from the outside of the total system to the bath b.
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3.3 Born-Markov approximation

We denote the BSN vector for the entropy production and instantaneous steady state of the Born-Markov
approximation by A7 () and pBM (). Then,

ATBM(@) = A%(a) + O(v?), (3.25)

SVN(pOBM(a)) = SVN(pO(a)) + O(U2), (326)

hold [20]. Here, v = u? and u(< 1) describes the order of Hg,. The above two equations and (3.21) lead

AZ’BM(Q) - 8gn VN(pOBM(a)) + O<52) + O(UQ)' (3.27)

4 Comparison of two definitions of entropy production

In this section, we compare the preceding study on the entropy production in the classical Markov jump
process [21, 37] with ours. We consider the Markov jump process among the states n = 1,2,--- , N, where
the definitions are explained in Appendix C. The probability to find the system in a state n is p,(t) and
it obeys the master equation:

N
d
m=1
The Liouvillian is given by
Kum(e) =Y KL () (4.2)
b

where K,(l% originates the couping between the system and the bath b. > K,g%(a) = 0 holds. We
suppose that Kmn( ) # 0(= 0) holds if K ( ) # 0(= 0) for all n # m. The definition of the entropy

production for each Markov jump process (C.1) is (C.4). The average entropy production o is given by
(see (C.10))
C T C
oC = / dt 3" 0C, (a)pm(®), (4.3)
0 n,m
where
Knm (@)
C nm
=-K 1 . 4.4
(@) = ~Em(0) In 22 (4.4

def

We denote the solution of the QME with RWA by p(t). We suppose p,(t) = (n|p(t)|n) is governed
by (4.1) with Kff;,)@(a) = (IIp(@))nn,mm- Here, |n) is the energy eigenstate of Hg(ayg),

(Hb.)nm = Z(Hb(a))nm,kl(.)kl (45>

k,l

and (e)y def (k| ® |n). This supposition implies (3.20). A sufficient condition by which p,(t) obeys (4.1)
is below: (1) Hg(ag) is non-degenerate and (2) {a" € ag] %|n) # 0} are fixed. The eigenenergy can
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depend on {a” € ag| %\n} = 0}. We show that our average entropy production (2.37) is given by a
similar expression of (4.3):

o= / 03" Gum(0)pm(t): (4.6)
0 n,m
Here,
N 0 (060 () = — 3™ KO (@) 1n F0m(@) 47
O'nm(Oé) - Z nm(a) nm(a) - _Z nm(a) nK(b) ( : )
b b mn ()
with
g Kim(e) (0 (@) #£0
o0 (o) & Kby " . (4.8)
0 K9 (@) =0

Because of (2.75), (2.77) and (2.78), the particle and energy currents are given by i*® = Trg[W*bp(t)]
with WX = (I} Xg)T (X = H, N). (2.76) leads

(W) = — Z(Hb)lk,mn(XS)kl- (4.9)
ol

We suppose (Xs)nm = (X5)nndnm for X = N, H. Since (Xg)u is a diagonal matrix, (WXt),,, is also a
diagonal matrix. Then,

= (W) mpin (1), (4.10)

m

holds. Substituting (WX¢),, = =, qu%(XS)nn into (4.10), we obtain

= Z K (X8)nnpm (t)
= Z KS;L [(X)mm = (X5)nn] P (1) (4.11)
This equation leads
= =3 KA OH ) mm — (H )] = (8 [(Ns)mm — (N5 )] o (). (4.12)

n,m b

Using the local detailed balance condition

KY (a)

b = ﬂb{[(HS)mm - (HS)nn} - Mb[(NS)mm - (NS)nn]}’ (4'13)
K (a)

In

we obtain (4.6).
Now we introduce a matrix K*(a) by

M) S KD (a)erom(@), (4.14)
b
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Then, we obtain

)
a(iN)

’Aon% [T exp [/OT dt ’CA(Oét)Hnum(O) = /T dt Y opm(a)pm(t) = 0. (4.15)

0 n,m

KC* was originally introduced by Sagawa and Hayakawa [19]. About averages, our entropy production is
the same with Sagawa and Hayakawa.
We show that the difference between ¢S, (a) and o, () is O(e2):

oS (a) = opm(a) + O(e?). (4.16)
In fact, K,g% can be expanded as
K& =R + > cipKib +0(%), Y w=1, (4.17)
i=1,2 b
then we obtain
opm(@) = o) +op () + OE), (4.18)
o) = oD +00) () + O(%), (4.19)
with
O . [ R i, g . (4.20)

aS,Sf )(a) and 07(3%(04) are quadratic orders of €; ;. While the former includes &; pei7 1y (b # b') terms, the

latter dose not. (4.16) leads

O'eCX == Uex+0(525). (421)
Here, ¢< is given by (C.13). Then, (C.12), the result of Ref. [21], coincides with (3.22) when p,(t) =
(n|p(t )\n> is governed by the master equation (4.1).
5 Time-reversal operations

In this section, we define the time-reversal operation and examine the dependence of the excess entropy
production on the time-reversal symmetry. We denote the time-reversal operator of the system by 6. We
then define

v ©gye-t, (5.1)
forall Y € B and
def

JY Z0(TY)0~ (5.2)

for a superoperator J of the system. The time-reversal of K (a)po(a) = 0 is given by

i[Hy (@), po(e)] + Y Ty(e)po(@) = 0, (5:3)
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using (2.74). If

Hi (o) = Hy(a), Thy(a) = (), (5.4)

hold, the above equation coincides with the equation of p(()_l)(oz) since [Hg, p((f)] =0, then

~ -1 def o
pole) = pp (@) = fo(a), (5.5)
holds. If the total Hamiltonian is time-reversal invariant, (5.4) holds [38]. If (5.4) holds and we neglect
the Lamb shift Hamiltonian, the instantaneous steady state is time-reversal invariant: ﬁ[()o) = p(()o).
For time-reversal symmetric system,
o) _ 9po(a)
e Soym{po(@)) = —Trs [ In o (@) Z22 | + O(2), (5.6)
holds. Here,
def 1 .
Ssym(p) = —Trg [Pi(lnp +1In P)} ) (5.7)

is the symmetrized von Neumann entropy. Combining (3.18) with (5.5), we obtain

47(0) = -2 Symlpola)) + O@E), (5.8)

8&’”’ Sym
then, the equation (3.22) with Syn — Ssym holds. As analogy, we consider

5'(a) & ~Trs[po(a) 5 (In po(ar) + I jo(a)], (5.9

for generally non-time-reversal symmetric system. The difference between 95’(«)/da™ and the first term
of the RHS of (3.18) is

98" (a) (_ Trs[lnﬁo(a)ap()(a)D

oamn oamn

1
= —§Tr5[

dpo y 1 9
Don (Inpg — In ,00)] — §Tr5 [,00% In po] . (5.10)

To calculate the RHS of this equation, we use formulas

o0 1 1 1 1 1
In(A+7nB) = InA B —n? B
n(A4+nB) 1 +/0 ds <nA+s Ats TAvs Ats A+ts
1 0A(w) 1

8 oo
In A =
dan (@) /0 ds Ala) +s dam A(a)+s’

+ O(n3)>, (5.11)

(5.12)

where A, B, A(a) € B and 7 is small real number. pg— o = £1+O(e?) holds because péﬁ) = pec(aus; B, Bv).
Then, the first term of the RHS of (5.10) is given by

apo 1 1
oo™ po+s’ po+s

1 oo
—§Tr5[ap0 (In po — In g)] = —;/ ds m[ +O(2). (5.13)
0

oam
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The second term of the RHS of (5.10) is given by

9 R Y A oo 1 )
T ] = —2/0 ds Trs 528 ——— (o + )] + O)
1 op
= _§Tr5[aa?z]

e [ '8,50 1 1 2
[ asT _ —— |+ 0
/0 5 Gan Po —|—swpo+s (%)

3 & 8,50 1 1 2
= - ds T O
/ 5 s LOa™ p0+swpo—|—s} +0(=7)

o0ppd~Y) 1 - 1 5
/dsTrS_ - ﬁﬁswﬁoﬂhogy (5.14)

w\m

Here, we used £(pg + s) ! = e(po + s) 7t + O(e?) and Trge = Trge if Trge is real. In general, the RHS
of (5.10) is not O(e?). However, if o = po holds, the RHS of (5.10) becomes O(g?) since 1/1 = —1,

then (5.6) holds. In the proof of (5.6), Yuge et al. [20] used incorrect equations 82n Inpo = py gpo and

Inpg —Inpg = eyt + O(e?).

6 Summary

In this paper, for open systems described by the quantum master equation (QME), we investigated the
excess entropy production under quasistatic operations between nonequilibrium steady states (NESSs).
We propose a new definition of the average entropy production rate &(t) using the average energy and
particle currents, which are calculated by using the full counting statistics (FCS) with QME (FCS-QME).
Then, we introduced the generalized QMEs (GQMEs) providing &(¢). The GQMEs do not relate the
higher moments (thus and the FCS) of the entropy production, but we can calculate only the average of the
entropy production. Using the GQME, in weakly nonequilibrium regime, we analyzed the Berry-Sinitsyn-
Nemenman (BSN) vector for the entropy production, A?(a), which provides the excess entropy production
0ex under quasistatic operations between NESSs as the line integral of AZ(«) in the parameter space. We
have shown that the BSN vector A7(«) for the entropy production is given by po(«), the instantaneous
steady state of the QME and pg(«), that of the QME which is given by reversing the sign of the Lamb
shift term. If the system Hamiltonian is non-degenerate or the Lamb shift term is negligible, we obtain
that the excess entropy production is given by the difference of the von Neumann entropies at the initial
and final times of the operation. In general, the potential S(«) such that A%(«) = acsn) + O(£?) dose
not exist, but for time-reversal symmetric system, we showed that S(«) is the symmetrized von Neumann
entropy. Additionally, we pointed out that preceding expression of the entropy production in the classical
Markov jump process [21, 37] is different from ours and showed that these approximately equivalent in
the weakly nonequilibrium regime. We also checked that the definition of the average entropy production
in the classical Markov jump process by Ref. [19] is equivalent to ours.
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A Derivative of the von Neumann entropy

We show that

9SuN(po(@)) 3,00(04)}
Oan oam™ I

From the definition of the von Neumann entropy, the LHS of the above equation is given by
8SVN (po(a))
o = ~Trs| (@) 55 Do
Using (5.12), the second term of the RHS of the above equation becomes

d1n po(a) el [T ds 1 Opo(a) 1 N
—1rs dan po(a)} N TS-/O d po(a) +s Oan po(a)—i—spo( )}

[ [T (@) po(e)
= TS_/O s Toolo) £ FF Do ]
-8/00(04)]:&

L da™

= —Trg [lnpo(a)

300(04)} B Trs{ahlpo(a) po(a)]-

= —Trg

Then, we obtain (A.1).

B Derivation of the relation between £;; and Pf,b

(A.1)

(A.2)

In this section, we examin the relation of the coefficients of the expansion of pfj(«) and Ij(«) in (3.14) of

§ 3.2.
First, we investigate k;p in (3.14). (3.1) can be rewritten as

K'Y (a)ly(a) + [K'(a)]'1 = J(a).
Here, JZ(a) = O(¢?) holds because iflt (), il (o) = O(e) and

ZSS ) 7SS
J(a) = Z (=il (a)ery + 80 (a)eay)
b

since

Zigb(a) = —TrS[XSZEb(a)pO(a)] =0, (X=N,H).
b b

Then we obtain

8z‘,blC/T1 + ?Tki,b + ai,bEbT% = 0,

in O(g;p). Here, 0;, X def 0X/0a;p and K 4f K. The first term of the LHS is

/1‘1
8i,bIC’T1 = 8[IC]

804i,b o p=0
8[,;2 [al,bHS — a27bNS]
804i,b Q; p=04
+0lon pHg — gy Ng|
8041"(,

= 9.0Ly [BHs — BuNs] + I,
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The third term of the LHS becomes

ai,bﬁbT% =

ai,bﬁbT(_BHS + BuNs + 1)

= - i7b£bT(BHS_mNS)'

Here, we used 8¢7b£bT1 =0 derived from K11 = 0. Then, (B.4) becomes

FTk’l,b“‘rTbTHS =
Kk~ T,/ Ng =

0,
0.

Next, we show the relation between k; j and pggl). (3.11) leads

sz(:z) + ai,lrcbpgc =0,

in O(e;p). Here, K, def EH. By the way,

Lippsc(as; By, Bpip) = 0,

holds. Differentiating this equation by «;p, we obtain

_?bpgc(OCS; B, Bpity) Ol pHs — g p Ns]

ai,bﬁbpgc = Dy
2y

Substituting these equations into (B.9), we obtain

Now, we use

which is derived from KMS condition (2.71). Using this relation, we rewire (B.12) and (B.13) as

Kop") + (T Hs) pe
?npgfb - (ﬁbTNS)ng

N2

-1

wc irom the right, we obtain

Multiplying p

(B.14) can be rewritten as

23

8041',[,

0,
0.

pgc(a5§ B7 Fl’[’)

(B.11)

(B.19)



for any Y = epy. € B by multiplying pgcl from the right. (B.19) leads
(Mo )og =T (o3 o). (B.20)
where TT % >y . By the way, [Hg(as),pé“) ()] = 0 holds similarly to (2.74). Differentiating this
equation by «;p, we obtain
[Hs(as), pi3)] = 0. (B.21)
This relation leads
X K — TTX K — 71‘ K —
(HZ P pad = HE (03 o) = HX (0 pacd). (B.22)

where He def —i[Hs(as) + kHy(a),e]. We used (H))"T = —HX. In the first equality, we used that pg
commutes with Hg and Hy,. (B.20) and (B.22) lead

- K _ —t K) —
(Kﬁpz(',b))pgcl = K—n(pg,b)pgcl)' (B23)
Substituting this into (B.17) and (B.18), we obtain
o =1y ot —
K—H( 1,b Pgc ) +1Iy, Hg = 0, <B24>
K (o)) ~TL'Ng = 0. (B.25)
Subtracting (B.24) ((B.25)) for k = —1 from (B.7) ((B.8)), we obtain
_ 1
K (kip — 05y i) = 0. (B.26)
This means
kip = pﬁl)pg‘cl +Cipl, (B.27)

where ¢;, is an arbitrary complex number.

C Definition of entropy production of the Markov jump process

Except (C.9), this section is based on Ref. [21]. We consider the Markov jump process on the states
n=1,2--,\:

n(t) =ng (ty <t <tpg1), to=0<t; <ty <t <ilny1=T. (C.1)
where N =0,1,2,--- is the total number of jumps. We denote the above path by
'fl:(N7(TLO7n1,"‘ anN)u(tlat27"' 7tN)) (02)

The probability to find the system in a state n is p,(¢) and it obeys the master equation (4.1). We suppose

the trajectory of the control & = (a(t));o is smooth. Now we introduce

. Kpm ()
bum(a) ) T E@ K@) #0 (C.3)
0 Kpm(a) =0
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If n # m, this is entropy production of process m — n. The entropy production of process (C.2) is defined
by

N
Zanknk 1 atk (C-4>
k=1

Then the weight (the transition probability density) associated with a path 7 is

N tet1
H NENkg—1 atk) exXp [Z/ dt Knk,nk (at)i| . (05)
k=0 "tk
The integral over all the paths is defined by
Nk_17Nk
/DnY ] def Z Z / dtl/ dtg/ dts - - / dty Y[n), (C.6)
=0mno,n1,
and the expectation value of X[n] is defined by
a def AT A
/Dn X[n]py, (ao)T*[n]. (C.7)

Here, pi¥ () is the instantaneous stationary probability distribution characterized by >, Kpm(a)pis (o) =
0. We introduce a matrix K*(a) by

[K)\( )nm o Knm(a)ew\enm(a)' (C.8)
Then, the k-th order moment of the entropy production is given by
s O T y
(O = 5 S [rew [/ at KNa)]] (o). (C.9)

n,m 0

In particular, the average is given by

Cdf gaps)ya = /T dt Y o (a)pm(t), (C.10)

0 n,m
where
7€ (0) % Ko ()0 (@) = —Kpm(a) In Zzgzg (C.11)
According to Ref. [21], for a quasi-static operation,
Tex = Ssu[p™ (ar)] = Ssn[p™(a0)] + O(%9), (C.12)
holds where
ol def 5C —/ dt Zanm a)pi (o), (C.13)

and Sgp [p] — > . Pninpy.
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