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Abstract

Based on first-principles total energy calculations, we analyze the energetics
of the fullerene isomers from C60 to C78, all of which satisfy the isolated pen-
tagon rule, under a parallel electric field. Our calculations show that the total
energy of the fullerene is proportional to the square of the external electric
field. On the other hand, the coefficient of the quadratic energy profile is sen-
sitive to the fullerene species and their orientation. Furthermore, fullerenes
possessing lower symmetry exhibit asymmetric quadratic energy profiles with
respect to the field, indicating that they possess intrinsic polarization along
particular molecular orientations.
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1. Introduction

For the past three decades, fullerenes have maintained a premier posi-
tion in the fields of nanoscience and nanotechnology as representatives of
nanometer-scale materials exhibiting unusual chemical and physical prop-
erties not seen in conventional carbon allotropes [1]. Because of the huge
number of possible arrangements of 12 pentagonal rings and the appropriate
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number of hexagonal rings in accordance with Euler’s theorem, fullerenes
have an infinite number of possible cage structures, from C20 to C∞, ex-
cept C22 [2, 3]. Among these possible fullerenes, C60 is the most abundant
fullerene, possessing a truncated icosahedron cage network [4, 5]. Further-
more, only a limited number of isomers have been extracted from soot among
the huge number of possible isomers to date[6, 7, 8, 9]. Because of the trun-
cated icosahedron network, C60 possesses highly degenerated states in its π
electron states, characterized by spherical harmonics Ylm[10]. These highly
degenerated states can make C60 and its derivatives magnetic [11] and super-
conducting [12, 13, 14, 15] by injecting the appropriate number of carriers
into these states. In addition, other large fullerenes also possess bunched
energy levels in their π electron states because of the approximately spheri-
cal distribution of electrons throughout the networks[10, 16, 17, 18, 19, 20].
On the other hand, early experimental[21, 22, 23, 24, 25] and theoretical[10,
16, 17, 18, 19, 20, 26, 27, 28] works have demonstrated that the detailed
electronic structure of fullerenes sensitively depends on their cage size and
network topology.

The approximately spherical electron system makes us wonder whether
the fullerene is regarded as a continuum spherical dialectic under an electric
field in the classical electrodynamics. It is expected that the bond alterna-
tion arising from the arrangement of the pentagons and hexagons in the cage
causes the unusual field response that depends on the cage network because
of their inhomogeneous charge density. Even though many theoretical and
experimental works have elucidated the fundamental properties of fullerenes,
fullerenes are still keeping a premier position in emerging materials for the
molecular electronic [29, 30] and photovoltaic [31] devices in the next gener-
ation. In such devices, molecular orientations and bond lengths of fullerenes
may affect the resultant device performance. In our previous work, finite
length carbon nanotubes showed anomalous field screening against a uniform
external electric field induced by the bond alternation [32, 33]. Therefore,
in this work, we aim to theoretically investigate the energetics of fullerenes
from C60 to C78(Fig. 1) that satisfy the isolated pentagon rule (IPR) [34, 35]
under an external electric field to clarify the influence of the cage network
on the external electric field. Using the density functional theory combined
with the effective screening medium method, we find that the total energy
of fullerene increases with the square of the external field, as in the case of
a continuum dielectric within classical electrodynamics. On the other hand,
the coefficient of the quadratic curve of the energy is sensitive to the size
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and symmetry of the fullerene. Furthermore, most large fullerenes possess
an asymmetric energy profile with respect to the electric field, indicating
that these fullerenes possess an intrinsic dipole moment along a particular
molecular direction.

2. Calculation methods and structural models

All calculations are performed based on density functional theory (DFT)
[36, 37] as implemented in the program package of the Simulation Tools for
Atom TEchnology (STATE) [38]. We use the local density approximation
(LDA) [39, 40] to treat the exchange correlation potential for interacting elec-
trons. An ultrasoft pseudopotential generated by the Vanderbilt scheme is
adopted to describe the interaction between valence electrons and ions [41].
Valence wave functions and charge density are expanded in terms of the
plane wave basis set with cutoff energies of 25 and 225 Ry, respectively. Γ-
point sampling is used for Brillouin zone integration. To simulate an isolated
fullerene, we considered a large cuboid cell with cell parameters 10, 10, and
26 Å in the x, y, and z directions, respectively. To study the behavior of
the fullerene in a uniform electric field, we adopted the effective screening
medium method (ESM) to solve the Poisson’s equation, including the ex-
ternal electric field [42]. We applied a parallel electric field from -25.7 to
25.7 mV/Å between two metal electrodes, simulated by an effective screen-
ing medium with an infinite permittivity; the electrodes are situated at the
cell boundaries along the z direction, z = ±13Å (Fig. 2). In the present
study, we have investigated the energetics of all IPR isomers up to C78, each
of which possesses seven representative molecular arrangements with respect
to the electric field (θ =0, 15, 30, 45, 60, 75, and 90 ◦) (Fig. 2). The ge-
ometric structures of the fullerenes are fully optimized until the remaining
force acting on each atom is less than 5 mRy/Å. During calculations under
an electric field up to ±25.7 mV/Å, the geometric structure of the fullerenes
is fixed to that under zero electric field because the field is too small to cause
a force inducing the structural reconstruction.

3. Results and discussion

Figure 3 shows the relative energy of fullerenes with the molecular orien-
tations θ = 0◦, 45◦, and 90◦ with respect to the electric field as a function
of the field. The energies are calculated from that of the fullerenes without
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Figure 1: Optimized geometries of all IPR isomers up to C78. These correspond to the
molecular arrangements θ =0◦ defined in Fig. 2.
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Figure 2: A structural model of fullerenes under an electric field. Gray slabs represent
the parallel electrodes simulated by an effective screening medium with infinite relative
permittivity. The molecular arrangement is defined by the molecular angle θ with respect
to the electric field.

the electric field. The relative energy of the fullerenes is proportional to the
square of the electric field. The quadratic behavior is qualitatively the same
as the energy profile of a spherical dielectric under a uniform electric field.
This fact indicates that fullerenes naively behave as a spherical dielectric
under an electric field. In particular, for C60, the quadratic energy curve
with respect to the electric field is independent of the molecular arrange-
ment, indicating that the spherical shell model is applicable for describing
the energetics of C60 under an electric field.

For C70, C72, C76 (D2), and C78(D3), the total energy also exhibits
quadratic and symmetric behavior with respect to the energy minimum at
zero electric field. However, in contrast to C60, the coefficient of the quadratic
curve depends on the relative orientation of the fullerene to the electric field
because of their characteristic cage structure, e.g., ellipsoidal and flat shapes
for C70 and C72 respectively. Therefore, it seems to be necessary to make
a geometrical correction in the continuum spherical model to describe the
energetics of these fullerenes under an electric field.

The remaining fullerenes (i.e. C74, C76(Td), C78(D3h), C78(D3h’), C78(C2v),
and C78(C2v’)) exhibit anomalous behavior with respect to the electric field:
the total energy of the fullerene with a particular molecular arrangement is
lower than that under zero electric field. In particular, two of five C78, i.e.
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Figure 3: Relative energies of fullerenes with molecular orientations θ =0, 45, and 90◦ as
a function of the electric field. Energies are measured from the energy of the fullerenes
without an electric field.
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D3h’ and C2v’ isomers with angles θ=45◦ and 90◦, respectively, have consid-
erably lower total energy under an electric field of approximately 15 mV/Å.
This fact indicates that these fullerenes possess a dipole moment along the
direction of the field under these molecular angles because the total energy
decreases by the scalar product of the dipole moment and electric field. The
dipole moment arises from the arrangement of pentagons in the cage. For
C78(C2v’) with the molecular arrangement of θ = 90◦, eight of twelve pen-
tagons concentrate at the upper hemisphere of the cage. Because of the single
bond nature of the pentagons, the charge density in the upper hemisphere
is lower than that in the other hemisphere, leading to an asymmetric charge
density distribution between the two hemispheres of C78(C2v’).

The total energy of a fullerene under an electric field has the formula
Etot = α|E|2 − d · E, where E and d are the electric field and dipole mo-
ment of the fullerene, respectively. To enable a quantitative discussion of the
energetics, we summarize the coefficient α of fullerenes with various molec-
ular orientations (Table 1). For C60, the coefficient is exactly the same for
all molecular angles, within numerical error. This result corroborates the
fact that the electrons of C60 can be regarded as a spherical shell with 7
Å diameter. The coefficient of the other fullerenes strongly depends on the
molecular orientation. For C70 and C72, the coefficient under the molecular
angle θ = 90◦ is larger than that under θ = 0◦. The increase in the coefficient
under θ = 90◦ is ascribed to the arrangement of the hexagons with respect
to the electric field, which screen the field much more than the pentagons
do because of the higher charge density in their covalent bonds. In both
fullerenes, the hexagon-rich area is arranged at the electrode side under the
angle θ = 90◦.

Finally, we discuss the asymmetric energy profile with respect to the
electric field for C74, C76(Td), C78(D3h’), C78(C2v), and C78(C2v’) fullerenes.
The asymmetric profile implies that these fullerenes inherently possess po-
larization along a particular molecular orientation. Table 2 summarizes the
internal electric field induced by the intrinsic polarization of the fullerene
cage along the z direction with molecular orientations ranging from 0 to 90◦.
Fullerenes with a symmetric energy profile with respect to the field do not
have an intrinsic electric field. On the other hand, C74, C76(Td), C78(D3h’),
C78(C2v), and C78(C2v’) fullerenes have an intrinsic electric field of approxi-
mately 10 mV, which complexly depends on the molecular orientation. This
complex orientation dependence may arise from the relative arrangement of
pentagons in fullerene cages because of the lower bond charge density, as
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Table 1: The coefficient of the square of the electric field for each fullerene.
Coefficient α [ eVÅ2/V2 ]

fullerene 0◦ 15◦ 30◦ 45◦ 60◦ 75◦ 90◦

C60 5.8 5.8 5.8 5.8 5.8 5.8 5.8
C70 5.2 5.2 5.2 5.3 5.4 5.5 5.5
C72 5.1 5.2 5.3 5.5 5.6 5.8 5.8
C74 5.2 5.1 5.1 5.1 5.1 5.1 5.1
C76 (D2) 4.9 4.9 4.9 5.0 5.1 5.1 5.1
C76 (Td) 5.1 5.0 5.1 5.1 5.1 5.1 5.0
C78 (D3) 4.7 4.8 4.9 5.0 5.2 5.2 5.3
C78 (D3h) 4.7 4.8 4.9 5.0 5.2 5.2 5.3
C78 (D3h’) 5.0 4.9 5.1 4.8 5.0 4.8 5.1
C78 (C2v) 4.8 4.8 5.0 5.1 5.2 5.3 5.0
C78 (C2v’) 4.8 4.8 4.9 5.0 5.1 5.1 5.0

discussed above.

4. Summary

Using DFT combined with the ESM method, we have investigated the
energetics of all IPR isomers up to C78 under an external electric field. DFT-
ESM calculations reveal that the total energy of the fullerenes increases with
the square of the external field. On the other hand, the coefficient of the
quadratic energy curve is sensitive to the size, symmetry, and orientation of
the fullerene. In the case of C60, we find a perfectly symmetrical quadratic
profile, indicating that the electron system of C60 can be regarded as a spher-
ical dielectric in classical electrodynamics. For large fullerenes possessing
higher symmetry, such as C70 and C72, the coefficient depends on the mu-
tual orientation of the fullerenes with respect to the field. Furthermore, for
fullerenes with lower symmetry, such as C74, C78(C2v), and C78(C2v’), the
quadratic energy curve shows an asymmetric nature with respect to the elec-
tric field and has an energy minimum at a non-zero electric field, indicating
that these fullerenes possess polarization along the molecular axis. These
unusual features of the energetics are ascribed to the inhomogeneity of the
charge density on the fullerene cage arising from the bond alternation caused
by the pentagonal rings.
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Table 2: The intrinsic internal electric field of all IPR fullerene isomers up to C78 with
orientation angles of 0, 15, 30, 45, 60, 75, and 90◦ along the z axis.

Internal electric field [10−3 V/Å]
fullerene 0◦ 15◦ 30◦ 45◦ 60◦ 75◦ 90◦

C60 -0.10 -0.40 -0.18 -0.26 -0.26 -0.27 -0.12
C70 0.01 -0.17 -0.14 -0.81 -3.61 -0.68 0.09
C72 0.01 -0.12 -0.09 0.06 -0.15 0.18 -0.28
C74 0.37 14.92 -16.65 -1.67 8.04 -5.23 4.64
C76 (D2) 0.50 -0.35 -0.04 0.68 0.67 0.09 0.38
C76 (Td) -0.15 -1.22 -2.19 11.97 4.01 4.98 -0.31
C78 (D3) 0.11 -0.63 0.60 2.07 2.18 -0.48 0.61
C78 (D3h) -0.44 1.31 -2.37 -1.66 1.14 4.75 2.45
C78 (D3h’) -0.18 -14.87 5.25 -15.08 -0.30 13.36 -6.65
C78 (C2v) 0.16 -2.05 0.28 -2.99 -1.52 -15.83 -15.42
C78 (C2v’) 0.01 -0.09 8.28 1.18 8.38 -6.76 18.35
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