CONTINUUM-WISE INJECTIVE MAPS

HISAO KATO AND EIICHI MATSUHASHI

ABSTRACT. We prove that for each n > 1 the set of all surjective continuum-
wise injective maps from an n-dimensional continuum onto an LC™~1-continuum
with the disjoint (n—1, n)-cells property is a dense Gs-subset of the space of all
surjective maps. This generalizes a result of Espinoza and the second author
[5].

1. INTRODUCTION

In this paper, all spaces are assumed to be metrizable and maps are continuous.
A compact metric space is called a compactum and continuum means a connected
compactum. Also, a locally connected continuum is called a Peano continuum. We
denote the closed interval [0,1] by I. An arc is a space which is homeomorphic to
I. If X is a compactum, then 2% denotes the space of all nonempty closed subsets
of X endowed with the Hausdorff metirc and C(X) is the closed subset of 2% that
consists of the subcontinua of X. If X and Y be compacta, then C(X,Y") denotes
the set of all continuous maps from X to Y endowed with the sup metric. Also, we
denote the set of all surjective maps from X onto Y by S(X,Y).

A surjective continuous map f : I — X is called an arcwise increasing map if
for any two closed subintervals A and B of I such that A C B, f(A) C f(B). The
notion of arcwise increasing map was introduced in [7], by the second author, as a
generalization of Eulerian path for Peano continua (see [5, Definition 3.1]). Some
results related to arcwise increasing maps are obtained in [5].

A map f: X — Y between compacta is called a continuum-wise injective map
if for each A, B € C(X) with A # B and A is not a one point set, f(A) # f(B).
Also, amap g : X — Y between compacta is called a hereditarily irreducible map
(see [10, p.204]) if for each A,B € C(X) with A C B, f(4) € f(B). It is easy
to see that a map f : I — X is an arcwise increasing map if and only if f is a
surjective continuum-wise injective map. Note that every arcwise increasing map
and every continuum-wise injective map are hereditarily irreducible maps.

The main aim of this paper is to prove Theorem 1.1. This result generalizes a
result of Espinoza and the second author [5].

Theorem 1.1. Let n > 1. Let X be a nondegenerate continuum with dimX < n
and let Y be an LC"~-continuum with the disjoint (n — 1,n)-cells property. Then,
the set of all surjective continuum-wise injective maps from X onto Y is a dense
Gs-subset of S(X,Y).
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2. PRELIMINARIES

In this section we give some notations and terminologies.

Let X be a space and let A be an subarc of X. Then A is called a free arc of
X if we get an open set in X when deleting end points of A.

Let n > 1. Then, a space B is called an n-cell if B is homeomorphic to I™. Also,
a 0-cell means a one point set.

Let X be a space and n > 0. We say that X is locally connected in dimension n
(abbreviated LC™) if for every € X and every neighborhood U of x in X there
exists a neighborhood V of x in X such that for every m < n and every continuous
map f from an m-dimensional sphere to V', f is null-homotopic in U. Note that a
continuum is a Peano continuum if and only if X is an LC%-continuum.

Let X be a space and m,n > 0. Then, X is said to have the disjoint (m,n)-
cells property if for every € > 0, every m-cell B™, every n-cell B" and every
two maps f : B™ — X and g : B" — X there exist maps fy : B™ — X and
go : B" — X such that p(f, fo) < &, p(g,90) < € and fo(B™) N go(B™) = 0. Let
m,m',n,n’ > 0, m < m and n’ < n. Then it is easy to see that the disjoint
(m,n)-cells property implies the disjoint (m’,n’)-cells property. Also, note that a
space X has the disjoint (0, 1)-cells property if and only if X contains no free arcs.

Let m > 0, n > 1 and m < n. Note that 1™+l is an LC" !-continuum. In
addition, by the argument of general position, we see that I"T™*! has the disjoint
(m, n)-cells property. Also, the compactum M?T™+L (see [4, p.96]) is an LC"~1-
continuum with the disjoint (m,n)-cells property (see [1]). In particular, M2"+1
is called the n-dimensional Menger compactum. Furthermore, if D; is a dendrite
with the dense set of end points for each i < m—+1, then the product space Hf;{l D;
is an LC"~!-continuum with the disjoint (m,n)-cells property (see the proof of [2,
Theorem 2.1]).

Let f: X — Y be amap and A C X. Then f|A denotes the restriction of f
to A. If A is a subset of a space X, then Clx A denotes the closure of A in X and
Intx A denotes the interior of A in X. Also, we denote the boundary of A in X by
Bdx A.

If A is a subset of a metric space (X,d) and § > 0, then diamA denotes the
diameter of A and Ug(A,d) denotes the set {z € X | there exists a € A such that
d(a,z) < 0}. If A= {x}, then we denote Uy(A, ) by Uy(x,d). Also, if B is a family
of subsets of X, then define meshBB = sup{diamB|B € B}.

If X and Y are compacta and A and B are closed subsets of X, then C(X,Y, A, B)
denotes the set of all maps f from X to Y such that f(A)N f(B) =0. Let N C X
and r > 0. Then we denote the set {f € C(X,Y)|f~!(f(z)) = {2} for each x € N}
by Any(X,Y). If N = {a}, then we denote the set Ay(X,Y) by A,(X,Y). In
addition, if » > 0, then we denote the set {f € C(X,Y)|diam f~1(f(z)) < r for
each x € N} by Ay (X,Y).

If K is a simplicial complex, then |K| denotes the polyhedron of K. For each
n > 0, define K™ = {o € K|o is at most n-dimensional}. The elements of KL% is
called the vertices of K.

Let A is a finite family of subsets of X. By the order of A we mean the largest
integer n such that A contains n + 1 sets with non-empty intersection. The order
of A is denoted by ord.A.

Finally, if A is a subset of X and U is a cover of X, then we denote the set
H{U e U|U N A # 0} by st(A,U).
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3. MAIN THEOREM

In this section we prove Theorem 1.1. First, we prove Lemma 3.1. We mention
that [3, Proposition 4.1.7] is more precise than Lemma 3.1. But in [3], there is
no proof about the proposition. Hence, for the completeness we give the proof of
Lemma 3.1.

Lemma 3.1. Let n > 1. Let X be a compactum with dimX < n and let Y be
an LC"Y compactum. Then for every ¢ > 0, there exists & > 0 satisfying the
following:

(%) If f is a map from X toY, A is a closed subset of X and g : A =Y satisfies
p(flA,g) < 6, then there exists a continuous extension §: X — Y of g such that
p(f,9) <e.

Proof. Let e > 0. By [9, Lemma 1.1.6], we may think of Y as a subspace of a Banach
space (Z,d). Let S = {{y}ly € Y} U{Y}. Since Y is compact, S is a uniformly
equi-LC™"1 family of subsets of Z (as for the definition of uniformly equi-LC™,
see [8]). Hence, by [8, THEOREM 4.1] there exists § > 0 such that if p : X — S is
lower semi-continuous and if f : X — Z satisfies f(z) € Ug(p(x), ) for each z € X,
then there exists a continuous selection ¢ for ¢ such that £(z) € Uy(f(x),e) (as for
the definitions of lower semi-continuous and continuous selection, see [9]). We
may assume that § < e.

Let f: X =Y, let A be a closed subset X and let g : A — Y be a map such
that p(f|4,g) < d. Define ¢ : X — S by

_ [ {ox)} (ze4)
wlr) = { Y (x¢ A).

Note that ¢ : X — S is lower semi-continuous and f satisfies f(z) € U(p(x),0)
for each z € X. Hence, there there exists a continuous selection g for ¢ such that
g(z) € Ug(f(x),e). Then § : X — Y is a continuous extension of g such that
p(f,9) <e. o

Lemma 3.2. Letm >0, n>1andm <n. Let X be a compactum with dimX <n
and let Y be an LC"~-compactum with the disjoint (m,n)-cells property. Let A, B
be closed subsets of X such that ANB = ). If A is an i-cell for some i < m and B
is a j-cell for some j < n, then C(X,Y, A, B) is a dense open subset of C(X,Y).

Proof. Tt is easy to see that C(X,Y, A, B) is an open subset of C(X,Y’). Hence,
we only show that C(X,Y, A, B) is a dense subset of C(X,Y). Let e > 0 and
f€C(X,Y). By lemma 3.1, there exists 6 > 0 such that if g: AUB — Y satisfies
p(fI(AU B),g) < ¢, then there exists a continuous extension g : X — Y of g such
that p(f,g) < e. Note that A is an i-cell for some i < m and B is a j-cell for some
j < n. Since Y has the disjoint (m, n)-cells property, there exists h: AUB — Y
such that p(f|(AUB),h) < d and h(A)Nh(B) = (). Then there exists a continuous
extension h : X — Y of h such that o(f, il) < e. Clearly, h € C(X,Y, A, B). Hence
we see that C(X,Y, A, B) is a dense subset of C(X,Y). O

By Lemma 3.2 and Baire Category Theorem, we can get the next result.

Lemma 3.3. Let m > 0, n > 1 and m < n. Let K be a simplicial complex
with dim|K| < n and let Y be an LC"~'-compactum with the disjoint (m,n)-cells
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property. Let A, B be subcomplezes of K such that |A| N |B| =0 and dim|A| < m.
Then C(|K|,Y,|Al,|B|) is a dense open subset of C(|K[,Y).

Lemma 3.4. Letm >0, n>1andm <n. Let X be a compactum with dimX <n
and let Y be an LC"~t-compactum with the disjoint (m,n)-cells property. Let A, B
be closed subsets of X such that AN B =0 and dimA <m. Then C(X,Y, A, B) is
a dense open subset of C(X,Y).

Proof. We only prove that C(X,Y, A, B) is a dense subset of C(X,Y). Let ¢ > 0
and f € C(X,Y). Since Y is LC" ™!, there exists § > 0 such that for every simplicial
complex K with dim|K| < n and every subcomplex S of K with K c S, every
map h : |S| = Y with diamh(o N|S|) < 6 for each o € K has a continous extension
h:|K| = Y such that diamh(c) < e for each o € K (see [9, Proposition 4.2.29]).
Since dimX < n, there exists an open cover U of X such that ord/ < n and for
each U € U, diamf(st(U,U)) < min{4d,}.

Let A={U eUUlUNA # 0} and B={U € U|UN B # 0}. Since dimA4 < m
and AN B = (), we may assume that ord4 < m and AN B = (. Let N(U) be
the nerve of U and let k : X — |N(U)| be the k-function of U (see [9, p132-134]).
For each U € U, choose py € f(U). Define £ : |[IN(U)| — Y by L(v(U)) = pu
for each U € U (v(U) denotes the vertex of N(U) associated with U). Then there
exists a continuous extension £ : |N(U)| — Y of £ such that diam/(c) < e for each
o € N(U). Note that p(f, ko) < 2. Also, note that |[N(A)|N|N(B)| = 0 (we
consider N(A) and N(B) as subcomplexes of N(U/)). By Lemma 3.3, there exists
m : [N(U)| = Y such that p(f,m) < & and m(|N(A)|) " m(|N(B)|) = 0. Then it
is easy to see that p(f,kom) < 3¢ and kom € C(X,Y, A, B). Hence, we see that
C(X,Y, A, B) is a dense subset of C'(X,Y). O

Theorem 3.5. Letm >0,n > 1 and m <n. Let X be a compactum with dimX <
n and let Y be an LC"~'-compactum with the disjoint (m,n)-cells property. If T
is a closed subset of X such that dimT < m, then Ap(X,Y) is a dense Gs-subset
of C(X,Y).

Proof. Let k € N and g € C(X,Y). Let C be a countable closed cover of X
such that mesh{st(C,C)|C € C} < 1/k and if C' € C satisfies C NT # 0, then
C CT. Let (D1,D}), (D2, DS), (D3, Dj), ... be a sequence of all pairs of members
of C such that for every « € N, D; C T and D; N D; = (). By Lemma 3.4,
C(X,Y, D;, D}) is an open dense subset of C'(X,Y) for each i € N. Hence, by Baire
Category Theorem [, C(X,Y, D;, D;) is a dense Gs-subset of C(X,Y). Note
that (), C(X,Y, D, D}) C Ap1/x(X,Y). Hence, A ;/(X,Y) is a dense subset
of C(X,Y).

By [12, Lemma 2.3], Az /,(X,Y) is an open subset of C'(X,Y). Hence, by
Baire Category Theorem A7 (X,Y) = (,cny Ar,1/6(X,Y) is a dense Gs-subset of
C(X,Y). O

Corollary 3.6. Let m > 0, n > 1 and m < n. Let X be a compactum with
dimX < n andletY be an LC"~1 compactum with the disjoint (m,n)-cells property.
If F = {F;}ien is a family of closed subsets of X such that dimF; < m for each
i €N, then Ay #(X,Y) is a dense Gs-subset of C(X,Y).

Theorem 3.7. Letm >0,n > 1 and m <n. Let X be a continuum with dimX <
n and Y be an LC"™1 continuum with the disjoint (m,n)-cells property. If T is a
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nowhere dense closed subset of X such that dimT < m, then S(X,Y)N Ar(X,Y)
is a dense Gs-subset of S(X,Y).

Proof. Let € > 0, k € Nand f € S(X,Y). Then for £ > 0, by Lemma 3.1, there
exists § > 0 satisfying (x).

Take a finite family of closed subsets C = {C}{_, of Y such that meshC < §,
Y = Ule C; and Y # Ui6{1,27___7é}\{j} C; for each j < ¢. Since f is surjective,
by Theorem 3.5 there exists g1 € Ar(X,Y) such that p(f,g1) < min{d,e} and
g1(X) NInty C; # O for each i < £. Since g1 € Ar(X,Y) and T is nowhere dense
in X, for each ¢ < ¢ there exists a point ¢; € (g1(X) \ ¢1(T)) N Inty C;. Let W
be an open neighborhood of g1 (T) in Y such that Cly W N {cy,ca,...,ce} = 0. For
each i <, take d; € g7 *(¢;). Note that g; € Ap1/k(X,Y). Hence, by [12, Lemma
2.3] there exists d; > 0 such that if ¢ € C(X,Y) satisfies p(g1,9’) < 01, then
g € Ap1/k(X,Y). Then for §; > 0, by Lemma 3.1, there exists do > 0 satisfying
(%).

Since T is a nowhere dense closed subset of X, there exists a closed subset H
of X and hy : T U H — Y such that H is sufficiently near to 7" with respect to
the Hausdorff metric on 2%, (T'U {dy,ds, ...,de}) NH = 0, hy|T = g1|T, h1(H) is a
closed neighborhood of g1 (T'), hi(H) C W and p(g1|(T' U H), h1) < min{d, d2}. Let
M =TUHU{dy,ds,...,d¢}. Define hg : M — Y by he(x) = hy(z) if € TUH,
and ho(x) = ¢; if © = d; for some ¢ < /£.

Note that p(g1|M, he) < min{d, d2}. Hence, there exists a continuous extension
g2 : X = Y of hy such that p(gi,g2) < min{e, d;}. Note that d; € g5 *(Inty Cy) \
g5 1 (Cly W) for each i < ¢. In particular, g5 ' (Inty C;)\ g5 ' (Cly W) # () for each i <
¢. Hence, for each i < ¢ there exists a Cantor set E; C g, *(Inty C;) \ g5 (Cly W).
We may assume that E; N E; = () whenever i # j. For each i < ¢, take a continuous
surjection k; : E; — Cly(C; \ g2(H)). Let D = (Uf:1 E;)U g;l(ClyW). Define
hs: D —Y by

_ [ o) (@eg!(ClyW)
hs(x) = { ii(x) (z € %’2 for ;:)me i <J{).

Note that p(g2|D, hg) < 6. Hence, there exists a continuous extension g3 : X —
Y of hs such that p(g2,93) < €.

Note that for each = € T, diam(gz ' (g3(z)) Ngy *(Cly W)) < 1/k. Hence, by [12,
Lemma 2.3] there exists d5 > 0 such that if ¢’ € C(X,Y) satisfies p(g3,9’) < 03,
then diam(g'~'(¢'(x)) N g5 (Cly W)) < 1/k for each x € T. Let r = d(g3(T),Y \
Inty gs(H)). Let U be an open neighborhood of Ule E; in X such that if x € U,
then g3(x) & B(gs(T),2r/3).

For min{r/3,ds3,e}, by lemma 3.1, there exists d4 > 0 satisfying (x). Let J =
(X \ (UUgy"(W))UT. By Lemma 3.4 there exists hy : J — Y such that hg((X \
(U Ugy {(W))) Nha(T) = 0 and p(gs|J, ha) < 6s5. Let F = JUHUJ'_, Ei. Define
hy: F =Y by

b (z) (xre HUU'_, E;)
hy(w) = { Zi(x) (z € J).

Then p(gs|F, b)) < d4. Hence, there exists a continuous extension g4 : X — Y
of h)y such that p(gs,g4) < min{r/3,ds,c}.
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Then it is easy to see that g4 is surjective and p(f,g4) < p(f, 91) + p(91,92) +
p(92,93) + p(g3,94) < € +e+e+e =4e. Also, we can see that p(gs,g4) < 03 and
g5 (94(2)) = g5 H(ga(z)) N g5 (Cly W) for each 2 € T. Hence, diamg; *(g4(z)) <
1/k for each z € T. Consequently, g4 € S(X,Y) N Ap;/,(X,Y). Therefore,
S(X,Y)N Apq1/,(X,Y) is a dense subset of S(X,Y).

By [12, Lemma 2.3] it is easy to see that S(X,Y) N Apq/,(X,Y) is an open
subset of S(X,Y). Hence by the Baire Category Theorem S(X,Y) N Ar(X,Y) =
Meen(S(X,Y) N Ap 1/, (X,Y)) is a dense Gs-subset of S(X,Y). O

Corollary 3.8. Letm >0, n > 1 and m < n. Let X be a continuum with dimX <
n and let Y be an LC"~' continuum with the disjoint (m,n)-cells property. If
F ={F;}ien is a family of nowhere dense closed subsets of X such that dimF; < m
for each i € N, then S(X,Y) N Ay r(X,Y) is a dense Gs-subset of S(X,Y).

Before Theorem 3.9, we give a notation. If X and Y are compacta, then we
denote the set of all continuum-wise injective maps from X to Y by CI(X,Y).

Theorem 3.9. Let X,Y be compacta. Then CI(X,Y) is a Gs-subset of C(X,Y).

Proof. Let d be an admissible metric on X and let H; be the Hausdorff metric
on 2% induced by d. For each n € N, Let I,, be the set of all maps f € C(X,Y)
satisfying the next condition:

(#) If K,L € C(X) satisfy diamK > 1/n and Hq(K,L) > 1/n, then f(K) #
f(L).

We claim that

(A) I, is an open subset of C'(X,Y), and
(B) CI(X,Y) =, en I

neN -1

First, we prove (A). We prove that C(X,Y) \ I, is a closed subset of C(X,Y).
Note that C(X,Y) \ I,, is the set of all maps f € C(X,Y) satistying the next
condition:

(#1) There exist K,L € C(X) such that diamK > 1/n, Hg(K,L) > 1/n and
fK) = f(L)

Let f € Clg(x,v)(C(X,Y)\1,). Then there exists a sequence of maps {f;}ien C
C(X,Y)\ I,, such that limf; = f. For each i € N there exist K;, L; € C(X) such
that diamK; > 1/n, Hq(K;, L;) > 1/n and f;(K;) = fi;(L;). We may assume that
{K;}ien converges to Ky € C(X) and {L; };en converge to Lo € C(X) respectively.
Then it is easy to see that diamKy > 1/n, Hy(Ko, Lo) > 1/n and f(Ko) = f(Lo).
Hence, f € C(X,Y)\ I,,. Therefore C(X,Y)\ I, is a closed subset of C(X,Y).
This completes the proof of (A).

Next we prove (B). It is easy to see that CI(X,Y) C [,y In. So we only prove
that (), ey In € CI(X,Y). Let f € (,cnIn and let K, L C X be subcontinua of
X such that K is not a one point set and K # L. Then, there exists ng € N such
that diamK > 1/ng and H4(K,L) > 1/ng. Since f € I,,, f(K) # f(L). Hence,

f € CI(X,Y) and we see that [, In C CI(X,Y’). This completes the proof. O

If X and Y are compacta, then we denote the set of all hereditarily irreducible
maps from X to Y by HI(X,Y).

The proof of Theorem 3.10 is similar to the proof of Theorem 3.9. For the
completeness, we give the proof.
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Theorem 3.10. Let X,Y be compacta. Then HI(X,Y) is a Gs-subset of C(X,Y).

Proof. Let d be an admissible metric on X and let Hy be the Hausdorff metric on
2X induced by d. For each n € N, Let H,, be the set of all maps f € C(X,Y)
satisfying the next condition:

(8) If K,L € C(X) satisfy K C L and Hy(K,L) > 1/n, then f(K) C f(L).
We claim that

(A) H, is an open subset of C(X,Y), and
(B) HI(X,Y) = ,en Ho-

First, we prove (A). We prove that C(X,Y) \ H, is a closed subset of C(X,Y).
Note that C(X,Y) \ H, is the set of all maps f € C(X,Y) satisfying the next
condition:

(#f) There exist K,L € C(X) such that K C L, diamHy(K,L) > 1/n and
fK) = f(L).

Let f € Clox,y)(C(X,Y)\Hy). Then there exists a sequence of maps { f; }ien C
C(X,Y)\ H,, such that limf; = f. For each i € N there exist K;, L; € C(X) such
that K; C L;, Hq(K;,L;) > 1/n and f;(K;) = fi(L;). We may assume that
{K;}ien converges to K € C(X) and {L;};en converge to L € C(X) respectively.
Then it is easy to see that K C L, Hq(K,L) > 1/n and f(K) = f(L). Hence,
feC(X,Y)\ Hy. This completes the proof of (A).

Next we prove (B). It is easy to see that HI(X,Y") C [,,cy Hn- So we only prove
that (,cn Hn € HI(X,Y). Let f € (), oy Hn and let K, L C X be subcontinua
of X such that K C L. Then, there exists ng € N such that Hy(K,L) > 1/ny.
Since f € Hy,, f(K) € f(L). Hence, f € HI(X,Y) and we see that (), .y Hn C
HI(X,Y). This completes the proof. O

Now we prove Theorem 1.1.

Proof of Theorem 1.1. By Theorem 3.9 it is sufficient to show that CI(X,Y) N
S(X,Y) is dense in S(X,Y). Since dimX < n, there exists a countable base U =
{Ui}ien of X such that dimBdxU; < n — 1 for each i € N. Let T' = J, .y Bdx Us.
Note that BdxU; is a nowhere dense closed subset of X for each i € N. Hence,
by Corollary 3.8 A7(X,Y) N S(X,Y) is a dense Gs-subset of S(X,Y). Note that
Ar(X,Y)NS(X,Y) Cc CI(X,Y)NS(X,Y). Hence we see that CI(X,Y)NS(X,Y)
is dense in S(X,Y’). This completes the proof. O

By using Corollary 3.6 and Theorem 3.9 we can get the next result. The proof
of the next result is similar to the proof of Theorem 1.1. Hence, we omit the proof.

Theorem 3.11. Let n > 1. Let X be a compactum with dimX <n and letY be
an LC"~1 compactum with the disjoint (n — 1,n)-cells property. Then, CI(X,Y)
is a dense Gg-subset of C(X,Y).

Clearly, every continuum-wise injective map is a hereditarily irreducible map.
Hence, by Theorem 1.1 and 3.10 we get the next result.

Theorem 3.12. Letn > 1. Let X be a continuum with dimX < n and let Y be
an LC"™ Y continuum with the disjoint (n — 1,n)-cells property. Then, HI(X,Y)N
S(X,Y) is a dense Gs-subset of S(X,Y).
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Also, by Theorem 3.10 and 3.11 we get the next result.

Theorem 3.13. Letn > 1. Let X be a compactum with dimX < n and let Y be
an LC"™Y compactum with the disjoint (n — 1,n)-cells property. Then, HI(X,Y)
is a dense Gg-subset of C(X,Y).

Next example shows that there exist a 2-dimensional continuum X and an
LC! continuum Y with the disjoint (1, 1)-cells property such that HI(X,Y) and
HI(X,Y)Nn S(X,Y) are not dense in C'(X,Y) and S(X,Y) respectively.

Example 3.14. Let A = [0,1/3] x I, B = [2/3,1] x I be subspaces of I*>. Let
f'+ AUB — I? be the map defined by f'(x,y) = (1/2,3z,y) if (z,y) € A and
f(z,y) = (3(x—2/3),1/2,y) if (x,y) € B. If f : I* — I? is a continuous extension
of f' and g : I? — I® is sufficiently near to f, then g is not a hereditarily irreducible
map.

Proof. Let g € C(I?,I?) be a map sufficiently near to f. Then we can see that
there exists 0 < ¢ < 1/2 such that g(A) N (I x [t,1 —¢t] x [{,1 —¢]) is a partition in
Ix[t,1—t]x[t,1—t] between {0} x[t,1—t] x [t, 1—t] and {1} x [t, 1—¢] x[t, 1—¢]. Then,
it is easy to see that there exists 0 < s < 1/2 such that ¢g([2/3,1]x[1/2—s,1/2+s5]) C
Ix[t,1—1t]x[t,1—t]. We may assume that g(4) Ng([2/3,1] x [1/2—s,1/2+ s])
is a partition in ¢([2/3,1] x [1/2 — s,1/2+ s]) between ¢g({2/3} x [1/2 —s,1/2+ s])
and g({1} x [1/2 — 5,1/2 + s]). Then, g=(g(A) N g([2/3,1] x [1/2 — 5,1/2 + 3]))
is a partition in [2/3,1] x [1/2 — s,1/2 + s] between {2/3} x [1/2 — 5,1/2 + s] and
{1} x [1/2 —s,1/2 + s]. Hence, by [4, Lemma 1.8.15], there exists a nondegenerate
continuum L C g~ (g(A)Ng([2/3,1] x [1/2—s,1/2+5])). Then, g(L) C g(A). Let
J be an arc in I? such that both J N A and J N L are one point sets. Then we
can see that AUJ C AUJUL and g(AUJ) = g(AUJUL). Hence g is not a
hereditarily irreducible map. O

4. FINAL REMARKS

In this section we give some results which are related to the previous section.
First we prove next result.

Proposition 4.1. Let m > 0, n > 1 and m < n. If X is an n-dimensional
continuum and Y is an LC"~'-continuum with the disjoint (m,n)-cells property,
then there exists a surjective map f : X — Y such that for each subcontinua
A, B C X with dim(A\ B) >n—m, f(A) # f(B).

Proof. Let F,, = X and let B3,, be a countable base for F, such that for each B € B,
dimBdp, B <n—1. Also, let F,,_1 = UBGB” Bdp, B and B,,_1 be a countable base
for F,,_1 such that for each B € B,,_1, dimBdp, ,B <n —2.

By induction, we obtain{F,, F,_1, ..., Fin } and {By, Bn_1, ..., B} such that for
eachk €e Nwithm <k <n-1, F}, = UBeBHl Bdp,,, B and By, is a countable base
for Fj, such that for each B € By, dimBdp, B < k—1. Note that dim(Fj\ Fr—1) <0
for each k € N with m +1 < k < n. Since X \ F, = Uj—i1 (Fr \ Fr—1), by [4,
Theorem 1.5.10], dim(X \ F},) <n—m — 1.

By Corollary 3.8, there exists f € S(X,Y) N A, (X,Y). Let A,B C X be
subcontinua such that dim(A \ B) > n — m. Then, there exists an (n — m)-
dimensional subcontinuum £ C A\ B. If E C X \ F,,, then dimF < n —m — 1.
This is a contradiction. Therefore, E N F,, # (. Since f € Ap (X,Y), we can
easily see that f(A) # f(B). O



Continuum-wise injective maps 9

Theorem 4.2. Let m >0, n>1 and m < n. If Y is an LC"~'-compactum with
the disjoint (m,n)-cells property, then dimY > m + 1.

Proof. By Proposition 4.1 there exists f : I"" — Y such that for each subcontinua
A,B C X with dim(A\ B) > n—m, f(A) # f(B). Then, we can easily see
that dimf~!(y) < n—m — 1 for each y € Y. By [4, Theorem 1.12.4], we see that
n = dim/" < dimY +sup,cydimf~!(y) < dimY +n—m—1. Hence, dimY" > m+1.

O
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