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Abstract

This talk is devoted to the 
functional analytic approach to the 
problem of construction of Markov 
processes in probability theory.





Robert Brown

Robert Brown (1773-1858)
Scottish Botanist



Brief History (1)

In 1828:

R. Brown observed that pollen grains 

suspended in water move chaotically, 
continually changing their direction 
of motion.



Brief History (2)

The physical explanation of this 
phenomenon is that a single grain 
suffers innumerable collisions with the 
randomly moving molecules of the 
surrounding water (due to A. Einstein).



A pollen grain suspended in water



Brief History (3)

In 1905:

A mathematical theory for Brownian 
motion was put forward by A. Einstein. 



Albert Einstein

Albert Einstein (1879-1955)
German Physicist
Nobel Laureate in Physics



Einstein’s Work (1)

( , , )  

  

   . 

p t x dy

x

y t

 the 

that a one-dimensional Brownian particle

starting at position will be found 

at po

probabilit

sitio

y de

n at

nsity fun

 time

ction



Transition Density Function

( , , )p t x dy

x

t
dy



Einstein’s Work (2)

2

D

1 ( )
( , , )  exp .

2

 

2

y x
p t x dy dy

tt D

D


 

  
 

A. Einstein derived the following formula 

from  considerations :

is a positive constant determined by the radius of th

statis

e part

tical mechanical

icle, 

the interaction of the particle with surrounding molecules, 

temperature and the Boltzmann constant. 



Jean Perrin

Jean Perrin (1870-1942)
French Physicist
Nobel Laureate in Physics



Perrin’s Work

Einstein's theory was experimentally tested by 

J. Perrin between 1906 and 1909.

(Experimental measurement of Avogadro’s 
Number)



Avogadro’s Number

236, 023 10AN  





Nobert Wiener

Nobert Wiener (1894-1964)
American Mathematician



Wiener’s Work

In 1923:

Brownian motion was put on a firm 
mathematical foundation for the first time by 

N. Wiener.
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One-dimensional case

• 1931: A.N. Kolmogorov (analytic approach)
• 1952: W. Feller (semigroup approach)
• 1965: E.B. Dynkin (probabilistic approach) 
• 1965: K. Ito and H.P. McKean, Jr. 

(probabilistic approach)          
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Strategy

(1) Existence theorems for Markov 
processes (Probability)
(2) Generation theorems for Probabilistic 
semigroups (Functional Analysis)
(3) Existence and uniqueness theorems for 
Waldenfels operators with Wentzell 
boundary conditions (Partial Differential 
Equations)
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Transition Density Function
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Probabilistic Meaning of 
Chapman-Kolmogorov Equation
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Probabilistic Transition Semigroup
(Macro-Scope)
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Probabilistic Transition Semigroup
via Expectation
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Semigroup Property
(Markov Property)
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Resolvent
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Resolvent via Green Kernel
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Abstract Exponential Function

tA
t

A

P e

 in fin itesim al generator:



Hille-Yosida Theory
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Green Operator and Semigroup
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From Boundary Value Problem to 
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Strategy

(1) Existence and uniqueness theorems for 
integro-differential operators with general 
boundary conditions (Ordinary Differential 
Equations)
(2) Generation theorems for Feller 
semigroups (Functional Analysis)
(3) Existence theorems for Markov 
processes (Probability)
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Cauchy Process
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Augustin Louis Cauchy

Augustin Louis Cauchy (1789-1857)
French mathematician



Cauchy Process
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Cauchy Density Function
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Transition probability 
(Probability)
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Probabilistic Convolution Semigroup
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Probabilistic Transition Semigroup
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Fourier transform of Transition Function
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Heat Equation for the Cauchy Process
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Hille-Yosida Theory
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Fourier Transform Version (1)
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Fourier Transform Version (2)
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Fourier Transform Version (3)
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Characterization of the Generator (1)
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Characterization of the Generator (2)
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Principal Value of the Distribution
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Characterization of the Generator (3)
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Probabilistic Meaning of Cauchy Process
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Heat Equation for the Stable Process
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Cauchy Process
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Fourier Transform Version (3)
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Characterization of the Generator (3)

  /

/ 2

2

(3)  :

2 (( ) / 2) 1
v.p.

(

(2)

(1)

/

 

)

, 2

2

 :

0

nn

n

x y




















 

  







 





D istribu tion kernel

Sy m b ol

A



Fourier Transform (1)

/2

1 2 ( 1
v.p

( )
.

/ 2)

(2 ) ( / 2)n

ix
nn n

n
e

x
d


 




 


 

 


 R

0 2 



Principal Value of the Distribution
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Probabilistic Meaning of the Semigroup 
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Characterization of the Generator (4)
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Heat Kernel for the Fractional Laplacian
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Markov Process on the Boundary (2)
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Probabilistic Transition Semigroup
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Characterization of the Generator (1)
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My Strategy

(1) Existence and uniqueness theorems for 
Waldenfels operators with Wentzell 
boundary conditions (Partial Differential 
Equations)
(2) Generation theorems for Feller 
semigroups (Functional Analysis)
(3) Existence theorems for Markov 
processes (Probability)
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Waldenfels’ Work (in 1963)
(integro-differential operator)
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Wentzell’s Work (in 1959)
(General Boundary Condition)
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Absorption Phenomenon
(Dirichlet Condition)
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(Neumann Condition)

D

D



Diffusion on the Boundary

D

D



Viscosity Phenomenon

D

D



Jump Phenomenon (1)

D

D



Jump Phenomenon (2)

D

D





Construction of the Green Operator
(Mezzo-Scope)

( ) in

0 on

u f D

u D

  
 L

W

  1
u fIf    AG

My Work



Waldenfels Operator
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Lévy Operator of First-Order
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Wentzell Boundary Condition (1)
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Wentzell Boundary Condition (2)
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Wentzell Boundary Condition (3)
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Transversal Condition (3)
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Main Theorem (General Case)
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Main Theorem (Dirichlet Case)
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Weak Maximum Principle
(Aleksandrov-Bakel’man)
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Strong Maximum Principle
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