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Abstract

To analyze errors in numerical computation, easily usable high precision arithmetic is important. We
have developed a quadruple and octuple precision arithmetic toolbox named MuPAT(Multiple Precision
Arithmetic Toolbox) on Scilab. Using MuPAT, the users can use the same operators and functions to
double, quadruple and octuple precision numbers and mixed precision arithmetic is also available. We
have also developed a high speed implementation with external C routines. MuPAT with external routines
can perform 180~1200 times faster than MuPAT without external routine.

MuPAT has sparse data structure for quadruple and octuple precision and the users can treat large
matrices with lower memory consumption and small computation time. If the sparsity is less than 80%,
the memory consumption of sparse data structure for octuple precision is smaller than that of dense data
structure. Compared with dense data structure, the computation speed of octuple precision arithmetic
with sparse data structure is 1~2 times faster at matrix vector product, 7~21 times faster at matrix
addition and 83~900 times faster at matrix multiplication. In this paper, we describe the detail of the
basic implementation method and acceleration of MuPAT, and the implementation method of sparse data
structures on Scilab.
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8, 11] (&, DD {#HFE & QD R ZFIH L7z 4 5 E
& 8IEFEREN 575 % ShEEHRIREE TH D, Scilab[13]
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077 Leide AEESHZ B0ENE S, Scilab
DR THZ T T I LDEZIRTE MR LT
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3.1 Scilab IcHITBERELTE

Scilab Tl&, FEDEEIZTXT constant ! &
L T#fbNn%. constant B HO T TT I
7 EEDMEREEE ‘double’ ICHf IS 5 Scilab D7 —
ZRIFEM, AEEDOES DX 57— 2R TH 3]
&, NT MVRAIHE A AT —EFERRICRbNS &
WO R ZRFD. 175 T L2 S GEICIE A
B [ ] CTHATU RO ICATITS. 7—X&
BOE S I3 EL .

-—>A1 =1 [/ A T—
Al =
-->A2 = [1;2] //\7 K~V
A2 =

1.

2.
-->A3 = [1,2;3,4] //17%
A3 =

1. 2.

3. 4.

DX, AAT—ETA AN x1, m KT
ZRIVETA X mx1, mxn{fildmxnd
constant MDA & L TEREINS.

3.2 QD DHDEE

AHITE, QD DEICHYTHH LWLT—2RD
ERICDNTIRND.

Scilab Tl tlist &9 B ZFIHd 52 & T, #r
LWTF— 2B EFKTE 5. Scilab DNV I KB
&, tlist BAELE,

a = tlist(["listtype","fieldl","field2",

. , "fieldn"], al, a2, ..., an);

DEICEIRT S, » " THENSZHITIX, X
FHRRAT S, TTT1HEHDOGBUII LT %
BRICFFDOXNZ MV TH D, "listtype" (11—
Y—IVERTZT—2HOYETE /5D, "fieldl",
"field2", ... , "fieldn" Tl&, 2HFHLAEDEZ

al, ... ,an [ICHBEDOHFIZIFETE 5. al, ..., an
WBH LT —2RZRNT 2 EETHD, 17510V
A b, XFHIE E AT E S, "fieldn" ZFCiR
L7z%8, a.fieldn & AJ19 52 & Tan 25

MuPAT T, tlist BAEZFIH L, Scilab O
g7 — 2" ‘constant’ ZEHAGDOEB T LT, 2
TibR7z QD OEDHERRICHE DW= LT — &
Bliqd ZERL TS, BAMICELTOXSIC
Sl LT3,

a = tlist([’qd’,’d’], a0,al,a2,a3);

Z T T, a0,al,a2,a3 ¥ constant DL TH O,
2 fiD ag, a1, az, a3z WIHIELTUWB. Scilab TIEX
FH|zr 0 THATERLTED, 2qd’ BH
BT — 2D, *d’ 1 a0 DHHIZRL T
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5. a(i) EANTH L i BHOEZEZSTZ 5.
MuPAT Tid, qd BOLEZERT B72DDLLT
DX HEHEBZHEL TV .

function a = qd(a0,al,a2,a3)
a = tlist([’qd’,’d’],a0,al,a2,ald);
endfunction
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DEET R TZ AT L7 TE qd DB ERK
TNBEHICHEL TS, HlZIX, qd(2) DL
WKz 1DE LI E, a0 I 2 MRAE N, 5K
DD al, a2, a3 IIFHBEIIC 0 MRAETNS. 3.1
i TNz K 51, qd BZHEKT % constant Y
WE AN T =T TIELATHRNY MV 2R A BT
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MTES. mxniTHD qd WEHZER LIV
HlE, a0, al, a2, a3 ZTNZNIC m x n 1752
AT 3. K1IZ QD Dz K ATFED 4 x 4175
A= A0+ Al + A2+ A3 7% qd B CERE LTl &R
9. A0ITIE, A DB a,b,c,d D QD DD
FIEN SRS 4 x 41T AD, Al, A2, A3IC%
QD DD 21H, H31H, B4 HDITHMNENT
NCA%.
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L, HETOA—N\—a— RN TES. qd B
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DA —"—o— R, ZHEEOHEAR,

%<lst_op_type>_<op_code>_<2nd_op_type>,
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e>, <2nd_op_type>, <op_type> ICIFZ DiEHEIC Y
%9 %7 —2BDOYH 2508 T 5. constant HD
& ZDH Scilab THHEE NI FI— K ‘s’ Z{HH
9%. <op_code> IClF, Scilab TRE & NIHHE
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F—"—t— FOEMAKNZEHIE LT, qd BZEIA
TONFEICHEE T+ ZHEHd%. <1st_op_type>
& <2nd_op_type> (& qd TH%. <op_code> I
1&DaThsd. £oT, B2 Y%qd_a_qd &L,
REE DHIC QD OINE 7 VTV X L7z idib 41Ul
K. MuPAT Tld, BLFDO K ST gd HEEIA L
DOIMEZFEL TS,
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function ¢ = Yqd_a_qd(a,b)
[s1,t1] = two_sum(a(2),b(2));
[s2,t2] = two_sum(a(3),b(3));
[s3,t3] = two_sum(a(4),b(4));
[s4,t4] = two_sum(a(5),b(5));
[s2,t1] = two_sum(s2,tl);
[s3,t1,t2] = three_sum(s3,t2,t1);
[s4,t1] = three_sum2(s4,t3,t1);
sb =t1+t2+t4;
[t1,t2,t3,t4]

= renormalize(sl,s2,s3,s4,s5);

c = tlist([’qd’,’d’],t1,t2,t3,t4);

endfunction

DX DI LBz, B Em—D7 71
VA CHEREF DY .sci D.sci 7 7 A IVICKINT 5. 1H
BIATRHC X sci 7 7 A JVHSIEU H & BN A T
XNB. chic kb, qdBOZEE a & bOINER,
AT+ ZH>Ta+bE AT BT THEITT
5.

%= 2 ICHNBICEE T 28882 /R9. MuPAT T3,
dd ™, qd TDPURITHEDEREEE, 4 (5, 8 f%5KS
FEORAHEEEICEL, TOX5 B 32 [
RELTVSD. Thickb, “IHEEICHET 225
a, b EDT—H2ITH->TEH, PWWHREE T (+, -,
* ) o TIITTE 3.

aeb a,b € {constant,dd, qd}
*c {+V'_’*’/}

BEERMEEEORERE, “HoS b, KoMEOR
WHEINIEER E N B, [FRRIC LT, BEREE iDL
TEA—N"—u—FZ2LTWV5%. ddfi& qd DR

# 2: IBEIC T 285K

Epies F—N\—tu— RENSEAE
%s_a.dd | constant ! + dq Y
%dd_a_s dq Y + constant %
%s_.a.qd | constant ! + qd #
%qd.as | qgd ! + constant %
%dd-a_dd | dd %4 + dd Y
%dd_a_qd | dd %! + qd Y
%qd_a_dd | qd ! + dd Y
%qd-a_qd | qd Y + qd &
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FIHE T, ‘o, <, >, <=, >=, ~= i
HATES. ERIZBT £721E%F TREINS.
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Scilab IZ1F, constant "HICHIFFRIENZ < H
HENTW3. InbHIEZOXXTE, MAKE
£ LTz qd BIZF IO T LI TERY. 22T,
HET L FEMRICBIBICH LT A —"—a—F 2z
T35, BiEAr—NR—o— K93, BEEEE

%#<op_type>_<function_name>

EEDT R TEET . <op_type> ICIXZ DRI
OF [#1& 7557 — 2D ZFLR U, <function_
name> IC & A —/3—10— R L7zWE RO 4125
B3 5. HlZIX, constant B2 [EBUCFEDOFE R
7RO B ‘sqrt’ Z qd L TEWNA B K91 B
7z, %hqd_sqrt(a) &9 B OREZ I L
TW5%. TOXIEREICEKD, Z8a DVHR
Z KRBTGS, ah constant BITE qd B TE
sqrt(a) LRI Ku.

Scilab IZi&, T OMICITHZAERRT 2L E
EHEINTVS. HilZlX, constant HDn xn
HATH 2T % B eye(n,n) DHBD, T
D & 9 5B REE 2 TIE 3 5 28D BT
fedA—"—u— FTEEX. MuPAT Tl&, 4—
N—— FTERWVEICH L, gd<function _
name> &\ #iZ2RFOREZ AR LTS, £3
IZ, MuPAT T2 LU ddH, qd MO DD
DDV A 2R, TNHIIEHERL T )L T
ALz EREER N THRELIEEDTHS.

4 SNEREEEEFIALcE&EL

FK4ICDDEHE L QD HEZ 1 [H5179 5729
ISR B R EE R Z RS, QD HEIEEZ <D
EREEEEEXE LTS, FHZ, QD ORRELX 649
6] & DG B ETH D, Scilab THEITT S
EEREERE O OFATRED DD 5. EkEE
HEOE#E(LDTS, MuPAT TIEINERESEZ FIH
UTemnda sz HE Uk,

# 4: DD, QD B A 5k B T ] 4

double precision
add & sub mul div | total
add & sub 11 0 0 11
DD mul 15 9 0 24
div 17 8 2 27
add & sub 91 0 0 91
QD mul 171 46 0 217
div 579 66 4| 649

41 ERHE

Scilab T, link BI# & call FEAEIC K O C F5
Fortran CTEMNNIZIVEBEEEZ Scilab ) SO L
TEITTES. MuPATDI—Y'—A VR —T 21—
AZZEZ T mEEHEDNFHTES L H1CT 3
728, .sci 7 7 A )VHOEBOIHO A2k EH L,

Saa CEMNIAVPBEIEIC BT QD HED &
HbZK - T

AVERREE 2 FIIF U7z MuPAT X, Windows, Mac
0S, Linux IZ¥oLTWAEH, ZNFNo 0SIc
XORFELEDT 7 AIVHERED., LI, qd IZE
B a,b DINE a+ b DREEZHNC, SRR DIEE
FEICDWTIERS.

4.1.1 Windows DB

NEREIRZ R LTz X 2 1SR d. sci 7 7
A )V call &5 BIEZZ BN AVEREE L 2 FE O T
KOCEZTMAENTED, QD HEEIXIEBEIEA
THITENS.

Scilab TIEHEAMIC, T—2ET5E LTHDN
5. VSRR Z R LIcSREE T, T —2DSEEY
RLAEY A XZELT, NI TE 37202
COEBEZIEEXIICHFT LTS, Iz, qd
RIZRIRI L OME 29179 % C SaEDR%E qd_a_qd
ELLFDXHITEEL TW5. MWEREIED/ERRICIE
Microsoft Visual C++2010 ZfH L 7z.

extern "C"

_declspec(dllexport)

int qd_a_qd(double *c0O, double *cl,
double *c2, double *c3,
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ESped h&RE 514 RO fH
dd(a0,al) dd B DA Rk constant dd
qd(a0,al,a2,a3) qd BEDOA K constant qd
ERR d2dd(a) constant HDZ constant dd
& d2qd(a) constant DAL constant qd
2 dd2qd(A) qd BINDZH dd qd
qd2dd(A) dd BN qd dd
getHi(A) EFEEANDALD dd, qd constant
abs(A) AELHE
norm(X,N) X DN-/ )V
nrt(A,N) N AR
sqrt(A) PR
ceil(A) g1 ki
EREE floor(A) g1o v
Hyg@o sin(A) 15X
A% cos(A) Snit constant, dd, qd | constant, dd, qd
tan(A) 1EH%
lu(A) LU 5%
qr(A) QR 73fi#
A(i) AT ODHLHY + FEA
A LRI
ddexp() AT DL - dd
qdexp() FAET D - qd
ddeye(n,n) BT constant dd
qdeye(n,n) B T51 constant qd
ddzeros(m,n) yA=Eel constant dd
Z DAttt | qdzeros(m,n) yastEyll constant qd
D ddip(X,Y) A dd dd
REEK qdip(X,Y) NAE qd qd
ddGauss(A,B) A ADIHZEE dd dd
qdGauss(A,B) A ADIEEE qd qd
ddprint(A) ] dd -
qdprint(A) i qd -
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endfunction

SERER%D
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Scilaba>Y/—)b %qd_a_qd.sci ( C’;EB? L)
—
function %qd_a_qd int qd_a_qd {
call(‘qd_a_qd’,...) }
QEE

] A
qd_a_qd dID—EB

2: JVBERH DN

double *a0, double *al,
double *a2, double *a3,
double *b0O, double *bil,
double *b2, double *b3,

int *m, int *n) {

double el,e2,e3,e4;
el = 0.0; e2 = 0.0;
e3 = 0.0; e4 = 0.0;

int i;

for(i=0; i<(*m)*(*n); i++) {

c0[i] = 0.0; c1[i]
c2[i] = 0.0; c3[i]
two_sum(&cO[i], &el, aO[i], bO[il);
two_sum(&c1[i], &e2, aillil], bi[il);

0.0;
0.0;

two_sum(&c1[i], &el, ci[i], el);

two_sum(&c2[i], &e3, a2[il, b2[il);

three_sum(&c2[i], &el, &e2,
c2[i], e2, el);

two_sum(&c3[i], &e4, a3[i], b3[il);

three_sum2(&c3[i], &el,
c3[i], e3, el);

el = el + e2 + e4;

renormalize (&cO[i], &ci1[i],
&c2[il, &c3[i],
cO[i], c1[i], c2[i], c3[i], el);

}

return(0) ;

B, AUE, BN Scilab (231) % kG EEE B EREE MuPAT D325

518(D*a0, *xal, *a2, *a3, ¥b0, *bl, *b2, *xb3 (X
Scilab M5 X N7z QD D¥a = (a0, al, a2, al),b =
(b0, b1, b2, b3) DFNZNDIEHTH D, *c0, *cl, *c2,
*c3 IFMBERERZ KT T20D5 8 TH 5. DS
BUITARTRA VRZELICK > THOZTELE
I 5. ZDI=, Scilab M5ET QD DEHNY
FILRITFHITH > TEH, TNETNOHEDILIEHET R
LADHZEEFIE L. DFEO, X7 FILRITH
DT T EITHNEPREE 2 O HI B E 7R <, 1]
DFETH U TR RVRITHIDOEEMNTE 5D T,
F—IN—\y ROH[ICTES. 72720, m x nfT
517 Scilab h HIE X NIz5E, C SEOBEBNT
Em xnO—2thdE LTbaRFnE a5k
V. %7z, Scilab DAY MVRATHIDA VT 7 A
1S BEBRD, 1VT I AN0ODNLIREE
% CEEOTT YT LTIET ZEITII TR
BEHTH5.

Windows D MuPAT TlZ, C SiBDONEBEEEE
FediTul S LN TH.AL T 7 AIVICEBREN
TW5. BIED~N 257 _declspec(dllexport)
X, Bz 7 AR—=FUT.Al 77 AV EERKT
BI-DDHITH 5.

AR LU7z.dll 7 7 A )7 call TRESRTz8HICIE,
BB > 7 Z2RER T 5 BA%L link IC K O Scilab
WK 7 LTEMRTNIE B, link BEEF
M9 % 7z8Ici3,

link("files" , "sub-names" , "flag");

LERT B, vfiles" IIEY VU T ARG 5
NTHWA.dl 7 7A4IVDT 7 A)V%, "sub-names"
WY V7 I 5B LR T . "flag"
Wi, BHEOD Fortran TEMN TV ASGEIE £,

SmOEAE c LRliddT 5. HIZIE, CEFRED
Tal I LTERE LT qdaqd BAEDINE > TV
% qd.a_qd.dll Y > 7334, Scilab T

link(’qd_a_qd.d11’,’qd_a_qd’,’c’);

ZITT 5.

V> LT=7 74 )V7% Scilab TRESRTZ®IT, call
Rz RIS 5. SVERBEIR CHAT LB ORSR 2
[yl,...,yk] ITIRTICIE, call B2

[yl,...,yk] =
call("ident",x1,px1,"tx1",
..,Xn,pxn,"txn",
"out", [nyl,myl],pyl,"tyl",



bR A 7 7 T9E 11(1)

., [nyl,myl],pyl,"tyl");

DEIICFRT S, H—5 18 "ident" ITIIPFFUHIT
ANERREE S 72, %1, .., xn I IZAREREEEC IS 325
NS, pxl, ... ,pxo lIEFNFNDOEEDIND
R DR H D5 U S NS D ERET. HIZE,
x1 ZHVREE D « BH OS5 [BUCIET L &, px1 Icid
i AND. txl,...,txn IIEINTPRERIC BT A E
BRI, int DAL 1, double DAL &5
ET B, "out" LIRHIHIIT BEE [y1, ..., yk]
DIzHD5 ¥ TH%. [nyl,myll,..., [nyl,myl]
WBEH T 2E8DT5Y 1 X, pyl,...,pyl &5t
RN B BO0E, tyl,...,tyl THEREEEIC
B BEBOMZIRET 5.

WNERSEEE 9 5 F%1&, %qd-a_gqd.sci 7 71
IWELITD XD ICHEZHZ 5.

function ¢ = Yqd_a_qd(a,b)
[m,n] = size(a(2));
[c1,c2,c3,cd] =
call(’qd_a_qd’,a(2),5,’d’,a(3),6,’d’,
a(4),7,’d’,a(5),8,’4d’,
b(2),9,’d’,b(3),10,°4d’,
b(4),11,°d’,b(5),12,°4’,
m,13,’i’,n,14,°3i’,
‘out’, [m,n],1,’d’,[m,n],2,°d’,
[m,n],3,°d’, [m,n],4,’d’);
c = tlist([’qd’,’d’],cl1,c2,c3,cd);
endfunction

a(2), a(3), a(4), a(5) & qd Z% a = (a0, al,
a2, a3) D 4IHTH 5. b(2), b(3), b(4), b(5) &
qd BUZE8 b = (b0, b1, 52,b3) D ATHTH Y, m, n 13
a, b DITHIY A X TH 5. BlZIX, EFEEE TR
INBENT Mla(2) &, CEBONIRIEL qd_a_qd
D5 FHDG I int *a0 ITfHEZET DT, call i
#icida(2),5,’d> LEddkd 5. X7z, a+bDhN
BRERZ qd B2 ¢ = (c0,c1,¢2,c3) £ T 5 &, ¢
DIFHIY A XlE m x n, 0 & m x n DEFEEDIT
&Ik BHDT, ’out’ OEIC [m,n],1,’d’ Litid
9 5.

4.1.2 Mac OS, Linux D&

Mac OS & Linux D56, HEZE Lizc 77
A)VE call ZFlib UTz.sci 77 A IVAWwWEE L 70 5. ¢
7 74U Windows DIFE & IFIXFE Cizh, dl

2013 4F-

IIFZEH U720 Tz DBIE D~y ZE 1 E Gk U
V. MuPAT YL R C EEEO0a s o Lk
VIRAIVL, BN VIS4 TS5 BERLTH
5 ilib_for_link PHEZ (I L T Scilab iC U >~
9%,

4.2 S ERREERFI AT D RITH

AREITIEAVTRIEIC & % md b DR R 2 RS 7z
»ic, DD BE, QD HEDFEITHREHZ, Scilab D
PERED B2 i U 7o 9248 & SV RE Bz R L 72 52
WOLET 3. cC T oT—2z2EEL THY
%. LUFD 4 DO@BICHL, (i)~(iii) 10* =,
(iv) 103 [EI 18 U7z & Z OFA TR Z 51l L 7z

(i) AHT—DVURIEE
(ii) N7 MVINE

(iii) WA

(iv) 1757 bV

T 2T M, 758ORTIE 103 & L, 7
MEEHA 3 mIDSEEE & Uz, FHAEERBEICIE, Intel
Core i5 2.5GHz, 4GB memory, Windows 7, Scilab
version 5.3.3 &z, TR Z % 5, 6 [<RT.
MuPAT % Scilab DRERED K72 i U 7= 2% %
U, MuPAT_c 3HVERBEEZFIH U983 2% d.

RO EEEE N0 QD BRE T, MuPAT Tl
TSRS LD 2317 158 OFATHEERID DD > Tz
A, MuPAT_c Tl 24 f5IcE - Tz,

MuPAT c lIZBNTIE, NHE x'y (& DD HET
9859 15/ 5 52 {51, QD IHE Tld 270273 (5 5
223 fFIC K THEI Nz, ISR Z i Tz s
fLDO#RIZ, QD HEDEE 180~1200 5 Th 5.
MuPAT_c Ti&, 1[RIOF-UH U THEBBIEIC R
BIEITEZENRKEVIZE, SIRINCHEBERZ
WHEBEIICEEL TS, QD BRESCAREIIM
DB LN TRHE SRS EHE B2 N 2o,
THERFEIAKIEICH R E Nz WA 5. Mac OS D
e t, Windows DI ERIBRORERIME DN,

TTT, MUHLICHRT B4 —I3—~\ ROz
IR B 12812, MuPAT c¢7%ffi> TUATRD 2D0D
R Z R U7z, ChSIERERIFACTHS
A, (a) TIEINE 1E T &I, AafF 108 [
ERECHTOICH LU (b) TERY ML EZDE E
HVERBEENCIE T 728D, 1 A7V AR 2 MO T,



T, A5HE, AdE, B Scilab (2 3B1F A BRI H T MuPAT 054

b

& 5 AN T —ORIEEOIA TR (FlNE tERZ LS, AL 7))

Tty Ty | z/y
D 0.022 (1) |0.021 (1) ]o0.017 (1)
bp | MuPAT | 022 (10.4) | 041 (19.7) | 043 (25.6)
MuPAT.c| 027 (12.1)| 029 (13.7) | 0.31 (18.2)
oD MuPAT | 5.31 (241.5) | 6.99 (333.0) | 39.39 (2317.6)
MuPAT.c| 0.32 (14.7) | 041 (19.5) | 042 (24.5)

& 6: N7 MVIHE ORI (FRlN IR Z2 R, HAL )

| z+y | 'y | Az
D 001 (1) 0.02 (1) 410 (1)
bp | MuPAT [ 0.66 (66.0) | 197.18 (9859.0) | 116.84 (28.5)
MuPAT.c | 0.69 (69.0) 1.05  (525) | 79.72 (19.4)
QD MuPAT | 7.39 (739.0) | 5405.47 (270273.5) | 1154.56 (281.6)
MuPAT_c | 2.36 (236.0) 4.46 (223.0) | 226.92 (55.3)

(a) AAT— 2,y L, (z+y) % 100 BKHE
T35

(b) 108t 7 ML e,y KL, =+ y ZiltHE
9%

QD EHHEDYG, (a) DFATHHHIE 32.5 7Eo 7D
IKRL, (b) TWE031BE-Te. Ko T, MUHIL
IS B A —3—\w Fl332x10°BTHY, i
F104 [FNCHY 9 5. PO LICH 9 % A4 —/3—
ANy RZEHT B70IE, A T—HREELD &7
RMILITAERZ S T e MR E NS,

5 BTHEIFORE

MuPAT Tl&, 3 DDEESMEEDT—2TY, con-
stant, dd, qd AW A 5. ddiL qd BTl cons-
tant D 2 5L 4 EDO AT ZIHE T 578, A
EY 4GB DHE, IATEH dd YT 4000 %, qd B
T 2500 RDITHIUIMVER TR, TDRYH, X
Y &R R O8RS b KSR T75]7E
BIIEEL L.

Z T°C, MuPAT OFfz#ERid % C &ITA T,

- BTIIER, BATHIE A2 XA ISR T
x5
C ez BEIC, BT EREE RS LT
[6, 7].

5.1 Scilab [C BT B EREEEHTH 77— 27

Scilab OEFEEBT 757 — 2 # sparse I 751
DIFFEROME, 1785, FRESIC K D152 RE
5. BIZIE, RO1T5

0 407

1 0 0 8
A=

2 0 6 0

3 500

&, sparse MTIELLTFDXIICEKENS.

A =

( 4, 4) sparse matrix
( 1, 2) 4.

( 1, 4) T.

( 2, 1) 1.

( 2, 4) 8.

( 3, 1) 2.

( 3, 3) 6.

( 4, 1) 3.

( 4, 2) 5.

LITHD (4, 4) 3750V A XZER LTS, 2
ITHMBRIC T A TS, Y&, EDMREE
NTWB. 1THRSZENT BT b, 51ES57%
T 25T ML, HZISHT 27 VI,
spget BIEUC K O BUS TZ 5.
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sparse "% constant M & [FIRRICTHE T (+, -,
*) 2ffi> CEIATE, constant ML DEATHED
TE%. £z, abs HFOEAMNZEIEP, constant
RNCZEET 728D full 5%, sparse BT DEHEL
LHEEINTWS. JEFEER 5% OITHIDHA,
sparse "3 constant M DK 7.5% D A€V i
HTITHIZIENTE 5.

5.2 BTFIAEND QD DHDER

3.2 i L [FIRRIC tlist ZFIFH LT, 8{EHEGEBRTTS
T— & \qdsp’ ZiEF LTz, qdsp BIDiRE HiMlik
EFRITIER, qd HOERITHL, 4 DD sparse !
A0, A1, A2, A3 Z A EDET,

A = tlist([’qdsp’,’d’], A0,A1,A2,A3);

ETBHTETHAD. TOHEH, A0, Al A2, A31X%
NTNDOIETITHRS, JES, Hz2RFFds T Lic
5. LU, 1T9I0OIEREROEEIT QD O
DFIETED LRV, A0 & Al, A2, A3DA
T ZAOMERNEELTLEY, AT DKL
5%,

sparse NS A 27w 7 A% EDITH D
AR K3 728Iid, spget BIEE R T % 05
NH%. QD DA, 1 DOMEICH LT 4 [ spget
RIS L huda 59, SRS - 7z
LD A —IR—\y RE 5.

CORZEREL, qdsp HDOEFKICIE sparse B
DA EDEIEHNT, CCS(Compressed Column
Storage) B X ZERH L CHIAICER TS & &L
fo. WET7ILAY XL, Kk [2] 1IKB B OCS
NATO7 IV A LEBEIC LTz,

CCSIER T, HHMICIERERENT 5 H
N7 M, (THRSZENT ATy I AT |
IV, BFNDFHAC D 2 BEMENT MIVOEHIC
R ENTOVBEDZERTRA EZNT MUITKD
A ERET 3. 5.1 801745 A ZHlic CCS B
T 5.

WX, Az, Ai, Ap ZZNZF N CCSERIcHE D
ADERT M)V, ATV T ANT MV, RAUEZ
N7 MIVET B, (75 A DFE 1| OIEFEHRITE
217D 1, H3{TD2, FAITD3ITH%. TODk
&, Az IZEN S 1,2, 3 DI N, Ai i
AN D 2,3, 4 DKIE D, Ap OJCTEHIZAT 1D
NSNS, HB1HOIFEZRI 3T, Az D4

2013 4F-

HHMN S 25 HOEZEMENE NS T2, Ap D
2FHEICIT ADSIES NS, LI, FEIRIC LT 2
MBS A5 E THRML TV, Ap DRBOERD
ICIFIEFEEBUC 1 2 LTINS, X3
SN DR T2 7RS. RAKIVC Az, Ai, Ap lZLLF
DEXIITiEB.

Az = (1,2,3,4,5,6,7,8)T
Ai=(2,3,4,1,4,3,1,2)T
Ap = (1,4,6,7,9)T

CCSIERDMENY V72 QD DEUCHEEE L, qdsp
RZLITDOX S ICER L.

A = tlist([’qdsp’,’p’,’i’,’s’,’d’],
Ap, Ai, [m,n], AxO, Ax1l, Ax2, Ax3);

Ap ITIIHIARA > %, AL IKIETTES, [m,n] ITIZA D
9% 1 X, Ax0, Ax1, Ax2, Ax3IZiE QD DD
6%, ZNETN—Doehld TIRIFET 5. tlist BIED
F15 T, ZROYETZEE LTS, 2qdsp’
LS ER Uz — 28, »p2 i3 Ap, 71 IF A4,
’s? 1% [m,n], ’d’ i Ax0 DERIIZRLTWVS. C
UTKD, Ap,A.i, A.s, A.d & ASIT BT,
ZTNTNOHHINRTEZSBIRTE 5.

X 412, QD DEEBITHED 4 x 4175% qdsp
RITER LI ZOHZRT. 4 x 4175 A DK
S QD D%l a,b,c,de ZEFDOL &, Ax0 ITIFZ
NZND QD DHEDE 1 HMMNEIN ST, Ax0
= (ao, bo, co,do, e0)” &7%. DUFEARIC, Ax1 I
WEE 2 TH, Ax2 ITIEEE 3 IH, Ax3 ITIEEE 4 A
Ns.

ARFEETIX qdsp BT, EANT RV 2 Al
U7z 4 (RSB 751 7 — 2 B ‘ddsp’ Z [RIRRICERR
L7z, TOESICEHE LTz ddsp L qdsp BT,
A€V AGB D & &, JFFEFH0.01% DGE, <
NZNRKTHR 12 R EK T HRDITH 2 EFRT
x5.

5.3 BTSN QD BREDES

AEITIX, ddsp, qdsp UK BEAEDERZTT
5 [7vdV X L0 Appendix BIT/Rd]. Bf
AEEICIIV— T2 H UsFud7s 597, Scilab
DFERED H TIEE LGB IEETRERNZ < v o
TLES. T, RIFETIIHERIEZFIH L



I, BERE, A, BRI Scilab (2817 5 @k EEEHA B MuPAT O%E%E

@) >® >Q>@ >
& 112134566978
Z
worwal 2 i3/ alial3]1i2
{ VAR 4
. ¥ J
S I NHEIE

3: CCS LR DH

THITHIEAD QD HEZER L, mdbzX -7
[6]-

%9, 6 D07 —%% constant, dd, qd, sparse,
ddsp, qdsplCXfUC, HEDEHE T (+, -, *) Z2ffio
TITHEENTE B X HICT 578, 3.3Hi LAk
ICHAEFOA——a—FZz L. 6 D07 —X
RN 2 ZIHEBE, R 7 — 2 R[E oA
ZEZHTI6HEOFIETS. £DS5H, sparse
& constant BUTHTT % 438D DO _IHEHF L Scilab
C, constant, dd, qd BICX9 % 83 O D _IH{H
B MuPAT TRECERENTVS. £o7T, 6D
DT —ZBITHAICHAETEZ 5K 51CT57HIC
&, SATHREE (4, -, *) ISR U 24 FHOBIEZ #r
TICSEE LR TE R B0,

K TIATHIINFIC B9 2 BIg 7z R . 4.1 Hi & (A
Bk, call & link ZF[FH L, CFrEIC X 2GR Z
MEOH U T 2RI Td 5 K ICHEL TV 5.

NSO DI KO, “HEFEICET SZ
Ba,bW6 DT —R2BDSEDENTH>TH, LA
TOXSICHET (+, -, *) Zi> THAICHEHEA
MIATTE 5.

aeb
a,b € {constant, dd, qd, sparse, ddsp, qdsp}
o c {+,—, %}

£ 7z, Scilab @D sparse A} DFHAIAH L 2
ddsp, qdsp ! TEWA S KD IHEEL. £8IC
MuPAT DBff51 A Bz /<.

@qdspEDEFTIIA (KA ETATDDEH)
0 b 0 e
0
A=149
C

qdsp®!
M A= tiist(qdsp''p.7i,'s' d], Ap, Ai, [m,n], Ax0, Ax1, Ax2, Ax3) [T

a = (ag, a1,a2,a3)

o o
o o
o O O

Ap A [m,n] A0 Ax1 A2 Ax3

2 (4, 4) ap ay as as
2 1 by b1 bQ b3
4114 o c1 co c3
5]13 do | |di||dof |ds
6 1 €o €1 €9 €3

4: 4 x 4175|7% qdsp B CTEZ LIZGE

5.4 X*TVERAEERITREDLLHE

ddsp, qdsp H7ZHW B THEE DA RN Z
R3S, AEVMHEEITRMZFIHIL, =
7 — 2B e DL 217 5. FHEEREIE, Intel
Core i5 2.5GHz, 4GB, OS (X Windows 7, Scilab
version 5.3.3 Z 3. X157 — 2 HORE
IZl, MuPAT.cZfEfd %.

5.4.1 XTEYFERE

FFFEFRROEKLD 5 DD 1000 KELEAI T2
constant, dd, qd, sparse, ddsp, qdsp ! CT/E
HLILLZDOAEBVIHEZZK 9ITRT. ddsp
DGE CIEIEFERFEN 66% LUT, qdsp HOLH
TIIIEFRERBN80% LLTD L &, BITHT—2
BZEHTA2X0EABUMHENMIZ ENS
EMbNs.

TEE

541 THW AT ZERI L, ROMEFEZ 10 [
RIELIZEZDRAEVMHEEIATHRHZEK 101
Y

(i) 1757 RV

5.4.2

Az, Bx,Cx, Dx
(ii) {73 A+ B,B+C,C+ A
(iii) fT¥IRE :

75X 7 MV T, ERERE R DL F,
ddsp HUZ T % & dd H1D 9.4 1%, qdsp H & fif

AB,BC,CA
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& T BTHIINEIC RIS % B

2013 4F-

EeEEE F—N—no— FEIN5EA EEED F—N\—o— FENSHE
Y%sp-a_dd sparse i1 +dd ! %ddsp_a_ddsp | ddsp ! +ddsp Y
%dd_a_sp dd %Y + sparse ! %qdsp-a_s qdsp %! + constant !
Y%sp-a_qd sparse ! +qd Y Y%s_a_qdsp constant ! +qdsp ¢
%aqd_a_sp qd %Y + sparse ! %qdsp_a_dd qdsp % +dq &
%ddsp.a_s | ddsp ¥ + constant %dd_a_qdsp dd 4 +qdsp
%s_a_ddsp | constant %! +ddsp ! %qdsp-a_qd qdsp & +qd &l
%ddsp_a_dd | ddsp %! +dd Y %qd_a_qdsp qd +qdsp ¢
%dd_a_ddsp | dd %Y +ddsp ! %qdsp_a_sp qdsp ! + sparse !
%ddsp_a_qd | ddsp %! +qd #! %sp-a_qdsp sparse ! +qdsp ™
%qd_a_ddsp | qd ! +ddsp % %qdsp-a_ddsp | qdsp %Y +ddsp !
%ddsp_a_sp | ddsp %! ~+sp & %ddsp_a_qdsp | ddsp %! +qdsp %
%sp-a_ddsp | sp ! +ddsp & %qdsp_a_qdsp | qdsp ! +qdsp
# 8: MuPAT DBffT5m ) Bk
Eopyed h¥AE 515 RO fE
ddsp(Ap,Ai,Ax,mn) ddsp BIDHE K dd, constant ddsp
qdsp(Ap,Ai,Ax,mn) qdsp DAY, qd, constant qdsp
EHR ddsp2adj(A) BT N D2 ddsp dd, constant
bt qdsp2adj(A) R TE AN D2 qdsp qd, constant
Z# | adj2ddsp(xadj,adjncy,anz,mn) R 20 B D2 dd, constant ddsp
adj2qdsp(xadj,adjncy,anz,mn) R 20 B D2 qd, constant qdsp
full(A) EATHBIAN DL ddsp, qdsp dd, qd
E ]S nnz(A) JFFEERL ddsp, qdsp constant
Hi@ oD spget(A) THF= LEORM L ddsp, qdsp constant
ESp abs(A) AEHE ddsp, qdsp ddsp, qdsp
diag(A) W AEROIRM L ddsp, qdsp ddsp, qdsp
isddsparse(A) ROYE ddsp constant
isqdsparse(A) RIDH[E qdsp constant
ddspeye(n, n) B8 constant ddsp
qdspeye(n, n) B 74 constant qdsp
Z DAttt ddspones(A) B RT 1 DB TS ddsp ddsp
D qdspones(A) VX T 1 DB T4 qdsp qdsp
REKL ddsprand(m, n, r) BELEA TS constant ddsp
qdsprand(m, n, r) BRELEA TS constant qdsp
ddspzeros(m, n) BT constant ddsp
qdspzeros(m, n) BT constant qdsp




A Scilab 1251 5 miAE EEE A B MuPAT D323

#£9: XEVUMHE (X€Y . MB)

1741 AEY (MB)

JEEEFH [constant sparse| dd ddsp qd qdsp
A 1% 8.00 0.13 | 16.00 0.25 | 32.00 0.41
B 5% 8.00 0.60 | 16.00 1.20 | 32.00 2.01
C 10% 8.00 1.21 | 16.00 2.40 | 32.00 4.02
D 40% 8.00 4.86 | 16.00 9.71 | 32.00 16.18
E 66% 8.00 7.89 | 16.00 15.77 | 32.00 26.31
F 80% 8.00 9.56 | 16.00 19.11 | 32.00 31.88

& 10: Tr7[EEDO ATV MHE &R (X€Y  MB, 7 - #)

JEFEFR | AEVEHE FATiRR

ddsp qdsp dd ddsp Hm#E= qd qdsp IEHHE

Azx - - - 0.81 0.02 52.6 4.44  1.56 2.8
Bx - - - 0.79 0.08 9.4 442 1.76 2.5
Cx - - - 0.79 0.16 4.9 4.42 2.03 2.2
Dx - - - 0.81 0.69 1.2 445 4.13 1.3
A+ B 6% 1.4 2.4 0.83 0.07 11.3 273 0.12 21.9
C+A 11% 2.6 4.4 0.83 0.15 5.5 273 0.24 11.2
B+C 15% 3.5 5.8 0.83 0.19 4.4 273 0.34 7.9
AB 40% 94 15 567.19 0.65 879.4 | 4000.8 4.43 903.0
CA 64% 15 25 566.28 1.06 536.4 | 3964.5 8.91 444.7
BC 99% 23 39 566.41 2.82  201.0 | 3982.2 47.50 83.8

M9 %L qd BD 2.5 fEERICEITTE Iz, JFFE
FHR10% O & Z1E, ddsp M ZMHH T3 & dd D
4.9 1%, qdsp BZfEHT % & qd BID 2.2 f5EHIC
HITTE I, 1THIRT FVEETIE, IFREER 40%
LUR AT U B 75T — 2 B7% W Te 75 IV
ITREMNHLS B o T,

ITANE T, FHEMROIFFERRN 6% DL
X, ddsp B2 {HHT % & dd D 11.3 f%, qdsp H!
T % & qd TD 21.9 ffEndic S T & . JE
FHEFER15% O L XL, ddsp 2T S L dd
B 4.4 15, qdsp W2 fHT S & qd BLD 7.9 {55
HICHEITCE . FHERRO X'V HHEE, T
§I7— 2D L~Liciiz s,

ITHRE T, EOMBICHBWTEBITYT—X
BlZfdiS T & TR EER(IEAER S Nz, LHL,
BC B BIHEA LD AEUMHEIE, qdfl%Z
9 % & 32MB 7% DIxf L, qdsp #Tid 39MB
Lz, BT — 2RI L kel T,

N, BC DIFFEIRENI9% L7450, KAV
ZRATHE 2 BN LRFE Ls i 1id 7 57 VB 141
T2 K0 EEITHT— 2D TN AEY OF
RN R N> 12720 Th 5. L L, @BHOMER
IFEENEDPN TS, FITHEE gdsp D
FiM 83 TH%.

FFHEREOIERD K Z VDL, 1B LT
NETAREEBE RN L <, A —3—~v FHH
NS NEL %720 TH 5.

6 F&&

AFETIX, Scilab IZFT 5 =k EEE BT Mu-
PAT O BARN R FEIEIC DN TRz, MuPAT ©
&, B EBITHIEROMHEEE, 4R, 8%
WA 2 AR R, TR TOREEASME D
HET, LEOHBE oMMz TEs L ZH
fgL7z.
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MuPAT TlZ, Scilab O tlist BA%ZF ] U Scilab
DRSS A7 — 2 constant ZFHAEDE T,
DD, QD OHUCHHH T 251757 — 21 ‘dd’, ‘qd’
ZEHZLTWVWD., ZTNTNhOT— 2T % 1H
BF (+, -, %, /) BBzt —N—n—Fd5C L
XD, FXRTORE TH@EOEE 7O
5.

7z, DDEFE® QD HFED 7 )V IV X L2 HT
T % C SrBDO/EREE% 2 HE L, Scilab 57450
Rz O C & T, miEHBEOEREET-
TW3. SHEREEZFIM U 7e MuPAT O s RETE
B, Scilab DA TIEELIHEEX D T 180~1200
GRIRTH 5.

EHIc, BITHRT miEEEEOZDIC, DD,
QD Dz DB 87— 2 ‘ddsp’, ‘qdsp’
ZEF% LTz, ddsp, qdsp MU TlE, A€V ZHiKT 5
728, Scilab DfFKEEB 757 — 2 sparse Z#H
HEDETERLTT, CCSERENEICT—&
HlZE#K L TWA. MuPAT © constant, dd, qd
BIL FRIBRICHEET (+, -, *) 24 —N—Ba— R L7
728, sparse, ddsp, qdsp M T&ILEDERA 1%
o> CTHEMNTE 5. mdboz®, BITHIEED
FIEITIE C FREIC K 2R R 2 F1IH U 7z,

A€V 4GB DIGH, BTHT— 2D dd BTl
A 4000 2K, qd B TIEERA 2500 ROTTH LK
ZILOD, ATHIDIFFEFZRMN0.1% DL X, ddsp
AT HRK 120000 X, qdsp ! THA 70000 XDTT
ez 3. qdsp BZ2MHH LIz, 1157 bk
JIVEETClE qd BID 1~2 15, 173IINE Tld 7~21 %,
ITHIRETld 83~900 15 EEICRITTE 5.

ARFEEIC KD, MuPAT Tlid constant, dd, qd,
sparse, ddsp, qdsp D 6 DD7 — Z B [FIRHTH
Z, TNTNOFEEDOBITH| & B TH] T — 2RI
T HEBHEHENREL 5>z, 7z, MuPAT D%
ITHAN T ERE R L W CHE T (4, -, *) 2o
THATHIM S EEEDNFHTEZ 5. TD®,
I— Y —NEITHI A R 2 B T A R )
DBEZBIE, Tulo LOEBOER ) ZH
A BT TERL, KODENAERVREENHE
TR TC, EHICTFRICEREEEZRA S KD
xolz.
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Appendix A :
Algorithms for DD and QD Arith-

metics

We describe the details of the algorithms for
DD and QD arithmetics. The procedures of algo-
rithms are based on Knuth [5], Dekker [3], Priest
[9], Shewchuk [14], Bailey [1] and Hida et al. [4].

A.1 Preliminaries for DD and QD arith-
metics

In this section, we introduce some algorithms of
floating-point arithmetic.

Assuming that |a| > | b|, Algorithm A.1, Fast-
Two-Sum, produces a nonoverlapping expansion
s+ e such that a+b = s+e, where s is an approx-
imation to a + b and e represents the round-off

error in the calculation of s, in [14, p.312].

Algorithm A.2, Two-Sum, is similar to Algo-
rithm A.1, but Algorithm A.2 does not require
the condition of |a| > |b].

Algorithm A.1 Fast-Two-Sum(a,b) :
la]=10b]

1: s<—a®bd

2:v+s50a

3re+—bov

4: return (s, e)

Assume that

Algorithm A.2 Two-Sum(a,b)
1: s<a®b

20 v+ 50a

3:e+ (a0 (scv)) @ (bow)

4: return (s,e)

Algorithm A.3, Split, produces a 26 bit value
ap and a nonoverlapping 26 bit value a; such that
lap| > |a;| and a = ap + a, in [14, p. 325].

Algorithm A.3 Split(a)
Tt 134217729 ® a

v—tSa

cap—tov

Lap ——aSap

: return (ap, a;)

Ot W N =
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Algorithm A.4, Two-Prod, produces a nonover-
lapping expansion p + e such that a x b = p + e,
where p is an approximation to a x b and e rep-
resents the round-off error in the calculation of p,
in [14, p. 326].

Algorithm A.4 Two-Prod(a,b)
I p—a®b
. [an, ar] <-Split(a)
: [bh7bl] «Split(b)
e+ ((an @b, Op)Dan @b D ar@by) B ar ® by
: return (p,e)

U~ W N~

Algorithm A.5, Two-Sqr, produces a nonover-
lapping expansion p+e such that a®> = p+e, where
p is an approximation to a? and e represents the
round-off error in the calculation of p.

Algorithm A.5 Two-Sqr(a)

L p+—a®a

2: [an, ai] <-Split(a)

e+ ((ah®an©p)® (an @ w) ©®2.0) ©ar @ a
4: return (p,e)

Algorithm A.6, Three-Sum, produces a nonover-
lapping expansion d 4+ e 4+ f such that a +b+c =
d+e+ f,in [4].

Algorithm A.6 Three-Sum(a, b, c)
1: [to, t1] < Two-Sum(a, b)

2: [d, t2] « Two-Sum(to, ¢)

3: [e, f] + Two-Sum(ty, t2)

4: return (d,e, f)

Algorithm A.7, Three-Sum2, produces two double-
precision numbers d = (a®b) @ cand e = (a+b+
¢) — s, in [4].

Algorithm A.7 Three-Sum2(a, b, c)
1: [to,t1] < Two-Sum(a,b)

2: [d, t2] + Two-Sum(to, ¢)

3: e=1t1 PDts

4: return (d,e)

Supposing that ag, a1, a9, as and a4 construct a
five-term expansion with limited overlapping bits,
with ag being the most significant component. Then
Algorithm A.8, Renormalize, produces a four-term
nonoverlapping expansion b(gq) = bo + b1 + bz + bs.
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Algorithm A.8 Renormalize(ao, a1, a2, as, a4)

[s,t3] + Fast-Two-Sum(as, as)
[s,t2]  Fast-Two-Sum(as, )
[s,t1] + Fast-Two-Sum(as, s)
[bo, to] < Fast-Two-Sum(ao, )
[s,t2] + Fast-Two-Sum(tz, t3)
[s,t1] + Fast-Two-Sum(t1, )
[b1,to] + Fast-Two-Sum(to, s)
[s,t1] + Fast-Two-Sum(ty, t2)
[b2, to] «+ Fast-Two-Sum(to, s)
by =todth

: return (bo, b1, b2, b3)

PO XN
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Algorithm A.9, Renormalize2, produces a four-
term nonoverlapping expansion b(,q) = bo + b1 +
bo + bs.
A.8 except for the number of arguments.

This algorithm is similar to Algorithm

Algorithm A.9 Renormalize2(ao, a1, az,as)
: [s,t2] + Fast-Two-Sum(az, as)

: [s,t1] « Fast-Two-Sum(ay, )

[bo, to] < Fast-Two-Sum(ao, s)

[s, t1] < Fast-Two-Sum(t1,t2)
[
[

: [b1, to] < Fast-Two-Sum(to, s)
b2, bs] < Fast-Two-Sum(¢o, t1)
return (bo, b1, b2, b3)

BN A S

Table 11 shows the number of double-precision
arithmetic operations for Algorithm A.1 ~ A.9.

Table 11: Number of double-precision arithmetic
operations for Algorithm A.1 ~ A.9

Algorithm | @&, © ® Total
Fast-Two-Sum (A.1) 3 0 3
Two-Sum (A.2) 6 0 6
Split (A.3) 3 1 4
Two-Prod (A.4) 10 7 17
Two-Sqr (A.5) 7 5 12
Three-Sum (A.6) 18 0 18
Three-Sum?2 (A.7) 13 0 13
Renormalize (A.8) 28 0 28
Renormalize2 (A.9) 18 0 18

A.2 Algorithms for DD arithmetic

In this section, we show the algorithms of four
arithmetic operations for double-double numbers.

A.2.1 addition

Algorithm A.10, dd_d_add, shows the procedure
for adding a double-precision number b to a double-

double number a4y and returns the double-double
number cgqy = co + ¢1. If you want to add a
double-double number b(4q) to a double-precision
number a, dd-d_add (bg, b1, a) returns the result.

d_dd_add is same as dd_d_add.

Algorithm A.10 dd_d_add (ao, a1,b)
1: [s, €] « Two-Sum(ao,d)
20e+—edar
3: [co, c1] +— Fast-Two-Sum(s, e)

4: return (co,c1)

Algorithm A.11, dd_dd_add, shows the proce-
dure for adding a double-double number b(4q) to a
double-double number a 44y and returns the double-

double number c¢44) = ¢o + c1.

Algorithm A.11 dd_dd.add (ao, ai, bo, b1)
1: [s,e] < Two-Sum(ao, bo)

2: e+ e® (a1 ®b1)

3: [co, c1] + Fast-Two-Sum(s, e)

4: return (co,c1)

A.2.2 subtraction

Algorithm A.12 (A.13), dd_d_sub (d_dd_sub),
shows the procedure for subtracting a double- pre-
cision number b (a double-double number b44))
from a double-double number a4 (a double-pr-
ecision number a) and returns the double-double

number ¢(qq) = ¢o + 1.

Algorithm A.12 dd.d.sub (ao,a1,b)
1: s+ —b

2: [eo, c1] + dd_d_add (ao, a1, s)

3: return (co,c1)

Algorithm A.13 d.dd_sub (a, bo,b1)
1: sg < 7b()

2: 81 < —by

3: [co, 1] < d_dd-add (a, so, s1)

4: return (co,c1)

Algorithm A.14, dd_dd_sub, shows the proce-
dure for subtracting a double-double number b4
from a double-double number a(qq) and returns
the double-double number ¢(gq) = co + ¢1.
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Algorithm A-14 dd_dd_sub (ao, ai, bo, bl)

Algorlthm A.18 d.dd.div (a,bo, b1)

1: sg <+ —b()

2: S1 < —b1

3: [co,c1] < dd-dd-add (ao, a1, so, s1)
4: return (co,c1)

A.2.3 multiplication

Algorithm A.15, dd_d_mul, shows the procedure
for multiplying a double-double number a(4q) by a
double-precision number b and returns the double-

double number c(qq) = ¢o + ¢1. d_dd_mul is same
as dd_d_-mul.

Algorithm A.15 dd_d_mul (ao,a1,b)
1: [p,e] + Two-Prod(ao, b)

2: e+ e® (a1 ®@D)

3: [co, c1] < Fast-Two-Sum(p, )

4: return (co,c1)

Co—a® b[)

[p, €] <= Two-Prod(co, bo)

c14 ((a0p)Oecc®b) Db
[co, 1] < Fast-Two-Sum(co, ¢1)
return (co,c1)

Supposing that by # 0. Algorithm A.19, dd_dd_
div, shows the procedure for dividing a double-
double number a4q) by a double-double number
b(4q) and returns the double-double number ¢(4q) =
co + C1.

Algorlthm A.19 dd_dd_div (ao, a1, bo, b1)

co < ap @ by

[p, €] + Two-Prod(co, bo)

c14 (a0 6p)Se®ar ©c®br) b
[co, c1] < Fast-Two-Sum(cg, 1)
return (co,c1)

Algorithm A.16, dd_dd_mul, shows the proce-
dure for multiplying a double-double number a4q)
by a double-double number b(4q) and returns the
double-double number c¢(44) = ¢o + c1.

Algorithm A.16 dd_dd.mul (ao, a1, bo, b1)
: [p, ] + Two-Prod(ao, bo)

e+ ed(ap®b1)

e ed (a1 ®bo)

: [co, c1] « Fast-Two-Sum(p, e)

: return (co,c1)

Ot W b =

A.2.4 division

Supposing that b # 0 and by # 0. Algorithm
A.17 (A.18), dd_d_div (d-dd_div), shows the pro-
cedure for dividing a double-double number a(4q)
(a double-precision number a) by a double-precision
number b (a double-double number b44)) and re-
turns the double-double number ¢4q) = ¢o + 1.

Algorlthm A.17 dd_d_div (ao,a1,b)
T Cco—ap @ b

: [p, €] + Two-Prod(co, b)

ta+ ((aop)Oedar) @b

¢ [co, c1] « Fast-Two-Sum(co, ¢1)

: return (co,c1)

Ot W N =

Table 12 shows the number of double precision
arithmetic operations for double-double arithmetic.

A.3 Algorithms for QD arithmetic

A.3.1 addition

Algorithm A.20, qd_d_add, shows the procedure
for adding a double-precision number b to a quad-
double number a(,q) and returns the quad-double
number Clqd) = €0+ 1+ c2+cs.

Algorithm A.20 qd.d_add (ao, a1, az,as,b)
[co, €] + Two-Sum(ao, b)

. [e1, €] + Two-Sum(ay,e)

¢ [c2, €] + Two-Sum(az,e)

: [cs, €] + Two-Sum(as,e)

: [co, c1, 2, c3] + Renormalize(co, c1, c2, c3, €)
return (co,c1,c2,c3)

Algorithm A.21, qd_dd_add, shows the proce-
dure for adding a double-double number b(44) to a
quad-double number a(,q) and returns the quad-

double number Clqd) = ot c1+c2+cs.
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Table 12: Number of double precision arithmetic operations for double-double arithmetic

Algorithm d&o ® © | Total

Addition | dd_d_add 10 0 0 10
dd_dd_add 1 0 0 11

Subtraction | dd_d_sub, d_dd_sub 10 0 O 10
dd_dd_sub 1 0 0 11

Multiplication | dd_d_mul 14 8 0 22
dd_dd_mul 15 9 0 24

Division | dd_d_div 6 7 2 25
d_dd_div 6 8 2 26

dd_dd_div 17 8 2 27

Algorithm A.21 qd.dd.add (ao, a1, az, as, bo, b1)

Algorithm A.23 qd_d_sub (ao, a1, az,as,b)

: [co, e0] + Two-Sum(ao, bo)
] + Two-Sum(az, b1)

[c1, eo] <= Two-Sum(ei, eo)

[c2, e1] + Two-Sum(az,e1)

[c2, e0] < Two-Sum(cz, eo)

leo, e1] <= Two-Sum(eo, e1)

[es, e0] + Two-Sum(as, eo)

ep = ey D el

[co, €1, €2, c3] + Renormalize(co, ¢1, c2, 3, €0)

: return (co, c1,c2,c3)

[

Algorithm A.22, qd_qd_add, shows the proce-
dure for adding a quad-double number b4 to a
quad-double number a(,q) and returns the quad-
double number Clqd) = Cotc1+catcs.

Algorlthm A 22 qd qd add (ao7 ai,az,as, bo7 bl, b27 bg)
[Co, 60] <+ Two- Sum(ao, bo)

[c1, e1] < Two-Sum(ay, b1)

[027 ez] + Two-Sum(az, bz)
[63, 63] < TWO—Sum(a3, bg)
[
[

c1, eo] + Two-Sum(ci, eo)

2, €0, €1] < Three-Sum(ca, e1, eg)

[es, e0] + Three-Sum2(cs, e2, eg)

eo =eoDer Des

[co, c1, 2, c3] < Renormalize(co, c1, c2, 3, €0)
: return (co, c1,c2,c3)

[y

A.3.2 subtraction

Algorithm A.23 (A.24), qd_d_sub (d_qd_sub), sh-
ows the procedure for subtracting a double-precisi-
on number b (a quad-double number b(4qy) from
a quad-double number a(yq) (a double-precision
number a) and returns the quad-double number

Clqd) = Co +c1 + ¢ + c3.

1: s« —b
2: [co,c1,c2,c3] < qd-d_add (ao, a1, az,as,s)
3: return (co,c1,c2,c3)

Algorlthm A.24 d_qd_sub (a,bo, b1, bz, b3)

So < bo

S1 < b1

So < —by

83 < —bg

[co,c1,c2,c3] + d_qd_add (a, so, $1, $2, $3)
return (co,c1,c2,c3)

Algorithm A.25 (A.26), qd_dd_sub (dd_qd_sub),
shows the procedure for subtracting a double-dou-
ble number b44) (a quad-double number b44)) from
a quad-double number a,q) (a double-double num-
ber a(dd)) and returns the quad-double number

C(gd) = Co + €1 + C2 + c3.

Algorithm A-25 qd,dd,sub (CLO7 ai,az,as, bo7 b1)
1: bo — —bg
2: b1 — —bl
3: [Co, ci,C2, 63} — qd,dd,add (ao, ai,az2,as, bo, b1)
4: return (co,c1,c2,c3)

Algorlthm A 26 dd qd sub (ao, ai, 607 bl7 bg, bg)

1: bp < —bo

2: b1 < b1

3: b2 — —b2

4: by < —bs

5: [C(), C1,C2, 63} < dd,qd,add (ao, ai, bo, bl, bg, b3)
6: return (co,c1,c2,c3)

Algorithm A.27 shows the procedure for sub-
tracting a quad-double number b, from a quad-
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double number a(,q) and returns the quad-double
number Clqd) = €0+ 1+ 2+ 3.

Algorithm A.27 qd_qd_sub (ao, a1, az, as, bo, b1, bz, b3)

1: bg + —bg

2: b1 < bl

3: b2 < *bz

4: by < —bs

5: [Co7 ci,C2, 03] — qd,qd,add (ao, ai,az,as, b(]7 bl, bz, bg)
6: return (co,c1,c2,c3)

A.3.3 multiplication

Algorithm A.28, qd_d_mul, shows the procedure
for multiplying a quad-double number a(,q) by a
double-precision number b and returns the quad-

double number Cqd) = ot c1+c2+cs.

Algorithm A.28 qd_d_mul (ao,a1,a2,as,b)
: [po, qo] + Two-Prod(ao, b)

: [p1,q1] + Two-Prod(aq,b)

. [p2, g2] + Two-Prod(az,b)

¢ [p1,q0] < Two-Sum(p1, qo)

[p27 qo, ql} <~ Three_sum(p27 qo, ql)
p3<—az®b

: [ps, qo] < Three-Sum2(ps, qo, g2)

qo < qo D q1

: [co, c1, ¢2, c3] < Renormalize(po, p1, P2, P3, qo)
: return (co, c1,c2,c3)

O © 00U W
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Algorithm A.29, qd_dd_mul, shows the proce-
dure for multiplying a quad-double number a4q)
by a double-double number b(4q) and returns the
quad-double number C(qd) = Co + €1 + c2 + 3.

Algorithm A.29 qd_dd.mul (ao, a1, az,as,bo, b1)

¢ [po, qo] + Two-Prod(ao, bo)
[p1, 1] + Two-Prod(ao, b1)
[p2, g2] + T'wo-Prod(a1, bo)
]
]

[p3, q3] < Two-Prod(az, bo)

[p4, q4] < Two-Prod(a1,b1)

[p17p27 qO} <~ Three_sum(p17p2’ qO)
[p2, 3, p4] + Three-Sum(pz, ps, pa)
[91, 2] + Two-Sum(q1, g2)

9: [p2, 1] < Two-Sum(p2,q1)

10: [ps3, g2] + Two-Sum(ps, g2)

11: [ps,q1] < Two-Sum(ps, q1)

12: pr < p1a® @@ q

13: g3 < g3 D g4 ® (a3 @ bo) ® (az @ by)
14: [ps, qo] + Three-Sum2(ps, qo, q3)
15: pa <~ pa® qo

16: [co, ¢1, ¢2, c3] < Renormalize(po, p1, p2, 3, pa)
17: return (co,c1,c2,c3)

Algorithm A.30, qd_qd_mul, shows the proce-
dure for multiplying a quad-double number a4q)

2013 4F-

by a quad-double number b(,q) and returns the
quad-double number Clgd) = Co+ 1+ c2+c3.

Algorithm A.30 qd,qd,mul(ao, ai,az,as,bo,bi,ba, b3)

[po, qo] +— Two-Prod(ao, bo)

[p1,q1] + Two-Prod(ao, b1)

[p2, g2] + Two-Prod(ai, bo)

[p1>p27 qo} <~ Three—Sum(pl,pQ, qo)

[p3, q3] < Two-Prod(ag, b2)

[p4, q4] < Two-Prod(a1, b1)

[ps, g5] + Two-Prod(az, bo)

[p27 q1, q2] — Three_sum(p27 q1, q2)
9: [ps3,p4,ps] < Three-Sum(ps, pa, ps)

10: [p2, p3] < Two-Sum(psz, p3)

11: [pa, q1] + Two-Sum(pa, ¢1)

12: [ps,pa] < Two-Sum(ps, pa)

13: pa— @D ps ® q1 D pa

14: p3 < p3 @ (a0 ®b3) ® (a1 @ b2) @

qo D q3 D qs D gs
15: [co, ¢1, 2, ¢3] < Renormalize(po, p1, p2, p3,pa)
16: return (co,c1,c2,c3)

(a2 ®@b1) ® (a3 @bo) B

A.3.4 division

Supposing that b # 0 and by # 0. Algorithm
A.31 (A.32), qd_d_div (d_qd_div), shows the pro-
cedure for dividing a quad-double number a4q) (a
double-precision number a) by a double-precision
number b (a quad-double number b(,4)) and re-
turns the quad-double number Cqd) = Co +c1 +
co + c3.

Algorlthm A.31 qd.d.div (ao,a1,az,as,b)
Co 4 ap @ b

[to,t1] < Two-Prod(co,b)

[ro,71,72,73] < qd_dd_sub (ao, a1, az,as,to,t1)
C1 4 T0@ b

[to,t1] < Two-Prod(c1,b)

[ro, 71,72, 73] < qd_dd_sub (ro,r1,72, 73,0, t1)
Co 4—T0@ b

[to,t1] < Two-Prod(c2,b)

9: [ro,r1,72,73] + qd-dd_sub (ro,r1, 72,73, t0,t1)
10: C3 4—1T0@ b

11: [co, c1, 2, c3] < Renormalize2(co, c1, 2, c3)
12: return (co,c1,c2,c3)
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Algorlthm A.32 d_qd.div (a,bo, b1, bz, b3)

Algorlthm A 35 qd qd _div (ao, ai,as,as, bo, b17 bg, b3)

co—aQ b()
[to, tl, tg, tg] < d,qd,mul (Co7 bo, bl, b2, bg)
[To, T1,T2, Tg} < d,qd,sub (a, to, tl, t2, ts)
C1 < T0@ b()
[to, tl, t27 tg] < d,qd,mul (Cl7 bo, b1, b2, bg)
[7"0, T1,T2, Tg} < qd,qd,sub (’r‘o, r1,72,T3, to, t1,t2, t3)
Cy —T0 @ b()
[to, tl, t27 tg] < d,qd,mul (027 bo, b1, b2, bg)
9: [ro,r1,72,73] + qd_qd_sub (ro,r1,7r2,73,t0,t1, t2,t3)
10: ¢3 < 10 @ bo
11: [co, c1, 2, c3] < Renormalize2(co, c1, c2, c3)
12: return (co,c1,c2,c3)

co < ap bo

[to, ti,ta, tg} — d,qd,rnul (Co, bo, bl, bQ, bg)

[7“0, 1,72, 7‘3} < qd,qd,sub (ao7 ai,az,as, to, t1, tz, t3)
C1 4 T0@ bo

[to, ti,to, tg} — d,qd,mul (Cl, bo, bl, bQ, bg)

[’I“(]7 1,72, 7“3} < qd,qd,sub (7’0, r1,7T2,T3, to, t1, tz, t3)
Co 4—T0@ bo

[to, ti,to, tg} — d,qd,mul (CQ, bo, bl, bQ, bg)

9: [ro,r1,72,73] + qd-qd_sub (ro,r1,7r2,73,%0,t1,t2,t3)
10: Cc3 4 1T0Q@ b()

11: [co, c1, 2, c3] < Renormalize2(co, c1, 2, c3)

12: return (co,c1,c2,c3)

Supposing that by # 0. Algorithm A.33 (A.34),
qd_dd_div (dd_qd_div), shows the procedure for
dividing a quad-double number a(,q) (a double-
double number a(4q)) by a double-double number
b(qay (a quad-double number b(,q)) and returns the
quad-double number Clqd) = €0+ 1+ c2+cs.

AlgOI’lthm A.33 qd_dd_div (ao, a1, az,as, bo,b1)
co < ap © bo

[to7 tl] < d_dd_mul (Co7 bo7 b1)

[ro, 71,72, 73] < qd_dd_sub (ao, a1, az, as,to,t1)
c1<100b

[to7 tl] < d_dd_mul (Cl7 bo7 b1)

[ro,71,72,73] < qd_dd_sub (ro, 71, 72,73, t0,t1)
Co4—T1T00b

[to7 tl] < d_dd_mul (62, bo7 b1)

9: [ro,71,72,73] < qd_dd_sub (ro,r1,7r2,73,t0, t1)
10: c3 +10Qb

11: [co, €1, 2, c3] < Renormalize2(co, c1, ¢2, ¢3)

12: return (co,c1,c2,c3)

Algorlthm A 34 dd qd div (CL(), ai, bo, bl, bz, bg)

Co < ap @ b()

[to, tl, tg, tg] < d,qd,mul (Co7 bo, b1, b2, bg)
[TO,Tl,T2,T3} < dd,qd,sub (ao,ahto,tl,tz,t:g)

C1 < T0@ b()

[to, tl, t27 tg] < d,qd,mul (Cl7 bo, b1, b2, bg)

[7"0, T1,T2, Tg} < qd,qd,sub (’r‘o, r1,72,T3, to, t1,t2, t3)
Cy —T0 @ b()

[to, tl, t27 tg] — d,qd,mul (027 bo, b1, b2, bg)

9: [ro,r1,72,73] + qd_qd_sub (ro,r1,7r2,73,t0,t1, t2,t3)
10: C3 4 T0@ b()

11: [co, c1, 2, c3] < Renormalize2(co, c1, c2, c3)

12: return (co,c1,c2,c3)

Supposing that by £ 0. Algorithm A.35, qd_qd_
div, shows the procedure for dividing a quad-double
number a(4q) by a quad-double number b, and
returns the quad-double number ¢(,q) = co +¢1 +
co + c3.

Table 13 shows the number of double precision

arithmetic operations for quad-double arithmetic.
One quad-double arithmetic operation needs tens
or hundreds of double-precision operations, then
the computation time may require hundreds times

greater than double-precision arithmetic.

A.4 The other algorithms for QD

Algorithm A.36, qd_sqr, shows the procedure
for squaring a quad-double number a(,q) and re-
turns the quad-double number c(,q) = co + 1 +
Cc2 + C3.

Algorithm A.36 qd.sqr (ao,a1,az,as)

1: [po, qo] + Two-Sqr(ap)

2: [p1,q1] « Two-Prod(ao,a1)

3: pL < p1 % 2.0

4: q1+—q1 ®2.0

5: [p2, q2] + Two-Prod(ao, az)

6: P2 < p2 @ 2.0

T q2 < g2 ® 2.0

8: [ps, 3] + Two-Sqr(a1)

9: [p1,qo] < Two-sum(p1, qo)

10: [qo, q1] < Two-sum(qo, q1)

11: [p2,p3] < Two-sum(p2, p3)

12: [so, to] <= Two-Sum(qo, p2)

13: [s1,t1] < TWO-Sum(ql,pg)

14: [s1,to] < Two-Sum(s,to)

15: to+—to Bt

16: [s1,to] < Fast-Two-Sum(s1,to)
17: [p2,to] + Fast-Two-Sum(so, 1)
18: [ps3, qo] < Fast-Two-Sum(¢1, to)
19: ps < 2.0® ao ®as
20: ps +—2.0® a1 ® az
21: [p4, ps] + Two-Sum(pa, ps)

22: |g2,q3] + Two-Sum(qz, g3)

23: [to,t1] + Two-Sum(pa, g2)

24: t1 +—t1 B ps P g3

25: [ps, pa] + Two-Sum(ps, to)

26: pa < pa B qo D t1

27: [co, c1,c2, c3] < Renormalize(po, p1, p2, p3, pa)
28: return (co,c1,c2,c3)
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Table 13: Number of double precision arithmetic operations for quad-double arithmetic

Algorithm ®,c ® © | Total

Addition | qd.d_add 52 0 O 52
qd_dd_add 71 0 0 71

qd_qd-add 91 0 O 91
Subtraction | qd_d_sub, d_qd_sub 52 0 O 52
qd_dd_sub, dd_qd_sub 71 0 O 71

qd_qd_sub 91 0 0 91
Multiplication | qd-d-mul 9% 22 0 118
qd-dd_mul 154 35 O 189

qd_gd_mul 171 46 0 217

Division | qd_d_div 261 21 4 286
d_qd_div 540 66 4 610

qd_dd_div 273 24 4 301

dd_qd_div 569 66 4 639

qd_qd_div 579 66 4 649

Supposing that n is a power of 2. Algorithm
A.37, mul_pwr_dd, shows the procedure for multi-
plying each component of double-double number
by n.

Supposing that n is an integer. Algorithm A.39
shows the procedure for computing an n-th power
of a quad-double number a(,q) and returns the
quad-double number.

Algorithm A.37 mul_pwr_dd (ao,ai,n)
1: bp+—ap®n

2: b1 —a1@n

3: return (bo, b1)

Supposing that n is a power of 2. Algorithm
A.38, mul_pwr_qd, shows the procedure for mul-
tiplying each component of quad-double number
by n.

Algorithm A.38 mul_pwr_qd (ao, a1, az,as,n)
tbgp+—ag®@n

bi+—a1®n

by <—as®@n

bz «—— a3 ®@n

return (bo, b1, b2, bs)

Algorithm A.39 qd_pow (ao,a1,az,as3,n) : Assume
that n > 0

1: if n =0 then

return 1.0
end if
if n =1 then
return (ao,a1,az,as)

end if
ro < Qo
r1 4 Qa1

9: T <— Qa2

10: r3 + a3

11: so < 1.0

12: N+ n

13: while N > 0 do

14: if NV is odd then

15: [80,81,82,83}

+ qd_qd_mul(so, 51, 82, 83,70, 71,72, 73)

16: end if

17: N+ N2

18: if N > 0 then

19: [T07T17T27T3]<—qd,sq1‘ (T07T17T27T3)
20: end if
21: end while
22: return (ro,71,72,73)
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Appendix B :

Algorithms for Sparse Matrix Arith-

metics

In this section, we describe the algorithms for
sparse matrix arithmetics with CCS format based
on Davis [2].

B.1 Addition

Let A be a m X n sparse matrix and B and C
be m x n dense matrices, and C be the result of
the addition of A and B. Let Ap, Ai and Az de-
note column pointer, row index and value vectors
with CCS format, respectively. Algorithm B.1,
sparse_dense_add, shows the procedure for adding
A to B.

Algorithm B.1 sparse_dense_add (A, B)

1: C+ B

2: for j =1 ton do

3:  for p=Ap(j) to Ap(j +1) — 1 do
4 C(Ai(p), ) « An(p) + B(Ai(p),j)
5: end for

6: end for

Let A, B and C be m X n sparse matrices and
C store the result of the addition of A and B.
Let Ap, Bp and Cp denote column pointer vec-
tors, Ai, Bi and Ci be row index vectors, and
Az, Bx and Cx denote value vectors of A, B and
C with CCS format, respectively. Algorithm B.2,
sparse_sparse_add, shows the procedure for adding
A to B.

Algorithm B.2 sparse_sparse_add (4, B)
1: nz+0; w+(0,0,...,0); y<«(0,0,...,0)
2: for j =1 tondo

3 COp(j)+nz+1

4:  for p= Ap(j) to Ap(j +1) — 1 do
5: i < Ai(p)

6: if w(i) < j+1 then

7: w(i) +—j+1

8: Ci(nz++) «—i+1
0. y(i) < A(p)

10: end if

11: end for

12:  for p = Bp(j) to Bp(j +1) — 1 do
13: i « Bi(p)

14: if w(i) < j+1 then

15: w(i) «j+1

16: Cilnz++4) +i+1
17: y(2) < Bz(p)

18: else

19: y(i) < y(i) + Bx(p)
20: end if
21:  end for
22:  for p=Cp(j) to nz — 1 do
23: Cz(p) < y(Ci(p))
24:  end for
25: end for

26: Cp(n) < nz+1

B.2 Multiplication

Let A be a m xn sparse matrix and B be alxn
dense matrix and C' be a m xn dense matrix which
stores the result of the multiplication of A by B.
Let Ap, Ai and Axz denote column pointer, row
index and value vectors with CCS format, respec-
tively. Algorithm B.3, sparse_dense_mul, shows
the procedure for multiplying A by B.

Algorithm B.3 sparse_dense_mul (A, B)

1: for k=1ton do
2: for j=1tol do

3: for i = Ap(j) to Ap(j +1) — 1 do

4: C(Ai(3), k) + C(Ai(i), k) + Az(i) * B(j, k)
5: end for

6: end for

7: end for
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Let A be a m x [ sparse matrix, B be a [ x n
sparse matrix and C' be a m X n sparse matrix
which stores the result of the multiplication of A
by B. Let Ap, Bp and Cp denote column pointer
vectors, Ai, Bi and Ci denote row index vectors,
and Az, Bz and C'x denote value vectors of A, B
and C with CCS format, respectively. Algorithm
B.4, sparse_sparse_mul, shows the procedure for
multiplying A by B.

Algorithm B.4 sparse_sparse mul (4, B)

1: nz+0; w+«(0,0,...,0); y+« (0,0,...,0)
2: for j =1tondo
3: Cp(j)+nz+1

4:  for p= Bp(j) to Bp(j +1) — 1 do
5: for ¢ = Ap(Bi(p)) to Ap(Bi(p)) — 1 do
6: i+ Ai(p)
T if w(i) < j+1 then
8: w(i) « j+1
9: Cilnz++4) +i+1
10: y(1) + Bx(p) * Az(q)
11: else
12: y(i) « y(i) + Ba(p) * Az(q)
13: end if
14: end for
15:  end for
16:  for p = Cp(j) to nz do
17: Cz(p) < y(Ci(p))
18:  end for
19: end for

20: Cp(n) < nz+1
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