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Asymptotic Deficiency of the Estimator
of a Parameter of an Autoregressive Process
with the Missing Observation

Masafumi AKAHIRA*

Abstract

Let { X; } be defined by X; = 60X, + U; (1 =1, 2, ...), where { Uy }is a sequence of inde-
pendently, identically and normally distributed random variables with mean O and variance 1
and X, is a normal random variable with mean 0 and variance 1/(1-62) and for each ¢ X is
independent of U;. We assume that |6 [< 1 and consider the maximum likelihood estimator
(MLE) of 6 based on the sample (X, X;, ..., X7_1,X7+]) in which X7 is missing. It is shown
that the bias-adjusted MLE is second order asymptotically efficient. When in the above auto-
regressive process we assume that X, = 0, the asymptotic deficiency of the MLE is given.

1. Introduction.

In the first order autoregressive (AR) processes the first order and the second order as-
ymptotic efficiency of the MLE was discussed by Akahira [1], [2}, [3], [4]. The first order
asymptotic efficiency was extended by Kabaila [9] to an autoregressive moving average
(ARMA) process when the innovations are not necessarily Gaussian and the second order
asymptotic efficiency was done by Taniguchi [11] to a Gaussian ARMA process.

In this paper we consider an AR process {X,} whichis defined by X; =6X,_; + U,(t=
1, 2, ...), where {Ur} is a sequence of independently, identically any normally distributed
random variables with mean O and variance 1 and X, is a normal random variable with mean O
and variance 1/(1-62) and for each ¢ X, is independent of U;. We assume |6 | < 1. We con-
sider the MLE based on the sample (X, Xy, ..., X7—1, X7+1) in which X7 is missing. We shall
show that the bias-adjusted MLE is second order asymptotically efficient. Further we assume
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~
that X, = 0 in the AR process. We shall obtain the asymptotic deficiency of the MLE 8y,
. N1 N AT+1
based on the sample (X, ... , X7_1, X7+1) with respect to the MLEs 6 71:41} ’6M€ and 6;}2
based on the samples (X, ... , Xp—1),(X1, ..., X7) and (Xy, ..., X741), respectively.

2. Definitions.

Let (¥,8) be a sample space and ® be a parameter space, which is assumed to be an open
set in a Euclidean 1-space R'. We shall denote by (¥(T), B(T)) the T-fold direct products of
(%, B). For each T'= 1, 2, ..., the points of (7) will be denoted by X 7 = (x;> - X7). We
consider a sequence of classes of probability measures {Pr, g: e ®} (T =1, 2,...) each de-
fined on (x(_T_),%v(T)) such that for each 7= 1, 2, ... and each 6 ¢ ® the following holds:

Pr,9(B(T) = Pr.y (B(TxX)

for all B(T)eB(D). N , R

An estimator of 8 is defined to be a sequence {67 ) of B(T)-measurable functions 67. For
simplicity we may denote an estimator 8 instead of { GT}/\ For an increasing sequence of posi-
tive numbers {cp} (cy tending to infinity) an estimator 6 is called consistent with order {cT}
(or{cT}-consistent for short) if for every § > 0 and every ®¢ ® there exist a sufficiently

small positive number § and sufficiently large positive number L satisfying the following:

lim sup PT,B{CT ‘é\T—e |_>_ L}< €.
T 0:10 - ¥]<6

-~
A{cT}-consistent estimator 6 is k-th order asymptotically median unbiased (or k-th order
AMU) if for any ¢ @ there exists a positive number § such that '

A 1
ﬁm sup CTk—llpT’(;){ei@} ~-§-]=0;
T+ 0: |0-9]< 8

lim su

A 1
p crk-11Pp g 00} ——=0.
Treo 9. lg-8l<d L 76{020} =3

For each k = 1,2, ... we denote by Ay, the class of the all k-th order AMU estimators.

We have defined a first (second) order AMU estimator 6* to be first (second) order as:
ymptotically efficient in the class A, (4,) if for any first (second) order AMU estimator ¢
and anyu > 0

lim [Pr g {cT 6% —6 | <u}—Prg{ecr [6——-9 l<u}]_>_0.
Tres

A A
(lim c7 [Pr,0{cT 16%— 0 l<u) =P o{cr 16 —0 I<u}]>0)
Tsoo

-7 -
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(e.g. see Akahira and Takeuchi [7]).
Let D be the class of estimators whose element O is best asymptotically normal and third
order AMU and may be asymptotically expanded as

G- 0= 20 00+ 0p(—m)
cr@ - 6)= — 0p(—=),
T 16) T T
where /(6) is the Fisher information, Z;(8) = O,(1), Q(8) = 0,(1) and Ey[Z 1(6)Q(9)2] =0(1)
with the notation Ey[.] of the asymptotic expectation, and the distribution of cT(f) #) ad-
mits an Edgeworth expansion. We have defined an estimator 8% in D to be third order asymp-
totically efficient in the class D if for any estimator 91 inD and any u > 0

A PN
limer?Prg{er 16*~0 l<u} —Prg{lcr10—061<u}]>0
T+eoe

In the subsequent discussion we shall deal with only the case when ¢y = +/T.

Let kT(T =1, 2, ...) be positive numbers such that d=h'me(kT—T) exists, and the esti-

mators 6T and 0y ko in the class D based on the sample sizes 7 and k 7, respectively, are asymp-

totically equivalent in the sense that asymptotic distributions of \/_(9 7—0) and VT (97»T“9)
are equal up to the order T, Then d is called the asymptotic deficiency of o kg with respect
to GT (See Hodges and Lehmann [8]) If we denote by Q and Q* the terms of the order 77"

in the stochastic expanswns of \/T(0 X——G) and \/7T(9 kp—0), respectively, we see that the as-

ymptotic deficiency d of ng w.r.t. 7 is given by I{Vy(Q*)-V4(Q) } , where [ is the Fisher
information and ¥V, designates the asymptotic variance (See Akahira [5], [6]).

3. Second order asymptotic efficiency.

Let X, (r=1,2,...) be defined recursively by

(G.1) X,=0Xe1 +U; (1= 1,2,..),

where { U; } is a sequence of independently, identically and normally distributed random
variables with mean 0 and variance 1 and X, is a normal random variable with mean 0 and var-
iance 1/(1-6%) and for each r X, is independent of U;. We assume that @ =(-1, 1), ie,
16 1< 1. Then it is easily seen that the process (3.1) is stationary.

Let 9ML be the MLFE based on the sample (Xo, X1, ..., X7). Then it is known in Akahira
[3] that the stochastic expansion of the MLE 6 ML is given by

_3_
—163—



M. Akahira

261 62 1-82 T
(3.2) \/_(HML ) =— — \(/7_' )XO N ;2,;1 Ui X1
1-6%)2 T 1 .. T
( )_} - (X?‘l'ﬁﬁ)?}il UrX¢-1
(1-6%)% 3J(0)+K(6)} T " 1
* T TE=1U1‘XI—-1) +0p(ﬁ),
where

J(6) = Eg{ 11ogL(e)}{ log L(6)}1;
B a0

)=+ Esl[(Z5 10g L(9))°]

with the likelihood function L(8) of (X, X;, ..., Xp). It is also shown that the bias-adjusted
MLE and the bias-adjusted least squares estimator are second order asymptotically efficient.
We consider the sample (X,, X;, ... ,Xp_1,Xp11) in which X7 is missing. The joint den-
sity of (Xy, Xy, ..., Xp_1, Xp4q) is given by
LO)=LO:Xg, X7, . X7_1, X741)

1 1-62 1 s o, T ,
_(27T)(T+1)/2 * l_|_62 exp {—7{(1—6 )xo + El(xt—gxt 1)

1
gE Tt - 0257 ) )]

We put L3
Zy(0)= \71*: g;logL(B);
1 92
Zx(0)= —

2
\/T, (7 108 L)~ E, [5%‘5 log L(0)]};
d
1(9) = % Eql {108 L(0))");

o* 0
IO 1 Ball e LON g L)1

—4_
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3
K ()= 5 Fo [ 1oe LO) 1)

Then it is known that the stochastic expansion of the MLE @M 1, based on the sample (Xo, X,
o, Xp_q, Xpy1)is given by

Z1(9) | Z1(6)22(6) _ 37(6) + K(6)

2,000 + op<71—;)

(e.g. see Akahira [3] and Akahira and Takeuchi {7]).

Since
dlog L 0 ] fox? 4 Tz—l 0
30 182 1162 Xo 2 X1 (Xg — 0%X-1)
6 63(2+6?%)
2
* PRCR G S SR 2Nz Xr-10
(1+62) (1+06%)
9%log L 1+ 62 1-62 2, 1-30° 5
= - - — +
262 (1_62)2 (l+82)2 =7 X5 (1+92)3 (XT'*'I XT+1xT-—])
02(6% +36%+6)
- Xy}
(1+6%)°
(azlogL)=_ r-2 _ 1-8°-¢* 1+6* _ 1-6°
9% 362 1-62 (1+6%)2(1-62) (1-06%)% (1+6%)°
We have
1 11 1
(3.4) z,(e)=—\/}_— 2 Ui +$(RT—-(1);
.
Z,(0) = - — §_2X2>—‘—1—')+0("1—)
(35) 2()— ‘\/Ft=] ( r 1_92 p\/?’
where 93(2+6%)

0
Rp=0X,%+ MQ(X;H * 2XT+1XT—J) N _(1—-!-__62—5; -1’

_5_
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0 0 20

qa = — =

1-0%  1+92  1-6%

Note that Ey (Ry) = a.
Since
Xryp=60*Xr_; +0Ur + Uryg,

we obtain

)
(36) Rp=0Xx,>+ (“““—2)—2\2(1 +02)OUr +Ur+1)X7-1 + (80U + Ur+1)?} .

By (3.3), (3.4) and (3.5) we have

37) T @ur-0)= —— T UKoy + —= Ry -a) ¥ —— (=757
. T ~6)= — 1+ — (R7-a —'sUux
ML N Y - Payr NT =1t e-1)

T-2 1 3 +K 1

1
{_\7—?‘ il (X?“ 1__02)}_ 2]5/2\/—— \/— E UtXl" 1) +0P(\/_)

where I = I1(6) = 1/(1-6%) + o(1/3/T) and-J and K denote J(8) and K(6). By (3.6) we obtain
-1
5 [( 2 UXi)Rp-a))
-1 2 -1 )
=Eq [(r=21 UeX:- 1 )Rr-0X )]+ E, [(t2=1 UrX;-1)(0 X0~ @)]

:0,

-a)]=0:

T-1 -2
Eol( Z UXep){ - = (XP-
r=1 r=1

-1
Eg[( t2=:1 UiX;_1)*(Rp-a@)] = 0.

Hence the stochastic expansion (3.7) of the MLE é\ML based on (Xq, X1, o s X711, X741)
can be essentially reduced to the case when the stochastic expansion of the MLE based on
(Xo, X1, ..., Xq) is given by (3.2).

In a similar way as in Akahira [3] we have estdblished the following:

Theorem 3.1. The bias-adjusted MLE §* (eA>) based on the sample (Xo, X1, ..., X711,
X74+1)is second order asymptotically efficient.

6
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4. Asymptotic deficiency of the estimator.

In this section we deal with the case when X = 0 in the AR process given by (3.1). Then
we shall obtain the asymptotic deficiency of the MLE based on the sample (X, ...,X7-1,
X7+1) with respect to the MLESs based on the samples (X, ... , X7-1), (X1, ... , X7)and (X,

., X1+1), respectively. By (3.2) it is shown that the bias-adjusted MLE based on the sample
(X1, ..., X7) belongs to the class D. In a similar way as the independently and identically
distributed sample case discussed in Akahira and Takeuchi [7] it is seen that the bias-adjusted
MLE is third order asymptotlcaliy efficient in the class D.

Next we consider the MLE GML based on the sample (X, ... , X7—1, X7+1). By (3.7) we
have

(4.1) T (Opgr-0) = Q op(—=) ,
\/— vt
here Z,=27,'+ 1(R '—d)
where = = Ta);
1 1 \f]‘— T
1 , 37+ K i
Q::TZI ZZ— 21'2 Zl >
h LS Uxe s 2 LS e L,
it f e -1 = — — U —
with Z, \fI"_f=1 rAt-1 2 \/F t=1( t 1_92)’
1 6 2 2
Ry’ = g (20 4 09)@Ur 4 UreXr g + 0Ur + Upan )
, )
a:
1+862

Note that Eg(R7)=a’ .

Since

3 2=_1_. 14 P Y 15y = L.
Eo(Z,°Z,7) 0(\/}_), Ee(Z'1°Z,) O(\/F)’ Ep(Z:7) O(\/E)’

EolZ,*2,*(Ry' - d)] = 0(7.;); EolZ,*Z,(Ry' - a)] = 0<\7~;);

Eo[Z)'*(Ry' - d)] = o<7;),

A
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it follows that

EolZ,0%)= 0<\/—1.T_).

Hence the bias-adjusted MLE ?*ML based on the sample (X, ... , X7_; X47) belongs to the

class D.
We consider the estimator 6 based on the sample (X, ... , X7.;) which has the stocha-
stic expansion ’

1
(4.2) \/IT(é\T 1o =ﬂ t —=0 top(—=),
\/‘ \/ ava
1, 3K .
where Q0="I—Zl Z, — P Z,

Let é\MTL be the MLE based on the sample (X, ..., X7) and GM the bias-adjusted MLE. We

L

put Sy = \/IT(é\M ~6). Then 0 7, has cumulants of the following form:
U 1
Eg(Sy)=——=+ o(—);
o(57)= 22+ o)
T 1
Vo(Sr)=1+—+0(—);
T T

1
Eg[{Sr-Eo(ST)}>] =‘\7—T’+0(’—)

Ba

ol(ST-E9(S7)}*] - 3{Ve(Sp))? =7’f0<3%‘>~

It is noted by Akahira [5] that only the terms of the order of 77 in the cumulants are essen-
tially different between the estimators 6 )T and 6 since they belong to the class D.

Also the Edgeworth expansion of the distribution of é\]ép ,, s given by

Bs 5
@3) Pro(viT @, -0) su}=¢<u)—%¢<u>—a/—;<u - 1)e(w)

- 64 3u)¢(u}——ﬁj—( 5~ 10u® + 15u) ¢ (x)
24T
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2
T+

Y

Bau 3 ,L
uqs(u)——g—f(u =3u) ¢ () + (1),

where ®(u) = f*  ¢(x)dx with ¢(x)=\/—_;~_e_x2/2'
m

Since by (4.1)
EolZi'(Ry'-d))] =

Eg[QRT'-d)]=0,

it follows by (4.1), (4.2), (4.3) and a similar way as in Akahira ([S], page 71) that the Edge-
worth expansion of the conditional distribution of 6,,, based on the sample (X, ..., X7,
Xr41) given Ry’ is obtained by

(4.4) Prat,o{VIT (Barp—0) < u IR7')

N 1 ' ] ’
=Pri1,6{VIT 071-0) <u -~ —(Ry'-d) IR7')

VIT
By L R =g = - R A
B(u \/E(RT a’)) \/Fd)( \/]—f(RT a))

63 1 ' A2 u___l_ o
‘ﬁ{@'\‘/—}—;(RT a))? -1} ¢ \ﬁT(RT a))

(u —3u) ¢(u) —-————(u 10u> + 15u) ¢(u)

—-T—Z;——f—lu d)(u)-———(u -—3u)¢)(u)+0(——~)
-0 £ ¢><u>—%(u2 1) 9lu) - 25‘; (= 3u) 9(u)

B s ___“____ _ﬁéﬁ _
B w100 4 150 ¢ ) TR 0 -2 300 o)

__1_ r_ 1 __1 r_r ___/-_l_ L
T R 0@+ 3Ry ~dFu 8 @)= 7Ry s

_ BS J_quz__ ” 63 . /_'ru 5 __1_
oir T a)u( 1)¢()+3\/I—T(RT @)u¢u)+ol).

—9_

—169—



M. Akahira

By (4.4) we have

(4.5) Pro1,o{VIT (yrp—0) <u)

= EolPra1,0{(VIT (Byy,~6) <u |R7'}]

= - £ u___@}__uz_ u)- Ba u®=3u u
D(u) \/F¢() 6\/7—“‘( 1) ¢ ) 24T( 3u) ¢ (u)
Bs* 5_1p,3 AR _ Bau _
_%(u 10u® + 15u) ¢ (u) _ZT u ¢ () or (u?® 3u) ¢ ()

1
+ 2 4.
S Bo (Rr'= ) w9 ) + o).
Since
) t O i
Eo(Xi*)=Eg|[( ?319t" Up*l= W
1= -

Eg[(0Ur + Ury1)*]=1+06%;
Egl(0Ur + Up+1)*1=3(1+06%)*,

it follows that

Ey(Ry'?) = E[(— 5 (6Ur + Ure )20+ 02)X7-y +6Ur + Upan))]

(1+9°
__6%6*+ )
(1+6%)°(1-6%)
Hence the variance of Ry is given by
(4.6) Vo(Rr')=Eg(Rr'-d')* = Eg(Rp") - a

__26%(6% +3)
(1+6%)2(1-6%)

In a similar way as in Akahira ([5], page 71) we have by (4.3)

(4.7) Proa e (VIT (637, - 0) <u)

— 10—
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=P (u)- \/—ﬁb(u) w—(z—l)ﬁb()**‘*(u = 3u) ¢ (w)

24T
2 + 4’
~%(u5 - 1043+ 15u) ¢(u)-%;ﬁ~u¢(u)
_%_(u:"— 3u)¢(u)+0(_;‘)§

(4.8) Prag o7 OTH - 0) < u)

= Q- \/—(2‘1)¢(u)‘ (@ - 3u) ¢ (u)
—7/;3; ¥ - 1063 + 150) ¢ (u) -2 ;;‘2 ()
N IO Cop
where ., =7+landr, =71
with ¥y (vI(7-1) (0%} - 0)=1+ =% ==l +o(—~)
Vo (VITT+ D@ - o) =1+ e +0(T11).

Note that the difference in the above (4.7) and (4.8) appears in the sixth terms of their i3t ht-
hand sides. It is seen by (4.3),(4.7)and (4.8) that the asymptotic deficiencies of BT 1 and 0 ”
with respect to 6]5; are equal to 1 and -1,respectively, i.e., 7.1 —7=land7,-7= -1

It follows by (4.3), (4.5), (4.7), (4.8) and Akahira [5] that the asymptotlc deﬁcxenmes of
GML based on the sample (X, ... ,Xp_q1, X74+1) Wor.t. HTA:I_Ll, 6 T and GML are given by

- Ve @RI, 1 = { Vo(Ry)/ Yand 2-{ V(R } with (4.6), respectxvely. Hence we have es-
tablished the following.

Theorem 4.1. The asymptotlc deficiencies of HM 1 based on the sample (X, ... , Xp_q,
Xp+;) with respect to QML , 0 T and BT *lare given in the table below.

— 11 —
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Estimator 8 Asymptotic deficiency of@ML w.rt §
b =0 X -
8.7 =6 (X, ... Xp) —5-("1—(5%%—22)—2
BIt =T 1 (x,, ., Xriy) (31(—1;%%22
Remark. It is seen that the loss of informations on 6 from the sample (X3, ... s Xrops

X7+1) with respect to the samples (X, ... ,.Xp_1), (X1, ... , X7) and (X1, ..., X7+1) through
the MLE are given by the asymptotic deficiencies depending on 6 in the table in Theorem 4.1,
respectively.
. . . . ~ AT-1 NG .
It is natural that the asymptotic deficiencies of 877 w.r.t. @ ML and 6, " are negative

and positive, respectively since the based sample of 8y includes that of @L’Ll and is done in
that of 6;&1. It is also seen that the asymptotic deficiency of ﬁM L w.r.t. 5}; £ Is positive if

16 | <vA/5-2 = 0.486 and negative if v/A/5-2 < 16 | < 1. The fact means that for the sample
(X1, ., Xp_), X7 is more informative than X, if 16 |<+/A/5-2 and X7 is less informa-
tive than X4 if /A/5-2 < 16 | < 1. It seems reasonable in the process (3.1) since it is better

to contract the spacing of the observations if |6 |is small and expand it if 18 |is big. Further
it may be extended to the problem on the optimum spacing of observations from a process

(op.

In a similar way as the above discussion it may be possible to obtain the asymptotic defi-
ciency of the MLE based on the sample (X, ... , X;, Xjtk, ... , X7+1) in which X1, ...,
Xi+k-1 are missing, where 7 < i < i+ k < T + ] and that of the MLE based on the sample in
which any observations except the extremes are missing.
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