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Abstract

In this paper, we consider tests of correlation when the sample size is much
lower than the dimension. We propose a new estimation methodology called
the extended cross-data-matriz methodology. By applying the method, we
give a new test statistic for high-dimensional correlations. We show that
the test statistic is asymptotically normal when p — oo and n — co. We
propose a test procedure along with sample size determination to assure both
prespecified size and power for testing high-dimensional correlations. We
further develop a multiple testing procedure to control both family wise error
rate and power. Finally, we demonstrate how the test procedures perform in
actual data analyses by using two microarray data sets.

Keywords: Cross-data-matrix methodology; Graphical modeling; HDLSS;
High-dimensional regression; Pathway analysis; Two-stage procedure.

1. Introduction

A common feature of high-dimensional data is that the data dimension
is high, however, the sample size is relatively small. This is the so-called
“HDLSS” or “large p, small n” data situation where p/n — oo; here p
is the data dimension and n is the sample size. The asymptotic studies
of this type of data are becoming increasingly relevant. In recent years,
substantial work had been done on the asymptotic behavior of eigenvalues
of the sample covariance matrix in the limit as p — oo, see Johnstone [19]
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and Paul [22] for Gaussian assumptions and Baik and Silverstein [6] for non-
Gaussian but i.i.d. assumptions. Those literatures handled the cases when p
and n increase at the same rate, i.e. p/n — ¢ > 0. The asymptotic behaviors
of high-dimensional, low-sample-size (HDLSS) data were studied by Ahn et
al. [1], Hall et al. [16], and Yata and Aoshima [31] when p — oo while n is
fixed. They explored conditions to give a geometric representation of HDLSS
data. The HDLSS asymptotic study usually assumes either the normality as
the population distribution or a p-mixing condition as the dependency of
random variables in a sphered data matrix. See Jung and Marron [20]. Yata
and Aoshima [29] succeeded in investigating the consistency properties of
both eigenvalues and eigenvectors of the sample covariance matrix in more
general settings including the case that all eigenvalues are in the range of
sphericity. In addition, Yata and Aoshima [30] created the cross-data-matriz
(CDM) methodology that provides effective inference on the eigenspace for
HDLSS data. Recently, Chen and Qin [9] gave a two-sample test for high-
dimensional data. Aoshima and Yata [2, 3] developed a variety of high-
dimensional statistical inference based on the geometric representations and
gave sample size determination to assure prespecified accuracy. In this paper,
we consider tests of correlation coefficients for high-dimensional data and give
sample size determination to assure prespecified accuracy.

Let @y (4), T2(x), ... be a sequence of i.i.d. p+ 1-variate data vectors, where
T = (€], 2500)" with @; = (21, ..., 2p;)". Having recorded @1y, ..., Tn(x)-
We assume n > 4. Here, x; has unknown mean vector, p, and unknown
covariance matrix, 3 (> O), and z;(,) has unknown mean vector, /i, and
unknown variance, 02 € (0,00). Let 8 = (u.,0%, 1, %). We denote the
covariance vector between x; and w;) by Cove(azj,xj(*)) = o. We denote
the correlation coefficient vector between x; and x;(,) by Corrg(x;, zj)) = p.
We consider testing the correlation between x; and z;(,) by

Hy:p=0 vs. Hy:p#0. (1)

The test of the correlation is a very important tool of pathway analysis or
graphical modeling for high-dimensional data. For example, Drton and Perl-
man [11] and Wille et al. [27] considered pathway analysis or graphical mod-
eling of microarray data by testing an individual correlation coefficient. On
the other hand, Hero and Rajaratnam [17] considered correlation screening
procedures for high-dimensional data by using a test of correlations. Zhong
and Chen [32] considered tests of a regression coefficient vector on linear



regression models. Aoshima and Yata [2] created a test statistic for (1) by
using the CDM methodology.

Let X =HAH T, where A is a diagonal matrix of eigenvalues, \y > --- >
Ap > 0, and H is an orthogonal matrix of corresponding eigenvectors. We
assume that limsup,_, tr(X)/p < co. Let x; = HAYz; +pu, j=1,..,n.
Then, E(z;) = 0 and Var(z;) = I,, where I, denotes the identity matrix of
dimension p. In this paper, we assume the following model:

z; = Lw; + p, (2)

where T' = (v, ...,7,) is a p x r matrix for some 7 > 0 such that TT" = %,
and w;, j = 1,...,n, are i.i.d. random vectors having E(w;) = 0 and
Var(w;) = I,. See also Bai and Saranadasa [5] and Chen and Qin [9]. Note
that the model (2) includes the case that T = HAY? and w; = z;. As for
w; = (wyj, ..., w,;)", we assume that

(A-i)  The fourth moments of w;;s are uniformly bounded, and w;;, ¢ =
1,...,r, are independent.

We assume the following assumption for 3 as necessary:
tr(X4)
tr(%?)2
Remark 1. If all A\;s are bounded, (A-ii) is trivially true. For a spiked
model such as \; = a;p* (i = 1,....m) and \; = ¢ (i = m + 1,...,p) with
positive constants a;s, ¢;s and «;s, (A-ii) is true under the conditions that
a; <1/2,i=1,...,mand m < co. See Yata and Aoshima [30] for the details
of a spiked model. For ¥ = ¢(pl"=7!") with ¢ (> 0), ¢ (> 0) and p € (0, 1),
(A-ii) holds. In addition, for the above cases, it holds that tr(X?) = O(p).

(A-ii) — 0 as p — oo.

Let

i) = CeWjs + D Gy + s, (3)
=1

where ¢, and ¢;s are constants such that ¢ + 7 ¢ = 02, and wj, is a

random variable such that E(w;,) = 0, E(w3,) = 1, and E(w;w;.) = 0 for
i = 1,..,7. Note that Y7/, ¢y, = o and Y7, cicoy] vy = ||o|?, where
|| - || denotes the Euclidean norm. Then, x; and z;u) (j = 1,...,n) are
uncorrelated when »'_, ¢y, = 0. In this paper, we assume the following
assumption for w;, as necessary:



(A-iii)  The fourth moment of w;, is bounded, and w;, and w; are inde-
pendent.

If x;(, is Gaussian, (A-i) and (A-iii) hold.

Remark 2. Let w,;1; = wj, for each j. We consider the following as-
sumption: The fourth moments of w;;, 7 = 1,...,r + 1, are bounded, and
E(wpjwy? - wZ‘;) = E(wpj) E(wyy) - E(wi‘;) forall iy # 1l #--- # 1, €
[1,7 + 1], where a;s are integers within [0, 4] such that > 7, a; < 8. See
Chen and Qin [9] and Zhong and Chen [32] for the assumption. Then, we
can claim all the results in this paper under the assumption instead of (A-i)
and (A-iii).

Throughout this paper, we write that
" (x; —x,)(x; — )T " (Tj(x) — Tngs))
Sn = ! - Sn x) — J

and s =Y (Z5() = Tnn)) (@5 — Tn) (1)

n—1 ’

j=1

where T, = n~' Y71 @; and Ty = 7' 307 x5,y When n > p, one may
consider a multiple correlation coefficient by p = (67X o /02)'/2. Then, a
test statistic of (1) is given by p = (sg(*)S;lsn(*)/Sn(*))l/Q, When @, is
Gaussian, a certain transformation of p is distributed as an F-distribution.
See, for example, Chapter 4 in Fujikoshi et al. [13]. However, in the HDLSS
context where p > n, p does not work since the inverse matrix of S,, does not
exist. Several authors considered substituting some estimators such as the
Moore-Penrose inverse matrix for S, . See Srivastave [25] for example. Yata
and Aoshima [31] applied a method called the noise-reduction methodology
to estimating 37! and compared performance of estimators of 37!. Refer to
Sections 7 and 8 of Yata and Aoshima [31]. As for a test of independence for
high-dimensional data, one may refer to Székely et al. [26] about distance
correlation.

In this paper, we provide test procedures for correlations appeared in
HDLSS data. In Section 2, we propose a new estimation method called the
extended cross-data-matriz methodology. By applying the method, we give a
new test statistic for high-dimensional correlations. We show that the test
statistic is asymptotically normal when p — oo and n — oo. In Section 3,
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we propose a test procedure along with sample size determination to assure
both prespecified size and power for testing high-dimensional correlations.
In Section 4, we develop a multiple testing procedure to control both family
wise error rate and power. Finally, in Section 5, we demonstrate how the
test procedures perform in actual data analyses by using two microarray
data sets.

2. Test of high-dimensional correlations

Throughout this paper, we consider applying the following new estimation
method called the eztended cross-data-matriz (ECDM) methodology. The
ECDM methodology is considered as an extension of the CDM methodology
developed by Yata and Aoshima [30].

2.1. Extended cross-data-matriz (ECDM) methodology

Let ngy = [n/2] and n@) = n — ng), where [z] denotes the smallest
integer > x. Now, we consider two sets V1)) and V)i (kK = 3, ...,2n—1)
such that #(Vn(l)(k)) = N, [ = 1,2, Vn(l)(k) N Vn(2)(k) = 0, Vn(l)(k) U
Vn(Q)(k) == {1, ,n} and

1€ Vn(l)(z‘+j) and j € Vn(Q)(iJr]’) for i<y (S n), (5)

where #(.S) denotes the number of elements in a set S. Then, we find the
two sets as follows:

Voo = {{Lk/?] —nay + 1., [k/2]} if |k/2] > nq,
{1, |k/2]} U{|k/2] + n@) +1,..,n} otherwise
and
Vo = {{WQJ +1, . [k/2) +ne) ) if |k/2] < ng.
{1, [k/2] =na)} U{|k/2] +1,..,n} otherwise
for k =3,...,2n — 1, where [z] denotes the largest integer < x. The ECDM

methodology is a method to provide an unbiased estimator by using V',(1)(i+)
and Vn(2)(i+j)-



Let

— -1 — —1
Tn(1)(k) = M) Z Zjs Tn(2)(k) = T(g) Z L

JGVn(1)(k) Jevn(Z)(k)

— -1 — -1

T =10 Y, e, and Taam =g Y Tiw
€V oy i€V @

fOI“lk‘ = 3, ...,2n — 1. Note that Eg{(l’i(*) — En(l*)(iﬂ-))(mi — 5,11(1)(14_]-))} =
nqy(na) — Do and Ep{ () — Tn@ai+5) (£ — Tu@)i+5))} = N (ne) —1)o
for i < j(<n). From (5), we emphasize the following facts:

(1) r; — En(l)(i—i—j) and T; — fn(?)(i—&—j) are independent;

(i) Zits) = Tn@a)(itj) ad Ty — Tp(2s)(i+5) are independent

for i < j (< n). We propose an estimator of ||o||* by

~ 2u -
Tn :—n i__n i'T '__n i+
Y ;(m T(1)(i+5) (L5 — To(@)(i+))
X (Ti(x) = Tn(1e)(i+9)) (Tj(x) — Tn@e)(i+5)) (6)

where u, = nayne)/{(nq) — 1)(ne —1)}. Then, we note that E@(fn,g) =
|lo||?. Let Var(w;) = M;, i = 1,...,7. Let 0} = (02)*. Under (A-i) to (A-iii),
from Lemma A.1 in Appendix, we have as p — oo and n — oo that

20ttr(X?)

4
5 +—(0§0‘T20‘+||o'||4
n n

Varg(fmo-) = {
+ i(Mi —2)ck(e™y)?) Hi+o(1)}. (7)

Remark 3. Another unbiased estimator of ||o||? is

()
Thoy) = () — Y Z Z — Tn(1 n+1))T($j — T (2)(n+1))
1) =1 j=n()+1

X (xz(*) - n(l*)(n+l))(xj(*) - fn(?*)(n—&-l))

that was given by Aoshima and Yata [2] when applying the CDM methodol-
ogy. Then it holds as p — oo and n — oo that Vamg.(Tn oY) = [40ttr(X?)
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/n? +4{0%6 TS0 + |lo|[ + X1, (M; — 2)c2(oT,)?} /{1 + o(1)} under (A-
i) to (A-iii). Thus the asymptotic variance of fn,a is smaller than that of
fn,a'( 4y). The ECDM methodology is not a resampling-based extension of
the CDM methodology. The ECDM methodology considers the combination
of cross data matrices so as to construct an unbiased estimator efficiently
and enjoy desirable properties in non-Gaussian situations. See Section 2.5
for the details. As for a resampling-based extension, see Aoshima and Yata
[4].

Remark 4. One can save the computational cost of fmo' by substituting
previously calculated @, ;)x)s and Ty k)s in (6). Then, the computational
cost of T, g is written by the order, O(n?p).

2.2.  Asymptotic distribution of fn,a

We assume the following extra assumption:

2 t 22
(Aciv)  limint 22V ()

— >0 as p — oo and n — oo when [|o||* # 0.
nlla]|
Then, we have the following theorem.

Theorem 2.1. Assume (A-i) to (A-iv). It holds as p — oo and n — oo that

Two — llo|?

Vareg(Th.0)

= N(0,1), (8)

where ‘=7 denotes the convergence in distribution and N(0,1) denotes a
random variable distributed as the standard normal distribution.

If one cannot assume (A-iv), we have the following result.

Corollary 2.1. Assume (A-i) and (A-iii). Assume o2/tr(%?)/(n||o||?) =
o(1). Then, it holds as p — oo and n — oo that

an’
— =1 1).
o = Lol



We emphasize that the assertion in Theorem 2.1 is still claimed under
the HDLSS setting where p/n — co. From the facts that >, (o 'yl) <

2070 < ?||a|)PA < o?|e|Ptr(EY)Y* and lim sup n||o||? /{UQtr( %)z}
< oo under (A-iv), we note that Varg(T,.o)/{20%tr(%2)/n2} = 1+ o(1) as
p — oo and n — oo under (A-i) to (A-iv). Since ¥ and o2 are unknown, it is
necessary to estimate tr(3?) and 2. By applying the ECDM methodology,
we propose an estimator of tr(Ez) by

W, o 1 Z{ —Za()(i49) (B — Bu@)i49) ) (9)

1<j

We note that Eg(W,) = tr(X?). As for the variance of W, see Section 2.5.
Then, we have the following result.

Corollary 2.2. Assume (A-i) to (A-iwv). It holds as p — oo and n — oo
that R
Tho —llo|”

Sn(*)\/ 2Wn/n

Remark 5. From (7), under (A-i) to (A-iv), it holds as p — oo and n — oo
that

= N(0,1).

Varg(fn,g-)
204tr(X?) /n?
2n{oo"So + ||lo||* + > _ (M; — 2)ci(o7,)?}
oltr(X?)

=1+ +o(1l) =1+ o(1).

Thus one may write (8) as

T, a—||0|!2

02:/2tr(3?)(1 4+ u)/n

= N(0,1),

where u = 2n{c2013o + ||o||* + Yor (M — 2)c(a7~,)%} {ottr ()},

Let us observe Corollary 2.2 in view of Remark 5. Now, we considered an
easy example such as p = 0, ¥ = (0.3|i_j|1/3), py =0,02=1,T = HAY?
and p =0 (e = =, = 0, e = 1) or p £ 0 (lol> = £ Ai/20;
cp = =cyp = +/1/20, ¢, = 1/1/2 and the other ¢;s are 0). Note that
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Figure 1: The solid lines are probability densities of A : N(0,1) and B : N(w,1+u). The

histograms of fmo-/{Sn(*)\/ZWn/n} for both the cases of p = 0 and p # 0 fit the solid
lines with increasing dimension and sample size: (a) (p,n) = (20, 10), (b) (p,n) = (100, 20),
() (p,n) = (500,40), and (d) (p,n) = (2500, 80).

r=pand ||o])> = 3P, )\ from T = HAY? We considered four cases:
(a) p = 20, n = 10, (b) p = 100, n = 20, (c) p = 500, n = 40, and
(d) p = 2500, n = 80. Fig.1 (a), (b), (c) and (d) give the histograms
of 2000 independent outcomes of T\n,a-/{Sn(*)\/QWn/n} both when p = 0
and p # 0. Here, x;, j = 1,...,n, were generated independently from a
pseudorandom normal distribution with mean vector zero and covariance
matrix X for each case of (p,n) = (20, 10), (100, 20), (500, 40) and (2500, 80).
Note that M; = 2, ¢« = 1,...,p. Independent of x;, w;,, j = 1,...,n, were
generated independently from a pseudorandom standard normal distribution.
Let w = ||o|?/(02/2tr(X?)/n). From Corollary 2.2 in view of Remark 5,
we expected that T\ng/(sn(*)\/QWn/n) is close to N(0,1) when p = 0 and
fmg/(Sn(*)\/QWn/n) is close to N(w,1 + u) when p # 0. When p = 20
and p = 100, the histograms appear different from the probability densities
especially when p # 0. However, as expected, the histograms fit well the
probability densities as p and n increase.



2.3. Test of correlations

We are interested in designing a test of (1) having size o, where a €
(0,1/2) is a prespecified constant. We test the hypothesis (1) by

A~

n,a0
- @z > ZO”
Sn)V2Wy /1

where z, is a constant such that P{N(0,1) > z,} = a. Then, we have the
following theorem.

rejecting Hy <= (10)

Theorem 2.2. Under (A-i) to (A-iv), the test by (10) has that

nllo|?
024/2tr(X?)

as p — 0o and n — oo, where ®(-) denotes the c.d.f. of N(0,1).

- za> +o(1) (11)

size=a+o(l) and power = <I><

When (A-iv) is not met, we have the following result.

Corollary 2.3. Assume (A-i) to (A-iii). Assume o2+/tr(X*)/(n]|o|]?) =
o(1) when p # 0. Then, the test by (10) has that

size=a+o(l) and power =1+ o(1)
as p — 0o and n — 00.
Remark 6. From Remark 5, one may write the power in (11) as

nllo||” __ Za

af\/Qtr(EQ)(l +u) V1ituw

>+0(1),

power = P (

where u = 2n{o20 S0 + ||o||* + S I_ (M; — 2)c2(aT,)?} /{ottr(2%)}.

2.4. Moderate sample performances

In order to study the performance of the test by (10), we used computer
simulations. We set o = 0.05. We generated ;s independently from a
pseudorandom normal distribution with mean vector zero and covariance
matrix X. Independent of x;s, we generated wj,s independently from a

pseudorandom normal distribution with zero mean and unit variance. We
considered 02 = 1, ¥ = (0.3 4"*) and T' = HAY?. Note that r = p
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Figure 2: When p = 1000 and n = 20(20)120, the size a« = 0.05 (broken line) and @ (solid
line) are displayed in the left panel. The power ®[{202tr(Z?) (1 + u)}2nl|o|? — (1 +
u)~/?2,] (broken line) and 1 — B (solid line) are displayed in the right panel.

size power

5 3 7 3 510 11 o8P
Figure 3: When p = 2° (s = 5,...,11) and n = 2[p'/?], the size a = 0.05 (broken line) and
@ (solid line) are displayed in the left panel. The power ®[{20}tr(57)(1+u)}~/2n||o | —
(1+u)~22,] (broken line) and 1 — § (solid line) are displayed in the right panel.

and [|o||?> = 37, 2\ from T = HAY?2 We considered two cases: (i)
p=0(;=--=¢ =0 ¢ =1)and (ii) p # 0 (||o]]*> = Xs/2; c5 =
\/m, Ce = \/m and the other ¢;s are 0). In Fig. 2, we set p = 1000 and
n = 20(20)120. In Fig. 3, we set p = 2° (s = 5,...,11) and n = 2[p'/?].
The findings were obtained by averaging the outcomes from 4000 (= R, say)
replications, where the first 2000 replications were generated for (i), and the
last 2000 replications were generated for (ii).

Under a fixed scenario, suppose that the rth replication ends with a test
result given by (10). We defined P, = 1 (or 0) accordingly as Hy : p =0
was falsely rejected (or not) and H; : p # 0 was falsely rejected (or not).

We defined @ = (R/2)7! ZRZ/T P, to estimate the size and 1 — f = 1 —

r

(R/2)™! Zf:R/erl P, to estimate the power. Note that the standard error
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of the simulation study was no more than 0.0112. Throughout, we observed
that the test by (10) showed good performances as described in Theorem 2.2
(or Remark 6) as p and n increase.

2.5. Comparison of estimators for tr(3?)

From Lemma A.2 in Appendix, we have as p — oo and n — oo that

ﬂ) _ (i 8tr(=) +4 307 (M — 2)(7?2%-)2)
tr(X?)/  \n2 tr(3?)2n

Var9< {1+0(1)}

under (A-i). Further, if x; is Gaussian, we have as p — oo and n —
oo that Varg{W, /tr(X*)} = [4/n? + 8tr(X*)/{tr(2?)?n}]{1 + o(1)}. Yata
28] applied the CDM methodology due to Yata and Aoshima [30] to ob-
taining an unbiased estimator of tr(X?) by t1(Sna)Sn2)), where S,q) =
(ny = D7 50 (&5 = Ty (@5 — Taynen)” and Suey = (ng) —
1)_1 z?:n(l)—&—l (a:j _En(Q)(n—‘,—l))(wj_in(Q)(n—i—l))T' Note that Eg{tr(Sn(l)Sn(2)>}
= tr(3?). Then, it holds as p — 0o and n — oo that

tr(Sn(1)Sne)
Varg< tr(X?) )
8 8tr(Z) +43 0 (M —2)(vf Zv.)°
- (ﬁ + tr(3?)2n >{1 Folb}

under (A-i). Thus the asymptotic variance of W, is smaller than that of
tr(Sy(1)Sn(2)). On the other hand, Bai and Saranadasa [5] and Srivastava [24]
considered an estimator of tr(X?) by Wi,(ps) = ¢, {tr(S2) —tr(S,)?/(n—1)}
with ¢, = (n — 2)(n + 1)/(n — 1)*> under the Gaussian assumption. They
showed that, when x; is Gaussian, it holds that Eg(W,ps)) = tr(X?) and

Vara (1) = (4 —féffm )1+ o0}

Thus the ECDM methodology is desirable in the sense that the asymp-
totic variance of W, is equivalent to that of W, s) which specializes the
Gaussian case. It should be noted that W), gg) is biased unless x; is Gaus-
sian. In addition, one cannot claim Varg{W,,ps)/tr(X*)} < oo unless the
eighth moments of each variable in w; are uniformly bounded. Contrary
to that, the proposed estimator, W, is robust in non-Gaussian situations.
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On the other hand, Zhong and Chen [32] considered an unbiased estima-
tor of tr(X%) by Waz = {n(n — )} ' X0 (@) — 2{n(n — 1)(n —
2)} ZZ&#;{ zlxjzixy, + {n(n — 1)(n - 2)(n — 3)}! Z;é#k;éz T ;T T
Note that the asymptotic variance of W,,(z) is equivalent to that of 1, under
(A-i). However, the computational cost of W,z is written by the order,
O(n*p). Contrary to that, the computational cost of W, is O(n?p) by sub-
stituting previously calculated Z,¢)x)s in (9). In conclusion, the ECDM
methodology is an efficient method to construct an unbiased estimator in
non-Gaussian situations.

3. Sample size determination to control both size and power

We are interested in designing a test of (1) having size a and power no
less than 1— 8 when ||o||?/{o2tr(2)} > Ap, where a € (0,1/2), 8 € (0,1/2)
and Ay (> 0) are prespecified constants. We note that ||a|]*/{c?tr(2)} €
0,1]. We emphasize that ||o||*/{oZtr(X)} represents a contribution of @
to x;. See Remark 8. We assume that A;, = o{\/tr(X%)/tr(X)} and
liminf, . pAp > 0.

3.1. Sample size determination
We consider n satisfying
5 otr(Z)AL o] |?

Varg(T, ) < DL oy <A
arg(Tno) < e tzs O pp(my =

under (A-i) to (A-iii). Then, one would find the sample size such as

(2a + 23) o, 20z t28)” (5 1 4
> \a T <B) S\ T <)
n > A (D) \/2tr(X )+0§3Aitr(2)2 (O'*O‘ Yo + ||o||
+ 3 (M= 2 (0Ty)?) (=Csay). (12)
i=1

We consider testing the hypothesis (1) by

S tr(Sn)ArLza

rejecting Hy <= Tn,o' >
2o+ 28

(13)

Note that C' — oo, namely, n — oo as p — oo from the fact that Ap, =
o{\/tr(X?)/tr(2)} as p — oo. Then, we have the following theorem.
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Theorem 3.1. Under (A-i) to (A-iii), the test by (12)-(13) has that

lo|”

> Ar.

limsup size <« and liminf power > 1 -  when —
oo pP—00 (O t/ln(z)

Remark 7. Note that (A-ii) implies /tr(X%)/tr(Z) — 0 as p — oo
from (A.5) in Appendix. Then, it holds as p — oo that C'/p — 0 under
limsup, . ||o|*/{o2ALtr(X)} < oo and liminf,_,. pAy > 0.

Remark 8. We consider a multivariate linear regression model such as
Y=XY+E.

Here, Y = [x1, ..., 2,7 is an n x p response matrix, X = [1, (Z1(x), ..., Tn(x)) "]
is an n x 2 fixed design matrix having 1 = (1,...,1)7, and Y is a 2 x p
parameter matrix. The n rows of E are independent and identically dis-
tributed as a p-variate distribution with mean vector zero and covariance
matrix 3. We assume that the fourth moments of each variable in E are
uniformly bounded. A squared multiple correlation coefficient is given by
R? = |[8u()|2/{Sntr(Sys)}, where 8,.), Snu and S, are defined in (4).
We assume that Sy — Jf and 8,(x) — o in probability as n — oco. Note
that tr(S,,) — tr(X) in probability as n — oco. Then, it holds as n — oo that
R?* — ||o||?/{c?tr(X)} in probability. Thus one can apply the correlation
test procedure to a test whether R? = 0 or R? # 0.

3.2. Two-stage procedure

Since C' includes unknown parameters, it is necessary to estimate C' in
(12) with some pilot samples. However, it is very difficult to estimate o7 X0
and Y., (M; — 1)c?(o7~;)?. Hence, from the fact that

i Gl(oTy)? oc'Yo
014“"(2 = o2tr(X) < MAL < (BHYHAL = ofte(2%)V2ALY

when ||o]]?/{c2tr(X)} < Ay under (A-ii), we modify C' as follows:

el

) 2 )
Ayt VA 2 o Y
(Azz:;(g)) 2tr(22) +2n(zq + 25)2 (= C,, say), (15)
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where n € [0,1] is a chosen constant. See Remark 9 for a choice of 7.
Note that C,/C — 1 as p — oo when [|o|]?/{c?tr(X)} < A under (A-
ii). We propose a two-stage test procedure in order to estimate C, assuring
the prespecified accuracy. We proceed with the following two steps:

1. Choose m (> 4) such as

4
o ¢ %tr(E) —0 as p — oo. (16)

— <1, —2< =0 and
- m? tr(X?)2

S

Note that m satisfying m/C, — ¢ € (0,1) as p — oo holds (16) under (A-
ii). Also, note that Varg{tr(S,,)/tr(X)} = o(C:!) and Varg{W,,/tr(X*)} =
o(C;") under (A-i)-(A-ii) and (16). Take pilot samples, ;) = (€] , 2j))",
j =1,...,m. Then, calculate S,, and W,, according to (4) and (9). Define
the total sample size by

N:max{m, [ (20 + 25) \/——1—27] (20 + 25) -‘} (17)

ALtl"

2. If N = m, do not take any additional samples. If N > m, take
additional samples, x;«), j = m+1,..., N. By combining the initial samples
and the additional samples, calculate Sy, Sy and T ~N.o according to (4)
and (6). Under (A-i)-(A-iii), from the fact that C'= C, — 2n(z, + 25)* when
p = 0, it holds that

{1 =29z + 25)°/Cn }ortr(B)A,
Zo + 28

Val'g(TC( ) a-) {1 + 0(1)}

when p = 0, where C(,) = [C,]. Then, test the hypothesis (1) by

{1 —2n(za + 25)*/N}Sn)tr(Sn)ALza

rejecting Hy <= fN,O’ >
Za + 28

(18)

We have the following theorem.
Theorem 3.2. Under (A-i) to (A-iii), the test by (18) with (16)-(17) has
that

2
lim size=a and liminf power>1— [ when ﬂ > Ajg.

p—+o0 p—r00 o2tr(X)
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Remark 9. When the lower bound is attained, namely ||a|]* = o?tr(X)A,
we claim from (14) that {o2tr(2)Ar /(24 + ,25)}/{\/'arg(fc(*)g)}1/2 ={1+
0(1)}Cy/C = {14 0o(1)}/{1+2(1 = n)(2a + 25)?/C(x)} — 1 under (A-i) to
(A-iii). Let ¢ = 2(zq + 23)?/Cly. Then, from Theorem 2.1 and (18), it holds
that

0o notu DAz ol
(Zoz + 25){Var9<TC(*)70')}1/2 {Varg (TC(*),U)}1/2

{1l =nC}2a — 20 — 28 ~ —23(1 +nC2a/2p) .
T 1+ (-9 tell)} = L+ (1=n)¢ {4 oll)} = =2

when ||o||? = ¢2tr(X)A,. Thus one may choose 1 such that 1+ n¢z./25 =
14 (1 —n)¢, that is n = z5/(za + 25).

Remark 10. It holds as p — oo that N/C, =1+ 0,(1) and C,/p — 0; that
is in the HDLSS situation in the sense that N/p = 0,(1).

Remark 11. One can claim that /tr(3?)/tr(2) > p~'/2, where the equality
holds only when A\; = --- = A,. For the cases in Remark 1, it holds that
Vir(EH) /tr(2) = O(p~/?). Thus for those cases, one may choose a pilot
sample size by

(2o + Zﬁ)\/ﬁ

m = max {4, {T\/ﬁ

+2n(2q + 25)2 -‘ }

Then, (16) holds under (A-ii).

Remark 12. One may choose m (> 4) such as m/C, > 1. Then, the asser-
tion in Theorem 3.2 is still claimed. However, it may cause over-sampling in
the sense that N/C, > 1 w.p.1.

3.3. Moderate sample performances

In order to study the performance of the two-stage test procedure given
by (18) with (16)-(17), we used computer simulations. We fixed A, = 5/p.
Our goal was to construct a test having size & = 0.05 and power no less than
1—4 = 0.9 when ||o||?/{c?tr(X)} > Ar. We considered a non-Gaussian case
by setting r = p, I' = HAY? and wy; = (8/10)"/2vy; in (2), where vy, i =
1,....,p (j = 1,2,...) are independently distributed as ¢-distribution with 10
degrees of freedom. Note that E(wg) = 0, E(w};) = 1, and (A-i) holds.
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Independent of v;;s, we generated v;.s independently from the pseudorandom
t-distribution with 10 degrees of freedom. We set wj, = (8/10)%v;, (j =
1,2,...) so as to satisfy (A-iii). We considered 02 = 1 and ¥ = B(pli~"")B
having p € (0,1) and

B = diag(1/0.5+1/(p+1),1/05+2/(p+ 1), ...,/0.5+p/(p + 1)).

Note that tr(%) = p. We set m = [C,/2]. We considered two choices of n
as ) = 2g/(za + 25) from Remark 9 and n = 1. We considered the following
four cases when p = 500 and 1000: (a) p = 0.3 and n = 23/(2a + 23); (b)
p=03andn=1; (¢c) p=0.5and n = 23/(24 + 23); and (d) p = 0.5 and
n =1

In Table 1, we summarized the findings obtained by averaging the out-
comes from 4000 (= R, say) replications, where the first 2000 replications
were generated for p = 0 by setting as ¢; = -+ = ¢, = 0 and ¢, = 1 in
(3), and the last 2000 replications were generated for p # 0 by setting as
cg = \/5/Ag, ¢» = /1 — ¢% and the other ¢;s are 0 (i.e., |[o]]> = 2\ = 5 and
||l ||?/{c2tr(X)} = 5/p) in (3). Here, we set g = 5 for p = 0.3 and g = 10 for
p = 0.5. Under a fixed scenario, suppose that the rth replication ends with
N = n, observations given by (17) and the test result given by (18). We de-
fined P, = 1 (or 0) accordingly as Hy : p = 0 was falsely rejected (or not) and
Hy : p # 0 was falsely rejected (or not). We defined @ = (R/2)~! Zfﬁ P, to
estimate the size and 1 — 3 = 1—(R/2)™* Zf:R/2+1 P, to estimate the power
when ||a|]?/{c?tr(2)} = A, while their estimated standard errors, s(@) and
s(B), were given by s*(@) = (R/2)"'a(1 — @) and s*(8) = (R/2)"'8(1 — B).
We also defined @ = RS2 n, and Var(n) = (R — 1)"' 2% (n, — 7).

When p = 0.3, we observed that the test by (18) with (16)-(17) pro-
vides good performances. Especially, the test having n = z3/(z4 + 23) gave
adequate performances about the target rates, « = 0.05 and g = 0.1. On
the other hand, the test having n = 1 satisfied the target rates excessively
by taking samples more than needs. When p = 0.5, we observed that the
test having n = 23/(z4 + 23) gave error rates a little upper than the target
rates. Note that, for p = 1000, tr(3*)/tr(32?)? = 0.094 when p = 0.5, while
tr(X4)/tr(3?)? = 0.011 when p = 0.3. The slightly low accuracy may be
attributed to a slow convergence in (A-ii) when p = 0.5. On the other hand,
the test having n = 1 gave good performances even when p = 0.5.
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Table 1: Required sample size, and the size and power by (18) with (16)-(17).

Cy n n—C, Var(n) «a s(@) 1-8  s(B)

When p = 500
(a) p=0.3 and n = 23/(zq + 23): m=16
31.72  32.11 0.39 4.59  0.056 0.00514 0.903 0.00663

(b) p=0.3 and n = 1: m=21
41.35 41.76 0.42 2.69 0.052 0.00494 0.982 0.00301
(c) p=0.5 and n = 23/(2a + 28): m=25
49.74 49.64 -0.1 23.64 0.064 0.00547 0.898 0.00678
(d) p=0.5 and n = 1: m=30
59.37 59.45  0.08 19.46  0.061 0.00535 0.955 0.00466

When p = 1000
(a) p=0.3 and n = 2g/(zq + 23): m=21
41.8 4237  0.57 4.67  0.059 0.00527 0.894 0.00688

(b) p=0.3 and n = 1: m=26
51.43 52.03 0.6 3.16  0.057 0.00518 0.957 0.00454
(c) p=0.5and n = z3/(2q + 23): m=34
67.93 68.02  0.09 23.0 0.06 0.00531 0.869 0.00754
(d) p=0.5 and n = 1: m=39
77.56 77.57  0.01 18.54  0.059 0.00527 0.916 0.0062
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4. Multiple testing procedures

In this section, we propose multiple testing procedures for high-dimensional
data. Suppose we have i.i.d. p+ K-variate data vectors, @) = (az;f, T1j(x)s -
,ij(*))T, Jj =1,...,n, where x; is defined in Section 1 and K is an integer >
2. Here, () has unknown mean, j;,, and unknown variance, o7, € (0, 00),
for each i (= 1,...,K). Let O = (Uis, s ks Tony ooy Oy 1, 3). We de-
note the covariance vector between x; and x;;.) by Cov@K(wj,xij(*)) = o,
(i =1,...,K). We denote the correlation coefficient vector between x; and
Tij+) by Corrg, (x;, zij0) = p; (i =1,..., K).

Let

Tij(x) = CixWijx + Zcii’wi’j + i, 1=1,..., K, (19)

i'=1

where w;/;s are defined in (3), and w;;, (i = 1,..., K) is a random variable
such that E(wi.) = 0, E(w;,,) = 1 and E(wyjwi;,) = 0 for @ = 1,..,7.
Here, ¢;, and ¢;»s are constants such that ¢, + >,_, ¢, = oZ. Note that
Y i_y CivYy = 0. We assume the following assumption for w;;, as necessary:
(A-v)  The fourth moment of w;;, is bounded, and w;j, and w; are inde-

pendent for i =1, ..., K.

We consider a multiple test of the correlation between x; and ;.. by
HOZ' pl:() VS. Hli pl#O for i = 1,...,K. (20)

Our interest is to select a set of significant correlated variables such as D =
{i| i € {1,..., K} such that p, # 0}. We apply the proposed correlation
testing procedure to the multiple test. A test procedure D maps the data
into subsets of {1, ..., K'}.

4.1. Multiple test of correlations to control family-wise error rate

We are interested in designing D such that the family-wise error rate
(FWER) is < a, i.e.
P, . (D°ND #0) < a.
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X (Zije) = Tin(1)G+0) ) (Tit(s) = Tin(26)(j+1)) (21)

n — 2
1\ Tii(x) — Tin(x
and Sm(*) = Zj_l( 9t 1 ( )) ,i1=1,.., K,
n_

where Tin(iym) = 225eV, ) 0 Tt/ 1)y Tin@a®) = 225V, 00 i)/ @),
E=3,...2n—1, and Tj(s) = Z?:1 Z;jxy/n. Then, from Corollary 2.2, under
(A-i), (A-ii) and (A-v), it holds as p — oo and n — oo that

A~

Th.o ()
Szn(*) V 2Wn/n

Here, from Bonferroni’s method, we test the hypotheses (20) by

= N(0,1) forie D°.

~

Tho i) -
Sm(*) V 2I/Vn/n o/k

Let D = {i| i € {1,..., K} rejecting Ho;}. Then, we have as p — oo and
n — oo that

rejecting Hy; < (22)

limsup Py, (DN D+#0)<a
under (A-i), (A-ii) and (A-v).

Remark 13. By using the asymptotic p-value given by

P=1-0 Lo ) i=1,.., K,

one may apply the Bonferroni-Holm method given by Holm [18] or the false
discovery rate (FDR) controlling procedure given by Benjamini and Hochberg
[7] and Benjamini and Yekutieli [8].

4.2. Multiple test of correlations to control both FWER and power
We consider a test of (20) having FWER < « and power

D . loll®
Pox(DED)21-f when min 57y > A,

20



where a € (0,1/2), 8 € (0,1/2) and Ay (> 0) are prespecified constants.
We assume Ap = ofy/tr(£?)/tr(X)} and liminf, .., pA;, > 0. Then, we

propose a two-stage test procedure based on the following two steps:

1. Choose m(> 4) satisfying (16). Take pilot samples ;) = (€] , Z1(), ---
. Tkje) T, j = 1,..,m. Then, calculate S,, and W,, according to (4) and
(9). Define the total sample size by

Za/K T 2
N = max {m, {( A/ftr 5/x) V2We 4 20(2a/k + ZB/K) —‘}a (23)

where 1 € [0, 1] is a chosen constant. See Remark 14 for a choice of 7.

2. If N = m, do not take any additional samples. If N > m, take
additional samples, x ), j = m+1,..., N. By combining the initial samples
and the additional samples, calculate Sy, Sin(x) and T\N,O'(z’)a 1 =1,.., K,
according to (4) and (21). Then, test the hypotheses (20) by

{1 —2n(za/x + 25/K)* /N }Sin) tr(Sn)Arza/

rejecting Hy; < T\N,O'(i) >
Za/K + 28/K

(24)
Then, we have the following theorem.

Theorem 4.1. Under (A-i), (A-ii) and (A-v), the test by (24) with (23) has

that
(i) limsup Py, (D°ND #0) <a
p—r00
2
(17) 11]1)1_1>£f Py, (D C D)>1-03 when lrénlr)l 0|Z>|ktr(||2) > Ap.

Remark 14. Note that N/p = 0,(1) under (A-i) and (A-ii) from the facts
that liminf, ,. pAr > 0 and (A.5) in Appendix. From Remark 9, one may

define 7 as n = 2g/x /(2a/Kx + 28/K)-

5. Data analysis

In this section, we demonstrate how the test procedures perform in actual
data analyses by using two microarray data sets.
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5.1. T-cell acute lymphoblastic leukemia

We analyzed gene expression data of T-cell acute lymphoblastic leukemia
(T-ALL) given by Chiaretti et al. [10] in which the data set consists of
12625 genes and 33 (= n) samples. Note that the expression measures were
obtained by using the three-step robust multichip average (RMA) prepro-
cessing method. Refer to Pollard et al. [23] as well for the details.

Chiaretti et al. [10] identified 3 predictive genes, TTK, AHNAK and
CD2, to distinguish the patients according to disease outcomes. On the other
hand, Gottardo et al. [15] identified 3 predictive genes, NOTCH2, BTG3 and
CFLAR. We denoted these 6 predictive genes, (IT'TK, AHNAK,CD?2,
NOTCH2,BTG3,CFLAR), by ), ¢ = 1,..., K(= 6). We denoted the
remaining 12619 (= p) genes by x;. We considered a multiple testing to see
whether the predictive genes have a significant influence of the other genes’
expression or not. Let v = 0.05. Our goal was to find variables i’s having
p; # 0 with respect to FWER given by

Py, (DN D # 0) < 0.05.

We applied the multiple test given by (22). According to (21), we cal-
culated T, oy = 170.92 (TTK), Tho@) = 60.33 (AHNAK), T, @) =
44.74 (CD2), Thow = 1.03 (NOTCH2), Tho;) = 14.24 (BTG3) and
fng(@ = 5.24 (CFLAR) by using the data set with n = 33. With the help
of the multiple test given by (22) with z,/x = 2.394, we selected a set of

significant genes by R
D =1{1,2,3,6},

guaranteeing the FWER. The selected 4 genes were (IT'TK, AHNAK,CD2,
CFLAR). We observed that three predictive genes given by Chiaretti et al.
[10] and one predictive gene given by Gottardo et al. [15] have a significant
influence of the other genes’ expression. On the other hand, the remaining
two predictive genes given by Gottardo et al. were considered to be unrelated
to the other genes’ expression. Those 2 predictive genes, (NOTCH2, BTG3),
may distinguish the patients according to disease outcomes without a influ-
ence of the other genes’ expression.

5.2. Arabidopsis thaliana

We analyzed gene expression data of Arabidopsis thaliana given by Wille
et al. [27] in which the data set consists of 118 samples having 39 (= K)
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isoprenoid genes and 795 (= p) additional genes. All data were logarithmic
transformed and denoted by z;;.), @ = 1, ..., K, for the isoprenoid genes and
by x; for the additional genes. Wille et al. [27] considered a genetic network
between the two gene sets. We considered a multiple testing to select a
significant set of associated genes from among isoprenoid genes. Specifically,
we were interested in finding the interplay between x; and each x;;.). Let
a =0.05 8=0.1and Ay = 0.1. Our goal was to find variables i’s having
p; # 0 with FWER given by Py, (D°N D # @) < 0.05 and power given by
Py, (D C D) > 0.9 when min,_p ||o|[?/{o%tr(2)} > 0.1. We applied the
two-stage test procedure given by (24) with (23) to the inference. We set
N = 28/39/(%a30 + 28/39) from Remark 14. From Remark 11, we calculated
the pilot sample size as

m = max {4, {(Za/gg i 26/39)\/5
0.1y/p

So, we took the first 36 samples as a pilot sample. We calculated tr(S,,) =
440 and W,,, = 13935 according to (4) and (9), respectively. Then, from (23),
we had the total sample size as

+ 2z5/39(za/39 + 25/39)W } = 36.

/39 + 2
N = max{m, [(Z /i(’>)91 Xzi/j(g))\/_ 13935 + 225/39(204/39 + 25/39)—‘} = 55.

Thus we took the next 19 (= 55 — 36) samples. Then, we calculated fN,a'(i)a
Sy and Sy, @ = 1,...,39, according to (4) and (21). By using the multiple
test given by (24), we selected a set of significant genes by

D ={1,..,39} \ {6,7,13,14,15,16,17,20},

guaranteeing both the FWER and the power. Thus we selected 31 isoprenoid
genes. We considered a high-dimensional linear regression model:

Y = XY+ E,

where Y is an n X p response matrix, X is an n x K’ fixed design matrix,
and T is a K’ x p parameter matrix. The n rows of E are independent
and identically distributed as a p-variate distribution with mean vector zero.
When K’ = 2, see Remark 8. Let x4, ..., Zj314), be the jth sample of

the 31 selected isoprenoid genes in D. Let i) = (1,210 Tia10) s
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j=1,...n Weset Y =[xy, ..., xz,]" and X = [z(1), ..., x(y|" with K’ = 32.
We noted that the standard elements of Y are path coefficients from the
isoprenoid genes to the additional genes. By using the observed samples of
size n = 55 as a training data set, we obtained the least squared estimator
of Y by ¥ = (XTX)'XTY. We investigated prediction accuracy of the
regression with X by using the remaining samples of size 63 (=118 — 55) as
a test data set. We denoted the test samples by x4 (1 = 1,...,31) and x;,
Jj = 56,...,118. We considered the prediction mean squared error (PMSE)
by E(||lx; — ’YT:I;(]-)HQ\?). By using the test samples z;i,) (i = 1,...,31)
and x;, j = 56, ..., 118, we applied the bias-corrected and accelerated (BCa)
bootstrap by Efron [12]. Then, we constructed 95% confidence interval (CI)
of the PMSE by [704.2,955.5] from 10000 replications. We also calculated
the sample mean of the PMSE by 809.5.

On the other hand, we considered the PMSE for the full isoprenoid
genes by E(||z; — 'Y'?wf(j)]]ﬂ?f), where ?f = (X7X,)'X]Y with X, =
[a:f(l), ...,ZBf(55)]T and Lf(5) = (1,J}1j(*), ...,1’39]'(*)>T, j = 1, eiey 55. Then, sim-
ilarly to above, we constructed 95% CI of the PMSE by [897.9,1217.8]. We
also calculated the sample mean of the PMSE by 1033.4. The PMSE of
the selected isoprenoid genes in D is probably smaller than that of the full
isoprenoid genes. We conclude that the multiple test procedure effectively
works for selecting a set of significant genes.

Appendix A.

Throughout, we write that xo; = @; — W, Toj) = Tje) — My Yo =
D i CiYirWigWirg + € Y1 Ywigwy, for each j, k = oftr(X)AL and A =
oY + oo’ =23 ;yy]. Note that Varg(y,;) = A under (A-i) and
(A-iii).

Lemma A.1. Assume (A-i) to (A-iii). Then, we have as p — oo and

n — oo that
Varg(j—\’n,o’)
200tr(3%) 4, , o L e ,
= (P o Lot So el Y0 - 20T ) (o)
= 2 " ~
Lo — ol = nn—1) ZyoTiyoj + 0, Varg(T,o)"*}  under (A-iv).

1<J
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Proof of Lemma A.1. We have that @o;z;.) — yoj + i cvi(wy; — 1),

Here, we note that Z” 2 (yiv)? < ol ZZ LISy < 02X 19)1/2
x(37_, 4] E'Yz ~] 271)1/2 < oltr(EYY2 from the facts that Y1, ¢t < o?
and >0, ! ISy ATy, < PR sy, = tr(24) Then, it holds under
(A-i) and (A-iii) that

Varg{ Y7, Cz"Yz-T(wfj — 1) (@oj oy — 0) }
=O0{Y_, V(0?2 + o0T)y,} = o{cttr(Z?)} + O{c2c"Sa} (A1)

for j # j'. Let Yii) = (:L‘i(*) —fn(l*)(iﬂ))(a:i—En(l)(iﬂ-)) —n@%(n(l) — 1)0’ and

Yoi) = (Tje) = Tnee)i4)(T5 = Bu2)(itg) — Mgy (N2) — 1)o for i < j (< ).
Then, we can write that

Tho — |lo| > =2u,{n(n — 1)} Z?q [yﬂ(j)yzj(i)
+ 0 {yup (e — 1)/n@ + Yym(nay — 1)/nw}]. (A2)
Here, it holds from (A.1) that
Vafe(yﬂ(j)yzj(i)) = tr(AQ){l +o(1)}
= o tr(Z2){1 + o(1)} + O(cl0" Zo + ||o|*);
Var@(uny{i(j)ij(i) - yoszOj) = O{tr(AQ)}§
Varg(o"yy,()) = {020" So + [|o||* + i, (M; — 2)c2 (0™ y:)2H1 + o(1)}

for i < j. Then, from (A.1)-(A.2), we have that
Varg(fn, ) = [2n%0ttr(E?) + 4n oo o
+lol[* + X (M = 2)ci(07;)* {1 + o(1)}
under (A-i) to (A-iii), and
Tho —|lo|)* = 2{n(n — 1)} > i YoiYo; 0p{Varg(T,,0r)"/?}
under (A-i) to (A-iv). It concludes the results. O

Lemma A.2. Under (A-i), we have asp — oo and n — oo that Vareg(W,,) =
[4An=2er(2%)? + 8n~H{tn(B%) + 30, (M; — 2) (v 2,)?/2H{1 + o(1)}-
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Proof of Lemma A.2. By noting that Y77 (v v,7]7v:)* < Yoy (vi 2v,)?
tr(24), we have that Varg{tr({(x;—p)(x;—p)—ZH(z;—p)(z;—p)—X})}
2tr(X ) + O{tf(z4)} (i # j) and Varg{tr({(z; — p)(x; — ) %)}
2tr(XY) + Y0 (M; — 2)(vF'2%4,)%. Thus in a way similar to the proof o
Lemma A.1, we can conclude the result.

A

Oe

Lemma A.3. Under (A-i) to (A-iv), we have as p — oo and n — oo that
Eo{(y4:y0;)* Weryo;)*} = O{tr(ci%?)?} for i i # j.

Proof of Lemma A.3. Let B = 02X + oo’. Let ¢, = ¢, and Wyi1j = Wi
for each j. We first consider the case when i = ¢’ # j. Then, we write that

T r+1 r4+1
(yoTiij)2 = Zk,k’(Zlil(;ék) Clwli)(zs;(;sk') Cswsi)V;}FijyoTj’Yk'wkiwk’i-

Let E(w)) = My; for i = 1,...,7+ 1. Note that |Ms;| < {E(w};)E(w?)}? <
oo under (A-i) and (A-iii) from Schwarz’s inequality. Also note that

ZZ,Z |Ck0l')’;‘<;ry0jyoTj’Yz| < {Zklckcl }1/2{Zkz(7k yog) (yoTj71)2}1/2 < ycj)}Byoﬁ
Vo2 S e Fyoyivel < {ulByoo? (yve) 1 <yl Byy;

Vi YosYo; Vil < VYo Yo, Ve + VirYoYo Y

w.p.1 and 37 [¢}| < (62)%2. Then, we can evaluate that

r 1
- Zk 1(£0) Zk/ 1(#£k0) G Ck'|7k'yojyoj’)’k7k yo]yog’YkE(wkg)E(wg'j”
< “1/2 Zk:l(ijBij + U*')’k ijy0j7k> *’)’k yoj‘yof)’k < ’il(ijBijy;
r—+1
+ Zk 1(£0) Zk/ 1(£k,0) ’Cl CkYp yojyoj’Yk/’Yk'yo]yog'Yk'E(wk' )E(w%)|
< /nyojBij D k1 T2V Yo Yo Ve < F2(yi; BYo;)?;
>l 22:1(;&1) 22/21(¢k71) |ClCiCkf’nyijoTﬂﬁf/ijyoTﬂk/E(wij)E(w%j)|
< H3y%}By0j ZL:1 UE'YZ/?JO]‘?J&’YM < fﬁs(yg;‘Byo]‘)Q
w.p.1 for some positive constants k1, k9 and k3. Then, it holds that
EO{(y(jJ;yog')ﬂij} < H(y?Byj)2

w.p.1 for some positive constant k. Hence, we have that

Eo{(y0;90;)"} = EolEo{ (W&iyo;) 190} < Eo{r(y] By;)*} = O{tr(Bz()ji}'>
3
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Next, we consider the case when i # ¢ # j. We have from (A.3) that
EG{(yg;ij>2(y%;’y0j>2} < [Ee{(yg;ij)4}E0{(y(j);'y()j)4}]l/2 = O{tr(B2)2}.
Under (A-ii) and (A-iv), it holds that tr(B?)/tr(c2%?) — 1 as p — co. Thus
it concludes the result. O

Proof of Theorem 2.1. Let yj, = 2{n(n — 1)} 37—} YiiYo, for j=2,...n
Note that >, yjn = 230 YgYo;/{n(n — 1)}. Here, we have for j =
3,...,m, that Eg(y;n|yj—1n, -, y2n) = 0. Then, we consider applying the mar-
tingale central limit theorem given by McLeish [21]. Refer to Section 2.6
in Ghosh et al. [14] for the details of the martingale central limit theo-
rem. Let 6 = > 7, Varg(yn) = 2tr(A?)/{n(n — 1)}. Then, it holds that

tr(A?)/{ottr(2?)} — 1 and Varg(T,,o)/d — 1 as p — 0o and n — oo under
(A-i) to (A-iv). Let v; = y;,/6Y2, j = 2,...,n. Let I(-) denote the indicator
function. It is necessary to check the following two conditions to apply the
martingale central limit theorem:

(i) Y, Ee{viI(v;>7)} = 0asp—ocoandn— oo for any 7> 0
(Lindeberg’s condition);

(i) D7, v =1+0,(1) as p — oo and n — oo,

As for (i), note that Eg(vj) = O{(j — 1)*/n*} from Lemma A.3. Then, by
using Chebyshev’s inequality and Schwarz’s inequality, for any 7 > 0, we
have as p — oo and n — oo that

Z] zEe{v2I(v >7-)}<ZJ 2{E9 Pg(v >7_)}1/2
< 22 B 3‘/7) — O{X0,( — 1)?/n*} - 0.

As for (ii), note that

E, HU'Q_ 2(i — 1) }{U2 20— 1) H O{ (i — 1)2tr(A4)+(z' — 1)} (A4)

Cpn—DJ U nn—1) nitr(A?)2 n4

for 2 <i < j < n. Note that tr(A*)/tr(6?%X*)? — 0 under (A-ii) and (A-iv).
Then, from (A.4) and Eg(vj) = O{(j — 1)?/n"}, we have as p — oo and
n — oo that

Varg(327_, v7) = O(n™) + O{tr(A") /tr(A?)?} = 0
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under (A-i) to (A-iv). Now, with the help of the martingale central limit
theorem, under (A-i) to (A-iv), we have from Lemma A.1 that

Varg(T,.0)™*(Tho — |lo|?) = X1y 0+ 0,(1) = N(0,1)
as p — oo and n — oo. It concludes the result. O
Proof of Corollary 2.1. We have under o2tr(X*)'/2/(n||a||?) — 0 that

S AE(oTy,)? < olo’Yo < o2\ < o2tr(X*)1/?

=1 "1

=o(1).

Thus by noting tr(X?%)/tr(X%*)? < 1, from the proof of Lemma A.1, we have

~

that Varg(T,.a/||o][?) — 0 under (A-i) and (A-iii) without (A-ii). Hence,
from Chebyshev’s inequality, it concludes the results. O]

nllell* 7 allellt T oallell? T alle|?

Proof of Corollary 2.2. We have as p — oo and n — oo that

W tr(3%)

Vare)(m) — 02+ 0(—tr<22)2n

Then, from Chebyshev’s inequality, it holds that W, /tr(£?) = 1+ 0,(1) and
Spx) = 02 + 0,(1). Hence, from Theorem 2.1, we obtain that

> — 0 and Val“g(Sn(*)) — 0.

Tho —lloll> _ Tuo — o
’ =M +0,(1) = N(0,1).
Sn(*) V 2Wn/n 0'3\/ 2tr(22)/n P( ) ( )
It concludes the result. O

Proof of Theorem 2.2. We first consider the case when p = 0. From Corol-
lary 2.2, we have that size= Po{T, o /(SnwV2Wn/n) > 2.} = a + o(1).
Next, we consider the case when p # 0. From Corollary 2.2, we have that

power = Po{N(0,1) > zo — (Sn)V/2Wa) 'n||o|]*} + o(1)
= ¢ {(a2{20e(Z*)}*) "'l |o||* — 2o} + o(1).
It concludes the results. O
Proof of Corollary 2.3. From Corollary 2.1, we have that
Too _ za0?\/2t(Z%)
lol? = allolP

It concludes the results. O

power = P9< {1+ op(1)}) = Py{l > 0,(1)} = 1.
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Proof of Theorem 3.1. We first consider the case when p = 0. We have from

(12) that (02y/2tr(X%)/n)/{k/(za + 25)} < 1. Then, from the facts that
Sy = 02+ 0,(1) and tr(S,,)/tr(X) = 1+ 0,(1), it holds as p — oo that

- Sn*t SnA «
size = Py (T > (TS ALz

< Py(N(0,1) > 2z, 1) —
) SRVO.D > ) +o) —a
by using Theorem 2.1. Next, we consider the case when ||o||> > k. By
noting that (A-iv) holds when liminf, ,. x/[|o][* > 0 and liminf C'//n > 0,
from Theorem 2.1, it holds as p — oo that

- Sn * t Sn A «
power = Py (Tn,O' > (%) I'( ) L% )
Za + 28

_p (fma el (B 4 0,1} At = et 2l
0 T _\1/2 T \1/2
Varg(T,.0) Varg(T),.0)'%(20 + 25)
> Pp(N(0,1) > —z5) +o(1) > 1 -3

when liminf C/n > 0 and liminf /||e||* > 0. When C/n — 0 or x/||o||* —
0 as p — oo, from the fact that

Varg(T,.o) = O{(kC/n)’} + O{||o|[*(+C/n)} + o||o||*) = o(||o||*),
it holds as p — oo that

. S tr(Sn)ALzg T, S tr(S,)AL 20
power:P9<Tn,o-> ()r( >Lz>:po<‘ 7U> ()r( )LZ>

Zo t+ 28 o>~ (20 + 28)||o|[?
ya
>P<1 1) > _~° )—>1.
> Po(1+0y(1) Zo + 25

Thus we have that power > 1 — 8 + o(1) when ||o|]*/{c?tr(2)} > A, Tt
concludes the results. O

Lemma A.4. Let

N
~ 2
T — —E T 0 (L0

Assume (A-i) to (A-iii). Assume also that limsup, . ||o|]*/k < co. For
the two-stage procedure given by (16)-(17), it holds as p — oo that

Tno — ||o|?

02/2tr(X%) /N

= N(0,1).
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Proof of Lemma A.4. By using Chebyshev’s inequality, from Lemma A.2, for
any 7 > 0, it holds as p — oo that Py{|W,, — tr(X?)| > Ttr(EQ)/C’*l/2} -0
under (A-i)-(A-ii) and (16). Thus we have W,,, = tr(X?) + o, {tr(Z )/01/2}
Here by using Hélder’s inequality, we also have that tr(X*) = Y A2 <
(P MDY A)¥3. Then it holds that

tr(X?)/tr(X)* < tr(X4) /tr(X?)2. (A.5)
Thus it follows under (A-i)-(A-ii) and (16) that
Po{|tr(S,n) — tr(T)| > 7tx(XT) /CY2} = O{(C, /m)tr(E?) /tr(X)?} — 0.

Then, we have tr(S,,) = tr(X) + o, {tr(XZ )/01/2} Let Y = (2o + 23)V2W,,
J{ALtr(S,)} + 2n(24 + 25)%. Then, by noting that Y/C, = 1 + op(C'_l/z)
and m/C, < 1, we have that [N — C,| = op(Cl/Q). Then, we write that

IN —C,| = p(wC’*l/ ), where w is a variable such that w — 0 as p — 0.
Let Cp, = [C, — (wC,)Y?| and Cpy = [C, + (wC,)Y?]. Tt holds as p — oo
that C, < N < Cpy w.p.1. Let u; = x¢;()To;. Now, we write that

C N Cr, N
To=Y xS Syt X wveyy 49
NG LaN(N ) NN -—1) ‘"
1<j =Cr+1 i= i#j(>CL)

Note that ”Zo < ||o||?\1 < ||o|*tr(X?)Y/2. Then, by using Chebyshev’s
inequality and Schwarz’s inequality, for any 7 > 0, we have that

Po(| e, 11 2o (ulwy — |l 2)/C2] > )
< Po( X570, 1 | Tk (ulw; — ||o|[?)/C2| > 7r) + o(1)

= O{wottr(X?)/(C2x*) } + O{w(c?e"So + ||o| ") /(C2K*) } + o(1) — 0
(A7)

under (A-i) to (A-iii) and limsup, . ||o||?/k < co. Thus by noting that
N/C, =1+ 0,(1), we obtain that

Yo S (uluy = [lo]P) AN (N — 1)} = o,(x).

Similarly to (A.7), for any 7 > 0, we obtainNthat Po{| Zf\;jbcm(u?uj -
llo||?)/C?| > Tk} — 0. Hence, we have that Zi#(>CL)(uiTuj—||0'||2)/{N(N—
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1)} = o,(k). Note that N/Cp, = 1+ 0,(1). Then, from (A.6), it holds as
p — oo that Ty o = T¢,.0 + 0p(k). Therefore, similarly to the proof of
Theorems 2.1 and 3.1, under (A-i) to (A-iii), we have that

fNU—||U||2 7~ﬂCLU—||‘7||2
: = ’ +0,(1) = N(0,1).
o2/2tr(BH) /N 02/2u(X?)/C,, o) (0.1)
It concludes the result. O

Lemma A.5. Assume (A-i) to (A-iii). Assume also that limsup, , ||o||?
/K < 00. For the two-stage procedure given by (16)-(17), it holds as p — oo
that

fN,O’ = TNp' + OP(FL),
where TVN,O- is the one given in Lemma A.4.
Proof of Lemma A.5. Let k, = [k/2 — 1]. We write that

2N—-1

Ino = Z Z (i —Bvayw) (@i — Eve)w)

k=3 i=max{1,k—N}
X (l’i(*) — TN k) (Th—i(x) — TN(2)(K))-
Let WN(I VCL \ (VN ﬂ VCL ) and WN k)2 = VN ) (k) \
(VNom N VCL k) where kK = mm{k 2C’L — 1} and CL 1s deﬁned in the
proof of Lemma A 4 Note that C;, < N < Cy w.p.1 as p — 00, where

Cy is defined in the proof of Lemma A.4. Then, it holds for j = 1,2, that
#Wnaywy;) <Cv—Cp = O(Cl/ ) w.p.1 as p = co. Now, we write that

TN (k) = Z x;/Nay — Z x; /N + Z x;/Na.

jchLu)(k/) €W nwyon €W vz

Let Cray = [Cr/2]. Let Yije = Cpyy (@5 — )" (@i — 1) (Tige) — 1) (Thie) —
+). Then, in a way similar to (A.7), for any 7 > 0, we have for ' = 1,2,
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that

2N—-1 ks
—2
DN S SR
k=3 i=max{1,k—N} jeWN(l)(k)i’
2C1,—1 ky max{1,k—Cr}—1
-2
nferY Y (S wl S )
k=3 jEWN(l)(k)i’ i=max{1,k—Cr} i=max{1l,k—N}
2N—-1 ks

TR _ TR
k=2Cy, jEWN(l)(k)i’ t=max{1l,k—N}
Similarly, we have that

2N—-1 ks

YCEDINED SRS DR

k=3 z:max{l,ka} ]GVCL(l)(k:/)

> T/i) — 0.

Then, we obtain that Zii{g—l Zf;max{l,k—N} Enym) — ) (Tre—i — 1) (i) —
) (—is) — ) [{N(N = 1)} = 0,(k). Similarly, we obtain that

2N—-1 kx

~ 2u _ _
TN,G = N(N—Jil) Z Z (wz - fBN(1)(k))T(iUk—i - wN(2)(k))
k=3 i=max{1,k—N}

X (%’(*) - fN(h)(k))(Ik—i(*) — fN(Q*)(k))

IN—1 k
N (@i — ) (@ — ) (@ — ) (i) — i)
k=3 i=max{1,k—N}
= Tno + 0p(k).
It concludes the result. O

Remark 15. Assume (A-i) to (A-iii) and &/||o||* — 0 as p — oo. For the
two-stage procedure given by (16)-(17), it holds as p — oo and n — oo that

Tno/llol? =1+ o0,(1).

Proof of Theorem 8.2. When limsup,_, . ||o||*/ < co, by combining Lem-
mas A.4 and A.5, we have that (’_ZAﬂN,o- —|le|?)/{c2\/2tr(X%)/N} = N(0,1).
In a way similar to (A.7), it holds that Sy = 02+0,(1) and tr(Sy)/tr(X) =
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14 0,(1). Note that (1 —2n(z4+25)*/N) = 1+0,(1). Then, similarly to the
proof of Theorem 3.1, the result is obtained. When x/||a||*> — 0 as p — oo,
with the help of Remark 15, it concludes the result. O

Proof of Theorem 4.1. We first consider the subscript ¢ having p, = 0. We

have from (23) that (v/2tr(X%)/N)/{tr(2)Ar/(2a/x + 28/5)} = 1 + 0p(1).
From Lemmas A.4 and A.5, under (A-i), (A-ii) and (A-v), we have that

- tr(Sn)SinALZa/K

P, (Tv.ori P——

) < Po, {N(0,1) > zo/i} +0(1) = a/K
from the facts that S;y() = 02 +0,(1) and tr(Sy)/tr(2) = 1+0,(1). Then,
by using Bonferroni’s inequality, we obtain that

Py, (D°ND=0)>1—a+o(1).

Thus we have that Py, (DN D #0)<a+o(l).

Next, we consider the subscript ¢ having p; # 0. Similarly to the proofs
of Theorems 3.1 and 3.2, under (A-i), (A-ii) and (A-v), we have that
o3| |

tr(Sn)SinwALZa/ K
> >1-8/K 1) when ———— > A;.
Za)K t 28/K ) - B/K +o(1) when oltr(X) — L

Py, (Tn.o)

Thus by using Bonferroni’s inequality, we obtain that Py, (D C ﬁ) >1-
B4 o(1) when min,_p [|o||*/{o7tr(X)} > Ap. It concludes the results. [
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