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We construct energy-independent but nonlocal potentials above inelastic thresholds, in terms of
Nambu-Bethe-Salpeter wave functions defined in quantum field theories such as QCD. As an explicit
example, we consider NN — NN + nir scattering processes for n = 0, 1, 2, .. .. We show the existence of
energy-independent coupled channel potentials with a nonrelativistic approximation, where momenta of
all particles are small compared with their own masses. In the case of two-body inelastic scatterings such
as AA— AA, NE, X3, on the other hand, we show that energy-independent potentials can be
constructed without relying on nonrelativistic approximations. We also propose a method to extract these
potentials using time dependence of general correlation functions.
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L. INTRODUCTION

It is important to understand hadronic interactions
such as nuclear forces from the point of view of their
constituents, quarks and gluons, whose dynamics is de-
scribed by quantum chromodynamics (QCD). Since the
running coupling constant in QCD becomes large at the
hadronic scale, however, nonperturbative methods such
as lattice QCD combined with numerical simulations
must be employed to investigate this problem systemati-
cally. Conventionally, the finite size method [1] has been
employed to extract the scattering phase shift, but the
method is applicable only below the inelastic (particle
production) threshold. See Refs. [2,3] for an extension of
this method to multichannel systems.

Recently, an alternative method was proposed to inves-
tigate hadronic interactions, and it has been successfully
employed to extract the potential between nucleons below
inelastic thresholds [4-6]. Since then, this method has been
applied to other more general hadronic interactions such as
baryon-baryon interactions [7—11], meson-baryon interac-
tions [12,13], and three-nucleon forces [14,15]. See
Refs. [16,17] for reviews of recent activities.

In the method, called the HAL QCD method, a potential
between composite particles is defined in quantum field
theories such as QCD. There are two important properties
to be proven in quantum field theories, in order to define
the potential, which is a quantum mechanical object. Let us
explain the HAL QCD method and these two important
properties, by considering the NN potential as an example.
We first introduce the equal-time Nambu-Bethe-Salpeter
(NBS) wave function [18] in the center of mass system
defined by
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¢W,c0(x) = <0|T{N(r» O)N(r + X, O)HNN: W: C0>inJ (1)

where (0] = (0] = (0| is the QCD vacuum (bra) state,
INN, W, cy)iy, is the two-nucleon asymptotic in-state at the

total energy W = 24/k? + m3, with the nucleon mass my

and the relative momentum k, ¢, represent quantum num-
bers other than W such as helicity of nucleons and the
direction of k, T represents the time-ordered product, and
N(x) with x = (x, ) is the nucleon operator defined by
N(x) = 45 (tt,(x)" Cysd,(x))q.(x) with the charge con-
jugation matrix C and ¢g(x) = (u(x), d(x))!. Note that a
different choice for N(x) is possible as long as N(x) can
annihilate the 1-particle nucleon state and the difference
leads to a difference in NBS wave functions defined from
them. Note also that N(x) and ¢(x) implicitly have spinor
and flavor indices.

An important property of the NBS wave function for the
definition of the potential is that, as the distance between
two nucleon operators, x = |x|, becomes large, the NBS
wave function satisfies the free Schrodinger (or equiva-
lently the free Klein-Gordon) equation,

k2 _v2

Ey =5 -,
w 2

(Ew — Hp)@w,e,(x) =0, 0=
“

2)

where u = my/2 is the reduced mass. In addition, the
asymptotic behavior of the NBS wave function is described
in terms of the phase 6 determined by the unitarity of the
S matrix, S = €2, in QCD (or the corresponding quantum
field theory). This has been shown originally for the
elastic 77 scattering [19,20], where the partial wave of
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NBS wave function for the orbital angular momentum L
becomes

sin(kx — L@ /2 + 8,(W))
el = AL — 3)

as x — oo at W < Wy, = 4m,, (the lowest inelastic thresh-
old). The asymptotic behavior of the NBS wave function
for the elastic NN scattering has been derived in Ref. [21].
The asymptotic behavior of the NBS wave function such as
Eq. (3) is the first important property that motivates the
definition of the potential in QCD.

The (nonlocal) potential between two nucleons below
the inelastic threshold is defined by the equation that

(Ew — Hp)@w,e,(x) = [d3yU(x, Yewe,» @

at W< Wy =2my+m,. In general, the nonlocal
potential U(x, y) could depend on the energy W [1]. As
we will show, however, an energy-independent potential
U(x, y) such that Eq. (4) is satisfied for all W < Wy, can be
constructed. Therefore, if we solve the Schrodinger
equation with this potential in the infinite volume, its
solutions automatically provide correct phase shifts in
QCD at all W < W, by construction. The existence of
the W-independent potential U is the second important
property to define the potential in the HAL QCD method.

Using the inner product (f, g) = [d*xf(x)g(x), where
f is the complex conjugate of f, we introduce a norm
kernel defined by Ny . w.a, = (Pw, ¢ Pwya,) Since
NBS wave functions at W < Wy, are in general linearly
independent,' an inverse /N ! exists and it satisfies® for
Wl’ W2 < Wth

—1
Z NW, dy,Wey NWC'oyWZf*(»

W<Wy,co

- Z NW] dy,Weo

W<Wy,co

-1 —
Weo,Woey — 5W1,W2 6d0,eo- (5)

Using the inverse norm kernel, we define a ket vector
low.e,) as xlew.) = @w,(x) and its conjugate bra
vector (¢ | as

(Gwe )= Nt widy P Wy ),

W1 <Wa,do

(6)

<l/lW|,Co|¢Wz,do> = 8W|,W2 66‘0#(»’

so that the nonlocal potential can be constructed as [6]

'This holds at least for (W}, ¢;) # (W, d) in the sufficiently
large volume. Even if some wave functions accidentally become
linearly dependent in small volume, we can remove them, so that
our construction of the energy-independent potential remains the
same.

2We first consider the finite volume, so that W, and W, take
discrete values. We then take the infinite volume limit, so that
8w, w, and Y should be replaced by 6(W; — W) and [dW,
respectively.
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Z (Ew — H)lew o, Xt w, e, |, (N

W<Wi,co

U=

since it is easy to see that it satisfies the Schrodinger
equation (4) as

Ulew,e,) = Z (Ew, = Holew, o, Xt w,.a,|€w.c,)
W, < W do
= (Ew — Ho)low,c,) 3)

as long as W << Wy,. It should be noted that the nonlocal
potential which satisfies Eq. (4) at W < Wy, is not unique.
For example, we may add an arbitrary term proportional
to (1 — P) to the nonlocal potential U without affect-
ing Eq. (4), where the projection is defined by P =
ZW<W[h,c0|§DW.CO><¢W,c0|-

The purpose of this paper is to construct an energy-
independent (nonlocal) potential which satisfies an appro-
priate Schrodinger equation at low energy but above
inelastic thresholds in quantum field theories. To make
our argument more concrete, we mainly consider the NN
scattering in this paper.

In Sec. II, we demonstrate that energy-independent
potentials can be constructed above inelastic thresholds if
the total energy is small enough that the nonrelativistic
approximation is applicable. In Sec. II A, we consider
NN — NN, NN scattering as a simplest case, where
the total energy W is above 2my + m, but below 2my +
2m . In Sec. I B, we generalize our construction to a larger
value of W where the NN — NN + nr scattering for a
higher integer n can occur. In this case, momenta of all
particles must be still nonrelativistic. In Sec. Il C, we treat a
special case of inelastic scattering such as AB — AB, CD,
where nonrelativistic approximation is not required to
construct energy-independent coupled channel potentials.
In Sec. III, using results obtained in the previous section,
we generalize the time-dependent method for the extraction
of the potential [22] to the case at W = Wy, in order to treat
inelastic processes. Conclusions and discussions are given
in Sec. I'V. In the Appendix, we compare the construction of
the energy-independent potential above inelastic threshold
given in the main text with other possible variations.

II. CONSTRUCTION OF ENERGY-INDEPENDENT
POTENTIALS ABOVE INELASTIC THRESHOLDS

We here construct energy-independent (nonlocal) poten-
tials even above inelastic thresholds for the NN scattering
in the center of mass system. In this paper, we consider
only pion productions whose nth threshold energy is given
by Wi = 2my + n X m, with m, being the pion mass.
Extensions to other particle productions such as NN or
KK, etc., are straightforward.

We introduce energy intervals defined by A, =
(Wi, witl) for n=0,1,2,.... Given the total energy
W, the kinetic energy of the NN + n system is denoted
by E7,, which is given by
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2 2 n k2
E = P + pP; +Z i
2my  2my = 2mg, C))

W=\/mjzv+p%+\/mN+p2+z\/m + K2,

where p; + p, + 1k; =0. The correspondlng free
Hamiltonian is denoted by Hj. Note that E}, cannot be
determined from the total energy W alone, except for the
elastic scattering at n = 0, where EY, is uniquely deter-
mined from a given value of W. Since the determination of
Ej, from W is important to construct potentials from the
Schrodinger equation and E7j, for n = 1 cannot be deter-
mined from W in general, we restrict our considerations in
this paper to cases where all momenta p, p,, ki, k», ..., k,,
are nonrelativistic, so that we can write W =~ WX + E¥, for
k=12...,nat We&A,. (We can exclude the k =0
case, since EY, can always be determined from W without
nonrelativistic approximation.) This condition is explicitly
written as p? <m% for i=1, 2 and k? <m?% for
i=12 ..., n Unless otherwise stated, we assume this
condition in this paper. We roughly estimate how many
pions can be treated within this approximation. If the
total energy of two nucleons with one pion at rest is equal
to the minimum energy of n-pion production such that

2\/m3, + p> + m, =2my + nm,, the nonrelativistic
condition, say, p?=0.9 X m%, leads to n — 1 = ZN X

(+/7.6 — 2) = 5. Therefore we may consider up to NN +
67 with roughly 5% relativistic corrections. Note that
some configurations of momenta may become relativistic
for a given value of W. We exclude such configurations in
our consideration of this paper.

A. Simplest case

To illustrate our strategy to construct energy-
independent potentials, let us consider the simplest case
at W < W2 = 2my + 2m,, in this subsection. If W € A,
QCmy + m, =W <2my + 2m,), the inelastic scattering
with one-pion production (NN — NN + ) becomes pos-
sible. We can define in this case a set of four independent
equal-time NBS wave functions as

Zn @, (o) = OIT{N(x, 0)N(x + xo, O}INN, W, colin,
(10)

ZnZi @) ., (50, x1) = (OIT{N (x, )N (x + x5, 0)
X7T(x+xl’0)}|NN’ W! C0>in’ (11)
ZNQ%}‘C] (x()) = <O|T{N(x, O)N(x + X0, O)HNN + , W’ Cq >in;
(12)

ZyZ ol ., (60, x1) = (OIT{N (x, 0)N (x + x0, 0)7(x + x,,0)}
|NN+7T,W,Cl>in, (13)
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where Z, and Z, are renormalization factors for nucleon
= Z\/>N"(x)
and 7(x) = 7" (x), where N"(x) and 7" (x) are renor-
malized nucleon and pion fields, respectively. We here
consider two asymptotic in-states |NN, W, cy);, and
INN + 7, W, ¢, ), corresponding to two nucleons and two
nucleons plus one pion, where ¢, and ¢ represent quantum
numbers other than the total energy W. In the present
case, (W, cy) and (W, c;) are equivalent to (s, sp, p;)
and (s, s5, p;, k), where s; is the helicity of the ith
nucleon and p, is not independent due to the momentum
conservation. As mentioned before, W = W, + E%, =~
W, + EL,. If distances between all operators become large
(Ixol, 1211, 1x; — x| — ), we expect (and will indeed
show in a separate paper [23]) that all NBS wave functions
given above satisfy free Schrodinger equations such that

and pion fields, respectively, such that N(x)
z?

(EY — H) W, =0, (Ey i=01

(14)

— Hy) ey, =0,

We consider the coupled channel Schrodinger equations
for NN and NN + 7, which are given by

(Ek _ Hk)¢ki

[ [143 V0 DDk, 1), ki€ @)

1=0,1
(15)

where [x]y = x, and [x]; = x, x;. Note that E}, ~ W —
Wi <0 if WeE A, Our task is to show that a
W-independent 2 X 2 potential matrix U* exists.

For this purpose, we define vectors from these NBS
wave functions at W € A, as

i
QDW,C,»

= (% (xh). ol (1)), i=01,  (16)

while at W € A, we take only ¢, . as

e = (0, o) o (1)), aD

where the second component gowc ([x];) vanishes as dis-
tances between all operators go to infinity. (No asymptotic
NN + 7 state exists at W < 2my + m_.) Note that, in-
stead of Eq. (17), we may define
e, = (@, ([x]0), 0)7 (18)

at W € A. Since the definition of SDWL) at W € Ag in
Eq. (17) will be required in Sec. III for the time-dependent
method, we use it in the main text of this paper, and the
construction with Eq. (18) and other variations will be
discussed in the Appendix.

As in the elastic case, we introduce the norm kernel in
the space spanned by 49{4/,6-, as

034512-3



AOKI, et al.

ij — (i J
Nw,c,- Wad; — (GDW, e Pw,, d-)

[ndgxww, ([x]k)éD d([x]k) (19)
k=0,1

Here indices i and j run over different ranges depending on
values of W, and W, such that i € I(W,) and j € I(W,),
where I(W) = {0} for W € Ay and I(W) = {0, 1} for W €
A;. Unless otherwise stated, we assume this in this
subsection.

As long as QDiw,c, are linearly independent, the Hermitian
operator N has an inverse such that

1 hj
Z Z (N~ )chl WeI1NW€h’W2d_/‘

WEAGUA,| hEI(W),e,,
= 578y, 1,000 (20)

Schematically, N has the following structure:

ND(Ag, ), NP(Ag, Ay, NO(Ag, A)

N = NOO(Al,Ao), NOAL A, NOALA) |
NY@AL A, NOALAY, NTALA)

(2D

where N (A, A ;) represents a submatrix whose compo-
nents are given by j\f Wie,wya, With W; € A;jand W; € A,

fori,j,a,b=0orlanda =i, b = j.The correspondmg
inverse N ! has, of course, the same structure.

Using this inverse, we define the ket vector |¢€/V,C,»> and
the corresponding bra vector <lr//€/V,c,|’ whose kth compo-
nents are given by

[l @y, = ok, (x],), 22)

W lxly= 3

Wi EAWA, JEIW)),d;

(23)

for k = 0, 1, where d; runs over states which satisfy the
nonrelativistic condition. It is then easy to see that

Wele) = 3 [ TTbl S )
k= 01

= (N1 N)W,L Wad, = 61']5W1,W260,-,dj-
(24)

Introducing operators Ey, Hy, and U such that

k
HO T 6V, — y,),

n=0

(xI|(Ew — Hp)lly])) = Su(EY, —

(25)

Z (N 1)Wc Wldm

PHYSICAL REVIEW D 87, 034512 (2013)
(x1lUllyl) = U¥(x]s. [y1), (26)

the coupled channel Schrodinger equation (15) can be
compactly written as

(Ew — H0)|€0iw,c[> = U|¢€V,c,>- (27)

Now it is easy to construct U which satisfies the above
equation as’

uv= 3 2 DBy

WEAZUA, i€l(W) ¢;

— Holgly, Nyl (28)

since

Uley..)

i

= 2 2 DEw

Wi EAGUA, jeI(W,) d;

(Ey — Holgly,.,). (29)

- Ho)lé"jwl,djxlpjwl,d,|¢’€’V,C,->

An energy-independent potential matrix U indeed exists.
Note that U is not unique since, for example, one can use
Eq. (18) instead of Eq. (17) for QD{,V’CI_, so that the resulting
potential from Eq. (28) differs from the one with Eq. (17).

Finally let us consider the Hermiticity of U. A matrix
element of U is evaluated as

et = (@l U@l )

Wic,Wd,
= (@l | (Ew, — H)leh, 0)  (30)
while
(UT)WIC Wad, <¢’W2d |(EW1 HO)'%V,,C,-)
= (v, o [(Ew, = H)lgly, o) BD)

Therefore potential U is not Hermite in general. However,
the physically relevant part of the potential is for W; = W,,
thus Hermite.

B. General cases

It is not so difficult to extend the argument in the
previous subsection to more general cases, where the total
energy satisfies W < W’ *1Ag discussed before, the
validity of the nonrelativistic approximation requires
Nmax = J at most.

Let us consider W € AgUA,U---UA, . At We
A, with s = n,,,,, we define a set of the equal-time NBS
wave functions as

*Here and hereafter, the sum over c; with i # 0 is always
restricted to nonrelativistic states if the number of particles is
more than 2.
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Z0 28 ([x]) = OITIN G ON G + 0, 0) [ e + 3 OJINN + i, W e i = 5,

=1

=0, i>s,

where indices k and i run from O to 7, , but go’&ﬂ,cl_([x]k)
with k > s vanishes, as distances among all operators (two
nucleons and k pions) become large, [x]; = xo, X1, ..., Xk
and ¢; represents quantum numbers other than the total
energy W of the in-state. In the present case, (W, ¢;) are
equivalent to sy, 55, Py, k1, k», . . ., k;, where s, is the helic-
ity of the /th nucleon.

The coupled channel Schrodinger equation for this sys-
temat W € A (s = np,y ) is given by

(EY, — H)ki . (x],)
f Ay UM (el [yl (], i € 1W),
(33)
where d[y], = ]_[m 0@y IW) ={0,1,..., s} for W €

Ay,andk =0, 1, ..., np,,. Note that E§, ~ W — Wk < 0if
k& I(W). It is now clear that the nonrelativistic condition
is necessary here to determine E’;V from W, c; if kK # i. Our
task is to show that a W-independent (np,, + 1) X
(nmax T+ 1) potential matrix U exists.

As in the previous subsection, we define vectors of NBS
wave functions with (n,,,, + 1) components at W € A; as

%,ci([x]l )’ ey gpwmz ([x]”max ))T)
(34

gp%/V,c,- = (<P(‘)’l£,ci([x]0)» ®

where i runs over I(W).
The norm kernel is defined by

ij

WiciWad; (ﬁpwlc’ﬁowod)

=3 [ axlel. Celielho ). 69

whose inverse is denoted by N !, where i € I(W,) and
J € I(W,). The bra and ket vectors, respectively defined by

(xll @) = @3 ., (x]o), (36)
<¢{/V,c,»|[x]k> = z Z Z(W I)Wc Wid; §DW1 d; ([x]k)

Wi jEIW,) d;

(37)
satisfy
Wl elna) = 3 [ el 10K, )
k=0
= 5U5w],W25c,-,d_,-- (38)

Introducing operators Ey, Hy, and U, defined as in
Egs. (25) and (26), we can construct

(32)

-3 3 Sien-

W iel(w) c¢;

Holgly, Nyl (39)

which satisfies the coupled channel equation
(Ew — Hylely ) = Ulely ). (40)

It is also easy to see the effective Hermiticity of
U: U’v{,IC Wad, = (Ut )W.c,-,Wz 4, at Wy = W, (with nonrela-
tivistic appr0x1mat10n).

C. Special case without nonrelativistic approximation

In this subsection, we discuss a special case of inelastic
scatterings where the nonrelativistic approximation is not
required to construct energy-independent potentials. Here,
coupled two-particle scattering channels such as A;B; —
Aij with i, j=1,2,..., ny, are considered. For ex-
ample, in the baryon scattering in the strangeness S =
—2 and isospin I = 0 channel, AA, NE, and X3 appear
as asymptotic states if the total energy W in the center of
mass system is 2my = W < my + mgz + m,. The method
to extract coupled channel potentials in this kind of situ-
ation has already been proposed in Ref. [24], under the
assumption that energy-independent coupled channel po-
tentials exist. In this subsection, we prove this assumption.

Given the total energy W, the relative momentum p;
(squared) and the kinetic energy EY,, together with the free
Hamiltonian H,, for A;B; are given by

2
_ [ 2 2 2 i _ Pi
W =p? +m3 +p} + m}, Ely =51
T@n
w2
) = V P mA,_mBI_
2m;’ my, + mg’

where m,, and mp are masses of A; and B;, respectively, and
mi is their reduced mass. We here assume my, + mg <
my, + mg, for i < j. Note that if W < Wy, = my, + mp,
p? and Ei, become negative.

We define NBS wave function for A;B; as

(Za Zs)'? . (x) = (OIT{A(r, 0)B,(r + x, 0)}

X |A;B;, W, €i)ins (42)

where Z, and Zg are renormalization factors defined by
Ap(x) = zV/ 2A’(x) and By(x) = zY 2B’(x) with bare fields
Ay and By, and renormalized fields A’ and By, respectively,
and c¢; represents quantum number of the asymptotic
in-state |A;B;, W, ¢;);, other than W. The index k
always runs from 1 to n,,, while the index i runs over
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IW)=12...,s—1 if Wil=W<W;. We can
show that
|hm (Ey, — Ho)ohy .. (x) =0, (43)
x_} 1
and go’;(},c[ (x) carries the information of scattering phase

shifts [24].
We define vectors |€0iw,c,.> and the corresponding norm
kernel as

(x, kloy,.) = @i, (x), (44)

ij — i J
NWIC,»,WZL“ = (¢W1 e ¢W2,c»)

f Pl ek (0, @3)

where i € I(W,) and j € I(W,). Using the inverse N !
of 2N, we construct dual vectors

<¢{4/,C,»|x’ k> = Z (N )WC Wl‘ <x’ k|¢.€V1,C/>’

Wy JEIW)).c;
(46)

which satisfy

[d*xww ) (Kl ) = 88,804,

(47)

An energy-independent n,,, X n,,, potential matrix
which satisfies the coupled channel equation

(Bl — H)el, )= Y. [0 el ) @)
=1

can be constructed as

U, y) = Y

w,i€l(W),c;

(Efy — Ho)x, kl @y, . Xty ., |3, D),

(49)

which is manifestly energy (W) independent and is
Hermite at fixed W.

{5 - %} Rl = 3

W,icl(W),c;

Mmax

Tiax

= 3 ettt [ AUt el D)
=0

PHYSICAL REVIEW D 87, 034512 (2013)
III. TIME-DEPENDENT METHOD

In Ref. [22], a method to extract hadronic potentials
below inelastic thresholds from time dependence of corre-
lation functions has been proposed, in order to overcome
difficulties in the conventional method where NBS wave
functions with definite energies are extracted from asymp-
totic behaviors of correlation functions in time. In this
section, we extend the method so that it can be applicable
to the case above inelastic thresholds.

The normalized correlation function is defined by

ZyZPRM (] 1) = (OIT{N(x, )N (x + xo, 1)

e—W";t
k

X [T+ x, 0T yn(0)}0)  (50)
=1

for k=0,1,2,..., ny., where Jyy 1S some source op-
erator which couples to NN states. Inserting the complete
set for the NN system that

1 = Z z Z |NN + i7T’ W’ Ci)iﬂ 1n<NN + i7T, W’ Cil

W iel(W) ¢

+ e 51)
where the ellipsis represents states with W > W;™* and are

neglected hereafter, into the above correlation function, we
obtain

Ri(xe D=1 > D e WMol (xlA},.. (52

W iel(w) ¢
where
A%V,c,- = ilNN + im, W, ¢;|T yy(0)]0), 53)
AW = W—Wt’;l:E’;V.

Note that R* automatically contains a sum over W, i €
I(W), c;, which is necessary to define the nonlocal poten-
tials in the previous section but is difficult in practice to
perform one by one. Note however, that states with rela-
tivistic momenta may appear in the sum. We here assume
that contributions from such states can be suppressed by
an appropriate choice of Jyy. Using the nonrelativistic
approximation, we can derive

efAkW[ f [d[y]lUkl([x]k’ [.Y]l)ﬁolv{/,c,-([-)’]l)AéV,ci
=0

> e AWli(ly])Ay,,

w,i€l(W),c;

- z e tmt [yl UM el YR 0 (54)

We then finally obtain
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{—H’g - %}  RM([x) 1)

MNmax

= et 3 et [y UM el DR o),
1=0

(55)

which can be used to obtain UX, combined with the
derivative expansion [22].

We here propose a method to extract UK directly.
For this purpose, we consider a set of more complicated
correlation functions defined by

R¥([x [y], t>=j<0|r{zv<x, N (e +x0.1)

k
X [Tt x0) [ @NG,08 G+ 30.0)

m=1

]
x[T#"(y+y,0}0),

s=1

(56)

which satisfies

[t =21 R D00

Mmax

= 3 ettt [ dlz) U (el (DR [y 0
s=0

(57)

Using real eigenvalues A,, of the Hermitian operator R and
their eigenvectors v,, whose kth component is given by
v& ([x],, t) with m = 0,1, ..., n,,., we can construct the
inverse of R as

Nmax

R([xle ] = > %v’,;([x]k, v (v, D}

m=ngy "M
(58)

Note that we remove zero modes with A,, = 0 from R and

R, so that the dimensions of R and R™! are effectively

reduced from (7, + 1) X (Bgax + 1) to (e +1 — 1) X

(nmax + 1 —ng), where ng is the number of zero modes.
Using the inverse R™!, we can extract U as

UM([x];, [y])

_ s Zo [ az{-ns - 5} Ro @z

X (R ([z], [yl De'™=. (59)

IV. CONCLUSION AND DISCUSSION

In this paper, we have shown that energy-independent
and nonlocal potentials can be constructed from a par-
ticular set of NBS wave functions even above inelastic
thresholds as long as momenta of all particles involved

PHYSICAL REVIEW D 87, 034512 (2013)

are nonrelativistic (Secs. II A and IIB) or the number of
particles is always two (Sec. I C). We have also derived a
formula to extract nonlocal potentials with nonrelativistic
approximations using the time-dependent method pro-
posed in Ref. [22].

By the same method in Secs. II A and IIB, we can
construct an energy-independent nonlocal potential for
three-nucleon systems [14,15] and even for systems
with more than three nucleons. In the case of inelastic
scattering such as AA — AA, NE, 33 [25], the result
in Sec. IIC has completed the HAL QCD method pro-
posed in Ref. [24], where nonrelativistic approximation is
not required.

The existence of energy-independent potentials,
which is one of the important properties necessary for the
HAL QCD method to investigate hadronic interactions, is
now established in rather general situations. A remaining
important property to be proven is the asymptotic behavior
of NBS wave functions for more than two particles and
its relation to the S matrix of the corresponding quantum
field theory. Results on this issue will be published
elsewhere [23].
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APPENDIX: COMPARISONS AMONG
DIFFERENT CONSTRUCTIONS

The energy-independent (g + 1) X (e + 1)
potential matrix in the main text is given in the coordinate
space by

UM=3 3 (B —Hley iyl (AD

W iel(w) ¢
forO0=k, [ < Minas where ((x]il@y ) = @l ([x]) and
ZZQ“(*){t//’;{,],CiIgoI;{,Z’ d/_) = 88w, w,0.,a4,- The corresponding
coupled channel Schrédinger equation is given by

Mmax

(Ew — Hyleki )= U¥lel )
1=0
for 0 =< k =< ngy,, and i € [(W).
In this Appendix, we consider some other constructions
of energy-independent potentials in terms of NBS wave
functions and compare them with Eq. (A1).

(A2)
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1. Modified wave function vectors

As already mentioned in the main text, we can define the vectors of NBS wave functions by using Eq. (18) instead
of Eq. (17). The corresponding modification to Eq. (32) becomes

k
ZNZI;/ng"}ﬂyci([x]k) = (OIT{N(x, )N (x + x0, 0) [ [ 7(x + x;, OHUNN + iz, W, ¢, )i,

ki=s, =0,

The energy-independent potential UX (where M represents
“modified”) is given by the same formula in Eq. (A1) with
modifications by (A3) to |ey, ) and (¢, . |, while the
corresponding Schrodinger equation reads

(Ew — Hlol ) =D Ulllel )
1e1(wW)

fork, i € (W), where W) =0,1,2,...,sat W E A, =
[We, Wikh).

(A4)

2. Recursive construction

We construct another energy-independent potential re-
cursively starting from the potential for the elastic NN
scattering.

We first define the UY corresponding to NN — NN
elastic scattering as

U%O = Z Z(EW - HO)|¢%),CD><I70%9‘CO|,
WeA, co

(A5)

where the dual wave function (4, | to |@y ) satisfies
< %)1,00|¢%)2,d0> = 6W],W25L'0,d0 at Wl’ W2 (S A(). ThlS
UY is identical to the elastic potential given in Eq. (7)
and satisfies

(Ew — HoleW ) = URlew,, (A6)

at W e Ao.

We then increase the energy so that W € A;. A condi-
tion that Q"]ﬁl},ci for 0 = k, i = 1 satisfy the corresponding
Schrédinger equation leads to

U = > > DUEw—Hyley)

WeEA, i=0,1 ¢;

- URlew )X | (A7)

where (4 .| for i=0, 1 satisfy (1//‘145]’61%14{2‘[]]_):

88w, w,0c,4, at Wy, W, € A;. Note that Uy’ used here
is determined in Eq. (A6) at the elastic region. We define
UY by imposing Hermiticity for the potential, i.e., U =
(UMY, from which we can finally determine

U =3 > DlEw—H)ley.)

WeA, i=0,1 ¢;

- U}eolgo%,ci)](w%,cil' (AS)

=1

(A3)

otherwise.

We now have UY at W € Ay and UY for 0=, j=1
atWe A] .

It is not so difficult to extend the above construction to
larger W recessively. We assume that the s X s potential
matrix Uy is already determined at W € A, for s <
Nmax - At W € Ag, Uy, for k < s can be obtained by

k= ¥ 3 S| (Ew - Holel)

WEA, iel(W) ¢;

s—1
=3 Ulllely) it (A9)
=0
where (3. | for i =0,1,..., s satisfy <‘//€)‘i’1,ci|¢€4]/z,dj> =
88w, w,8c,a, at W, Wy € A,. Using the Hermiticity
relation that Uy = (UKt for k=0,1,...,5s — 1, we
obtain Uy as

vi= 3 3 3| (Ew - Holel)

WEA; i€l(W) ¢
s—1 ) .
=3 ullelye) ik
=0

The (s + 1) X (s + 1) potential matrix U¥ for0 < k,[ < s
is constructed. We can continue this recursive construction
until s = ny,, -

The corresponding Schrodinger equation at W € A
becomes

(A10)

S
(Ew — Holel ) =D Uklel, ) (AlD)
=0

for 0 <k, i =s, where off-diagonal elements U for
k # [ are Hermite by construction.

3. Construction at each energy interval

We finally give a construction of the potential matrix differ-
ent at each energy interval. At WE A, for 0=s=n,,,, the
(s +1) X (s + 1) potential matrix can be constructed as

U= 3 >(Ey - Hloli Xul .| (Al2)
WEA, icl(W) &
for 0 <k, | =< s, where (tp’;{}’cil for i =0,1,...,s satisfy

s . k - _ ..
Zk=0<¢]‘%l,c;|¢vﬂ,d_,> = 80w, w,0c,q4, at Wi, Wy €A,
Note that UY is identical to U given in Eq. (7).
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TABLE L

PHYSICAL REVIEW D 87, 034512 (2013)

A comparison of different constructions.

Construction Original Modified (Appendix A 1)  Recursive (Appendix A 2) Interval (Appendix A 3)
Sizeof Uat W € A, (Npax + 1)? (s + 1)? (s + 1) (s +1)?

A, dependence of U ‘No No No Yes

Vectors {l GDI‘}/I,C‘. >}k5nnm {l QD]‘SI,/I,L-i )}kSs | Qpiv’l,(-) {l (P]‘(/{/l,(,-i >}k£x
Feature t-dependent method Recursive Each A,

The corresponding Schrodinger equation at W € A,
becomes

S
(Ew — Holely ) =Y Ul ) (A13)
=0

forO=k, i =s.

4. Comparison

Properties of the original construction in the main text
are as follows.

(1) The size of the potential matrix U is always
(max + 1)? at all W € [W0, Wim ™1y,

(2) The form of the potential matrix given in Eq. (A1) is
also the same at all energy.

(3) We use  (mpu+1)-length {leW..),
Igo‘l,‘ﬂ’cl_),..., |y ")}, which are taken to be linearly
independent for different values of W &
[WO, Wima ™) i € (W), and c;.

(4) The construction can be combined with the time-
dependent method in Sec. III.

vectors

In the case of the modified wave function vectors, we have
the following.
(1) The size of the potential matrix U%} is (s + 1)? at

W e A,
(2) The form of U% is the same at all energy where U
is defined.

(3) We use vectors {l¢f ) ley )., leyy . ),0,...,0},
which are linearly independent for different

values of W € [W), Wt'{l““‘“H), i € I(W), and c;.
The (effective) length of these vectors is s + 1 at
W e A,.

For the recursive construction, we have the following.
(1) The size of the potential matrix U¥ is (s + 1)? at

WeA,.
(2) The form of U¥ is the same at all energy where U¥
is defined.

(3) We use Igo‘{}{,yc), which are linearly independent for
different values of W € A, i € I(W), and c;.

(4) The potential matrix is recursively constructed: At
We A, Us for k=0,1,2,...,s are determined
from {U**|k' < k}, while U3 can be obtained from
UX by using Hermiticity.

For the construction in Sec. A 3 in the Appendix, we have
the following.
(1) The size of the potential matrix U* is (s + 1)? at
WeEA.,.
(2) The form of U¥ is different for each s at W € A,.

(3) We ~use the (s_-l- 1) length vectors
{Igo%’,’cj, loy ) - - |@iy. . )}, which are linearly in-
dependent for different values of W € A, i €

I(W), and c;.

(4) U¥ can be determined at each energy interval
A, without using information of other energy
intervals.

We summarize the above properties in Table 1.

[1] M. Liischer, Nucl. Phys. B354, 531 (1991).

[2] M.T. Hansen and S.R. Sharpe, Phys. Rev. D 86, 016607
(2012).

[3] R.A. Briceno and Z. Davoudi, arXiv:1204.1110.

[4] N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99,
022001 (2007).

[5] S. Aoki, T. Hatsuda, and N. Ishii, Comput. Sci. Discovery
1, 015009 (2008).

[6] S. Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123,
89 (2010).

[7] H.Nemura, N. Ishii, S. Aoki, and T. Hatsuda, Phys. Lett. B
673, 136 (2009).

[8] H. Nemura, N. Ishii, S. Aoki, T. Hatsuda, and (PACS-CS
Collaboration), Proc. Sci. LATTICE2008 (2008) 156
[arXiv:0902.1251].

[9] T. Inoue, N. Ishii, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda,
K. Murano, H. Nemura, and K. Sasaki, (HAL QCD
Collaboration), Prog. Theor. Phys. 124, 591 (2010).

[10] T. Inoue, N. Ishii, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda,
K. Murano, H. Nemura, and K. Sasaki, (HAL QCD
Collaboration), Phys. Rev. Lett. 106, 162002 (2011).

[11] T. Inoue, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, N. Ishii,
K. Murano, H. Nemura, and K. Sasaki, (HAL QCD
Collaboration), Nucl. Phys. A881, 28 (2012).

034512-9


http://dx.doi.org/10.1016/0550-3213(91)90366-6
http://dx.doi.org/10.1103/PhysRevD.86.016007
http://dx.doi.org/10.1103/PhysRevD.86.016007
http://arXiv.org/abs/1204.1110
http://dx.doi.org/10.1103/PhysRevLett.99.022001
http://dx.doi.org/10.1103/PhysRevLett.99.022001
http://dx.doi.org/10.1088/1749-4699/1/1/015009
http://dx.doi.org/10.1088/1749-4699/1/1/015009
http://dx.doi.org/10.1143/PTP.123.89
http://dx.doi.org/10.1143/PTP.123.89
http://dx.doi.org/10.1016/j.physletb.2009.02.003
http://dx.doi.org/10.1016/j.physletb.2009.02.003
http://arXiv.org/abs/0902.1251
http://dx.doi.org/10.1143/PTP.124.591
http://dx.doi.org/10.1103/PhysRevLett.106.162002
http://dx.doi.org/10.1016/j.nuclphysa.2012.02.008

AOKI, et al.

[12]

[13]
[14]

[15]

[16]

[17]

Y. Ikeda, S. Aoki, T. Doi, T. Hatsuda, T. Inoue, N. Ishii,
K. Murano, H. Nemura, and K. Sasaki, Proc. Sci.
LATTICE2010 (2010) 143 [arXiv:1002.2309].

T. Kawanai and S. Sasaki, Phys. Rev. D 82, 091501
(2010).

T. Doi (for HAL QCD Collaboration), Proc.
LATTICE2010 (2010) 136 [arXiv:1011.0657].

T. Doi, S. Aoki, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii,
K. Murano, H. Nemura, and K. Sasaki, (HAL QCD
Collaboration), Prog. Theor. Phys. 127, 723 (2012).

S. Aoki (for HAL QCD Collaboration), Prog. Part. Nucl.
Phys. 66, 687 (2011).

S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii,
K. Murano, H. Nemura, and K. Sasaki, (HAL QCD
Collaboration), Prog. Theor. Exp. Phys. 2012, 01A105
(2012).

Sci.

[18]
[19]
(20]
[21]
[22]

(23]
(24]

[25]

034512-10

PHYSICAL REVIEW D 87, 034512 (2013)

J. Balog, M. Niedermaier, F. Niedermayer, A. Patrascioiu,
E. Seiler, and P. Weisz, Nucl. Phys. B618, 315 (2001).
C.J.D. Lin, G. Martinelli, C. T. Sachrajda, and M. Testa,
Nucl. Phys. B619, 467 (2001).

S. Aoki et al. (CP-PACS Collaboration), Phys. Rev. D 71,
094504 (2005).

N. Ishizuka, Proc. Sci. LAT2009 (2009) 119.

N. Ishii, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue,
K. Murano, H. Nemura, and K. Sasaki, (HAL QCD
Collaboration), Phys. Lett. B 712, 437 (2012).

S. Aoki et al. (HAL QCD Collaboration) (to be published).
S. Aoki, N. Ishii, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue,
K. Murano, H. Nemura, K. Sasaki, (HAL QCD
Collaboration), Proc. Jpn. Acad. Ser. B 87, 509 (2011).
K. Sasaki (for HAL QCD Collaboration), Proc. Sci.
LATTICE2010 (2010) 157 [arXiv:1012.5684].


http://arXiv.org/abs/1002.2309
http://dx.doi.org/10.1103/PhysRevD.82.091501
http://dx.doi.org/10.1103/PhysRevD.82.091501
http://arXiv.org/abs/1011.0657
http://dx.doi.org/10.1143/PTP.127.723
http://dx.doi.org/10.1016/S0550-3213(01)00487-4
http://dx.doi.org/10.1016/S0550-3213(01)00495-3
http://dx.doi.org/10.1103/PhysRevD.71.094504
http://dx.doi.org/10.1103/PhysRevD.71.094504
http://dx.doi.org/10.1016/j.physletb.2012.04.076
http://dx.doi.org/10.2183/pjab.87.509
http://arXiv.org/abs/1012.5684

