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On the Achievable Rate Region in the Optimistic Sense for Separate
Coding of Two Correlated General Sources*

SUMMARY  This paper is concerned with coding theorems in the opti-
mistic sense for separate coding of two correlated general sources X and
X>. We investigate the achievable rate region R, (X1, X2) such that the
decoding error probability caused by two encoders and one decoder can be
arbitrarily small infinitely often under a certain rate constraint. We give an
inner and an outer bounds of R,, (X1, X2), where the outer bound is de-
scribed by using new information-theoretic quantities. We also give two
simple sufficient conditions under which the inner bound coincides with
the outer bound.

key words: correlated sources, general source, optimistic coding, achiev-
able rate region, information-spectrum methods

1. Introduction

In information-spectrum methods that originate from [3]
and are described in detail in [4], fixed-length coding of a
general source X = {X"}> , is one of fundamental problems,
where, letting X be a finite or countably infinite alphabet,
X" is defined as a random variable taking values in X”. The
class of general sources includes vast classes of sources such
as memoryless sources, Markov sources, stationary ergodic
sources and stationary sources. Therefore, coding theorems
for the class of general sources are valid to such classes of
sources.

In coding of a general source we can formulate a new
kind of coding problem in the optimistic sense. We are inter-
ested in the infimum of the rate R such that there exists a se-
quence {(¢,, )}, of pairs of an encoder ¢, and a decoder
¥, satisfying for any y > 0 both % logM, < R+vyandeg, <y
with a subsequence n = n;, i > 1, where M,, and &, denote
the number of codewords and the decoding error probability,
respectively. This problem was first formulated by Vembu,
Verdu and Steinberg [11] and was discussed by Chen and
Alajaji [1]. Results related to the optimistic coding problem
can be found in [5],[9]. Quite recently, the author defined
new information-theoretic quantities and clarified their op-
erational meanings in the optimistic sense [6].

In this paper we discuss the achievable rate region in
the optimistic sense for separate coding of a pair (X, X») =
{(X7, X5, of two correlated general sources, where for
eachk = 1,2 X; € XZ and X} denotes a finite or count-

ably infinite alphabet. We consider two encoders goﬁ,k)
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X = {1,2,....MP}, k = 1,2, for coding of X7 and
XJ, respectively, and a decoder i, that outputs an estimate
(X", X2) € X" x X2 of (X", X2) from two transmitted code-
words 11(11) and I,(lz) (see Fig.1). We are interested in the
achievable rate region R,p (X1, X») in the optimistic sense,
which is defined as the collection of all the rate pairs (R, R)
such that there exists a sequence {(gpﬁll), ga,(f), Un)}, satisfy-
ing Llog MP < Ry +y(k = 1,2) and &, < y for a subse-
quence n = n;, i > 1, where y > 0 is an arbitrarily small
constant and &, denotes the decoding error probability.

We give an inner and an outer bounds of Rop (X1, X»),
where the outer bound can be expressed by using new quan-
tities introduced in [6]. In particular, it is shown that the
outer bound is easily treated by characterizing the unachiev-
able region in the strong sense [6]. We also give two simple
sufficient conditions under which the outer bound coincides
with the inner bound.

The problem of separate coding of correlated sources
was first formulated by Slepian and Wolf [10] for the mem-
oryless case. A simple proof using the bin coding is given in
Cover [2]. The achievable rate region for general sources X
and X; in the ordinary sense is given in Miyake and Kanaya
[8]. The achievable rate region in [8] is extended to the case
of g-error by Han [4]. However, to the author’s knowledge,
no coding theorem in the optimistic sense is obtained so far.
Our approach using the inner and the outer bounds clarifies
a difference between coding in the ordinary sense and in the
optimistic sense.

2. Problem Setup

In this section we consider separate coding of two corre-
lated sources [10]. The block diagram is given in Fig. 1. Let
(X1, X2) = {(X}, X5)}>2, be two correlated general sources.
For each n > 1 X{ and X7 take values in X' and X7, respec-
tively, where X and X, denote finite or countably infinite
alphabets. Denote by Px:y; and Pyyx» the joint probabil-

General X 1n 1
Source 1 §0£7/ ) \I(L

General | X2 (2) ]r(ZQ)
Source 2 #n

Fig.1  Separate coding of two correlated general sources.
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ity distribution of (XY, X}) and the conditional probability
distribution of X}’ given X} for (k,]) = (1,2) and (2, 1).
For each k = 1,2 we define an encoder k as a determin-
istic mapping <pflk) X > Mﬁ,k) o {1,2,...,M,(1k)}. In
addition, we define a decoder as a deterministic mapping
1/ Mf,l) X Mflz) — X' x XJ. The decoding error probabil-

ity caused by the triplet (go,(11), <pflz ), ¥,) is defined by

&n = Pr{yn(@ (X)), eP (X5) # (X}, X)),

where throughout this paper Pr{-} denotes the probability
with respect to the joint probability Px:x:. Hereinafter, we
call a sequence {(905,1), go,(lz ), Yl of the triplets of two en-
coders gofql) and gof,2> and a decoder ¥, a code for short.

Miyake and Kanaya [8] obtained the achievable rate
region under the requirement of &, — 0 as n — co.

Definition 1: A rate pair (R}, R,) is called achievable in the
ordinary sense if there exists a code {(¢., ¢, Yn)ko, sat-
isfying

1
limsup —logM® <R, k=1,2 (1)
n—oo N
and
lim &, = 0, 2)

n—o00

where log(-) = log,(-) throughout this paper. Define the
achievable rate region in the ordinary sense by

R(X1, X2) = CL{(R(, Ry) :
(R1, Ry) is achievable in the ordinary sense}),

where CI (-) denotes the closure of the set.

Theorem 1 ([8]): It holds that
R(X1,X2) = S(X1, X>),
where

S(X1,X2) = {(R1,Ry) : Ry > HX,1X2),
R, > H(X,|X,) and R, + R, > H(X|,X,)}

and

H(X,, X)) = inf{a :

1 1
limianr{— log ——————< a} = 1},
n—oo n PXlqurl(X ’XZ)

HX, X)) = inf{a :
.. 1 1
liminf Pr{-log —————— < a; = 1}
n—oo n PX/(“‘Xf’ (Xk |X] )
for (k,[) = (1,2) and (2, 1).

It is important to notice that (1) and (2) require that for
any y > 0 LlogM¥ <Ry +y (k=1,2)and &, < y for all
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sufficiently large n.
In this paper, we are interested in the achievable rate
region in the optimistic sense defined as follows:

Definition 2: A rate pair (R;,R;) is called achievable in
the optimistic sense if there exists a code {(¢”, ¢, Y},
such that for any y > 0O there exists a subsequence {n;};,

satisfying
1
—logM® <R, +y, k=12 (3)
n

and

En <Y “)

for all n = n;, i > 1. Define the achievable rate region in the
optimistic sense by

Ropt(X1, X2) = CL({(R1, R2) :
(R1, Ry) is achievable in the optimistic sense}).

Note that in Definition 2 (3) and (4) require that for
any y > 0 Llog M’ < Ry +y (k= 1,2) and &, < y simul-
taneously for infinitely many n. Hence, it is obvious that
that R(X1, X3) C Ropi(X1,X2). While the formula of the
infimum achievable rate in the optimistic sense for fixed-to-
fixed length coding of a general source X is given in [1], no
result is known on the achievable rate region Rop (X1, X2) in
the optimistic sense.

We also consider the following region.

Definition 3: A rate pair (R, R,) is called unachievable in
the strong sense if for any code {(¢'), ¢, Yn)boe, satisfying
(1) it holds that

liminf g, > 0. ®)]

n—oo

Define the unachievable rate region in the strong sense by

UX1, X2) = {(R1,R) :
(R1, R,) is unachievable in the strong sense}.

Notice that (5) means that g, is positive for all sufficiently
large n. This U(Xy, X>) is closely related to Rop (X1, X2)
and facilitates characterization of Rp(X1, X3).

The following proposition is easily obtained from the
definitions of Rop(X1, X3) and U(X |, X3).

Proposition 1: Define U'(X,,X,) = Cl(U(X, X)),
where the superscript ¢ denotes the complement. Then, it
holds that (LIT(Xl, X,) C Ropt(Xl, X>).

Proof: If (R|,R;) € U (X}, X>), there exists a code
{(90511)7991(12)7l//n)};°=1 satisfying (1) and liminf, &, = O.

Such a code {((,0511),90512),%)};":1 satisfies, letting ¥ > O be

an arbitrary constant, %log Mf,k) < Ry +7vy, k=12, for all
sufficiently large n and &, < v infinitely often. This means
U(X 1, Xo) C Ropi( X1, X5) because (Ry, Ry) € U(Xy, X>)
is arbitrary. Since Ropi(X1, X») is defined as the closure, the
claim of this proposition follows. O
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Remark: In [4], 8] the achievable rate region R(X, X») is
defined without taking the closure. In this paper, however,
R(X1, X3) and Ry (X1, X5) are defined as the closures so
that we can ensure technical soundness especially of Propo-
sition 1 and discussions in Sect. 4.1.

3. Main Results

Before giving inner and outer bounds of Ry (X1, X>) and
U(X,, X,), we define the three events for R > 0 as follows:

\

1
EVR ={x”,x" EX'X X! ~log ————— R},
(R) = (61 1) € Xy x & ng7|xg(x'f|X§)

EQR) = {()Hl’,x”) € X X X1 -

\%
=

I\

1

n

1 1 1 }

—log m——"—r ;

n " Pxux (X))
EO®) = {(ﬂ,)a;) CXIXXL: tlog—— L R}.

" n " Pyixi(xy, x3)
Furthermore, define

A(X1,X2) ={(R1,Ry) : foranyy >0
liminf Pr{EP(R; +9) U EP(R, +7)

UEP(R; + Ry + )} = 0 holds} (6)

and

B(X1, X2) = {(R,Ry) : forany y > 0 all of
liminf Pr{E\D(R; + )} = 0,

n—oo
liminf Pr{EP (R, + )} = 0,
n—oo

liminf Pr{E®(R| + R, + )} = 0 hold}. (7

n—oo

In fact, B(X;, X») can be written in the following form.
Proposition 2: B(Xy, X,) = S* (X1, X»), where

S (X1, X2) = {(R1,Ry) : Ry > H' (X ]X2),
R, > H'(X»|X)) and R, + R, > H' (X, X»)}

and

(X, X)) = inf{a :

1 1
limsupPr{—log ————< a} = 1},
n—oo n PXTX’ZI(X 7X2)
H(X,|X)) = inf{a/ :
lim su Pr{llo e r— a} = 1}
il P P (X{1XT)
for (k,]) = (1,2) and (2, 1).

Proof: We first prove B(X,X;) ¢ S*(X1,Xz). Let
(Ry, R») be an arbitrary element of B(X;, X»). Then, letting
v > 0 be an arbitrary constant, we have

liminf Pr{E\D(R| + )}

n—oo
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= liminf Pr {l log
n

n—oo

— >R + =0,
P (X71X5) ! y}

which implies that

lim sup Pr {1 log ——————
n—oo n PX’I’\X’Z’ (Xllllxlzl)
for any y > 0. Note that we can use < instead of <
in (8). Hence, it holds that ﬁ*(Xlle) R; owing to
the definition of H*(X;|X>). Similarly, we can obtain
H*(X»|X|) < R, and H*(X,X») < R, + R,. Thus, we ob-
tain (Ry,R;) € S*(X1, X2). Since (R}, R;) € B(X1, Xp) is
arbitrary, B(X1, X») € 8* (X1, X») is established.
Next, we prove S*(X1, X3) € B(X1, X»). Fix (R, Ry) €
S*(X1, X») arbitrarily. Since R; > H*(X,|X,) is guaranteed,
for any y > 0 it follows that

£R1+y}=1 8)

<
<

1 1
Pr{E" (R, +y)} = Pr {— log ————— >R, +)/}
n = Pxxp(X71X3)

1 1 — y}
<Pri-log———— > H'X,|Xy) + L
{n ngnx;(X{‘Ile) (X11X>2) 5

1 1 — Y
=1-Pr{-1o 7SH*(X|X2)+—}~

{n £ Py (XT1X5) ! 2
By taking the limit inferior of both sides, we have

lim inf Pr{ED(R; + 7))

n—oo

< 1-limsupPr <H'(X1|X»)+

{ 1 1
- 10g n n
n—e0 n = Pxix (X71X3)

N[

}

due to the definition of H*(X,|X»). Since Pr{E" (R, + )} >
0 for all n > 1, this establishes liminf,_,. Pr{E\"(R; +7)} =
0. Similarly, we can prove liminf,_, Pr{Ef,z)(Rz +9}=0
and lim inf,_« Pr{ES’(R| + R> + 7)} = 0. Thus, we obtain
(R],Rz) (S B(Xl,Xz). Since (Rl,Rz) (S S*(X],Xz) is arbi-
trary, S*(X1, X») € B(X1, X») follows. ]

=0

Proposition 3: A(X|, X») € B(X,, X»).
Proof: For any (R, Ry) € A(Xy, X>) it holds that
liminf Pr{ED(R; + y)} = liminf Pr{EP (R, + 7))

n—oo

= liminf PH{EP (R, + R, + )} = 0

n—oo

because all of Efll)(Rl +), E,(lz)(Rz +7v) and Eff')(Rl +Ry+7v)
are subsets of Ef,l)(Rl +y)U Eff)(Rz +y)U Eff)(Rl + Ry +7).
Thus, the claim of this proposition follows immediately. O

Now, we are ready to state the main results.

Theorem 2: For any two correlated general sources X; and
X, we have

AX1, X2) U (X1, X2) CRopt(X1, X2) € B(X 1, X2).

We use the following two lemmas in the proof of The-
orem 2.
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Lemma 1 ([4]): Let M,(ql) and M,(Zz) be positive 1ntegers ar-

bitrarily given. Then, there exists a code {(905,1), (pn NI/%)

satisfying

1
&n < Pr{—l —_— > lo MY~
08 P XD n
1 1 1
or —log ————— > — logM(z) y

n = Pxoxn(X51XY)
n PX"X" (ann) >
4327 )

1
log M(I)M,(lz) - 7}

foranyy > 0Oandn > 1.

Lemma 2 ([4]): Any code {(90511), SOEIZ), W)} satisfies

1 1 1
&n zPr{—l 0g————— 2 logM(l)+y

n = Pxxn(X71X3)

1 1 1
or —log ————- > 10 MP 1y
n O P GIXD 0
1 1
or —log ————— > log M(I)M(Z) + y}
n PXnXu(X”X”)
-3.27" (10)

foralln > 1 and y > 0.

Proof of Theorem 2: Since Proposition 1 guaran-
tees U (X1, X,) C Ropt(X1, X2), we have only to prove
AX1,X2) € U(X1, X2) and Rop (X1, X2) € B(X 1, X2).

First, we prove A(X 1, X2) € UT(X1, X,). We use the
idea in [4, Theorem 7.4.1]. Fix y > 0 arbitrarily. We first
show that (R, Ry) € A(X1, X,) implies (R; +2y,R, +2y) €

UX1, Xp). Set MY = 2"Ri+2) and M = 2R+,
Clearly, these M and MP satisfy
lim sup — 1ogM(’<> <R +2y, k=12 (11)

Since Lemma 1 guarantees the existence of a code
(@ @i gl satisfying (9). we have

1
&n < Pr{— log >R +y
n

Py (XT1X5)

1
or —log

— >Ry +
" P (X3XY) ’

1
or —log ——
n % P (XX)

+3-27"
<Pr{ELPR, +y) UEP (R, +)
UED(R, + Ry +y)} +3-27.

2R1+R2+3y}

Since (R, Ry) € A(X,,X,) by assumption, by taking the
limit inferior of both sides we have

liminfe, =0,

n—oo

which, together with (11), implies that (R; + 2y, R, + 2y) €
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U(X1, X3). Since y > 0 is arbitrary, by letting ¥y | 0 we
can conclude that (R,R,) € U'(X,,X,). This completes
the proof of A(X, X») c U (X1, X>).

Next, we prove Rop(X1,X3) € B(X(,X,). In view
of Proposition 2, it suffices to prove that any (R;,R;) €
Ropt(X1, X2) belongs to S*(Xy, X»), ie., all of (a) Ry >
H'(Xi|X5), () Ry > H'(Xa|Xy), and (c) Ry + Ry 2
H*(X1, X)) are satisfied.

Hereinafter, we prove R; > H*(X,1X>) by contradic-
tion. Assume that R; < ﬁ*(X 11X>) is satisfied. Then, there
exists a constant yp > 0 such that R} < ﬁ*(Xl |X2) = 3y0. In
addition, we should note that H*(X;|X,) can be expressed
in the following form:

H'(X11X,) = sup{ﬁ :

1 1
limianr{— log ————— 2,8} > 0}
n—o0 no = Py (X71X3)

(see [6, Appendix]). Therefore, there exist a constant 5y > 0
and an integer ny such that

1 1
Pr{— log——— > H'(X,|X>») — }
08 P (XIIXD) S
> 26, foralln > ny. (12)

Furthermore, Lemma 2 tells us that for all » > 1 any code

(@), @7 ), satisfies (10) with y = o, which leads to

>P{11 —1 11 M + }

&y 2 Fr{— mrp—— > (0] n

n % Py (XIXD) ¢ 70
—-3.27"0 foralln > 1. (13)

Now, assume that (R, R,) is achievable in the opti-

mistic sense. Then, for any y € (0, min{yy,dp}) there ex-

ists a code {(90511), QOEIZ), Yn)}, with a subsequence {n;}°, sat-

isfying LlogM” < R +y < H'Xi|1X2) - 3y0 + v <

H*(X,|X>) - 2yp and g, < y forall n = n;, i > 1. Then,
(13) leads to
&y > Pr{l log _ > H'(X1|X2) - 70}
n = Pxixp(X71X3)
-3.27" foralln=n;,i>1, (14)

where the left side is less than y for all n = n;, i > 1, and
the right side is greater than dy (> ) for all sufficiently large
n = n; due to (12). This is a contradiction.

Since this argument can be applied to establishing (b)
R, > H*(X»|X)) and (c) R, + R, > H*(X,, X)) as well,
we can conclude that (R}, R;) € S8*(X;, X;) provided that
(Ry,R») is achievable in the optimistic sense. This estab-
lishes Ropi(X1, X2) € S*(X1, X») because S*(Xi, X,) in-
cludes the boundaries. m]

4. Discussions
4.1 Characterization of R(X{, X»)

So far, we have established an inner and an outer bounds
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of Ropi(X1, X3). In this subsection we revisit R(X;, X») in
Definition 1 and characterize R(X;, X,) in the same manner
as Theorem 2.

To this end, define A(X, X») and B(X,, X,) by replac-
ing the limit inferiors in (6) and (7) with the limit superiors,
respectively. Define ‘W(X |, X,) by replacing the limit infe-
rior in (5) with the limit superior. Then, it is easily verified
that R(X, X,) satisfies

AX1,X2) € WX, Xa) € R(X1, X2) € B(X1, Xa)

similarly to the proof of Theorem 2, where WX, X,) de-
notes the closure of the complement of ‘W(X, X;). We can
also verify that ZNE(XI , X») is expressed as S(X, X») in The-
orem 1 similarly to Proposition 2.

In the ordinary case, however, we can prove B(X1, Xa)
c AX,, X,) as well and therefore W (X, X,) = R(X],
X5) = 8(X1, X,) without any assumption on (X, X»). This
explains a reason why R(X|, X,) is expressed in a closed
form and is coincident with S(X, X»).

In order to verify Z?(Xl, X;) C fl(Xl ,X0), let (R,R»)
be an arbitrary element of B(X|, X>). BZ the definition of
B(X 1, X»), it holds that lim sup,_,., Pr{ES’ (R + )} = 0 for
k =1,2andlimsup,_, Pr{Eff)(Rl + Ry +v)} = 0. Then, we
have

lim sup PH{E(R) +7) UED (R, +7) UED Ry + Ry + 7))

n—oo

< lim sup Pr{E,(ll)(Rl +¥)} + lim sup Pr{EE,z)(Rz +v)}

+ lim sup Pr{Eﬁf)(Rl + Ry + )}
=0, (15)

where the inequality follows from the union bound and
limsup,_,.(a, + b,) < limsup,_,, a, + limsup,_,, b, for
any real-valued sequences {a,}" | and {b,} . Since the left
side is nonnegative, (15) implies that (R;,R;) € AX|, X>).
This establishes f?(Xl, X,) C ﬁ(Xl, X5).

Notice that we cannot use the same argument to estab-
lish B(X,, X;) ¢ A(X|, X,) because only the opposite side
the inequality holds with respect to the limit inferior. In
Example 3 in Sect. 4.2 we will see an example of (X, X»)
satisfying A(X |, X») € B(X|, X>).

4.2 Sufficient Conditions for A(X |, X») = B(X|, X»)

In this subsection, we investigate sufficient conditions on
(X1, X») under which A(X4, X,) = B(X,, X,) holds. The-
orem 2 and Proposition 2 guarantee that Ry (X1, Xs) =
U (X1, X,) = S*(X1, X») under such sufficient conditions.

We begin with the simple sufficient condition given in
the following proposition. This sufficient condition is shown
to be valid by using the argument given in Sect. 4.1.

Proposition 4: If H(X,|X;) = H'(X1|X,), HX2X)) =
H*(X,)X)) and H(X{,X>) = H*(X1,X), then it holds that
Ropi (X1, X2) = U'(X1, X2) = §'(X1, X).

Proof: Clearly, S(X1,X,) = S*(Xi1,X,) holds by
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the assumption. So far, we have already established that
B(X1, X») = §*(X1, X»,) in Proposition 2 and B(X],Xz) =
S(X1, X5) in Sect. 4.1. Hence, S(X{, X5) = S*(X1, X,) im-
plies B(X1,X») = B(X1,X»). In addition, we should note
AX1, X») ¢ AX1,X,), which immediately follows from
their definitions. Then, in view of Theorem 2 it holds that

AX1, X2) € AXy, Xa) € U (X, Xa2)
C Rop(X1, X2) € B(X1, X2) = B(X1, X2). (16)

Since we have proved that A(X|,X;) = B(X1,X») in
Sect. 4.1, the claim in this proposition follows. O

Example 1: Let Px,x, be a joint probability distribution
on X X X, satisfying H(X;X,) < oo, where H(XX;) de-
notes the joint entropy of X; and X,. Let X; and X,
be two correlated stationary memoryless sources induced
by Px,x,. Clearly, by the weak law of large numbers we
have H(X|X2) = H*(X11X2) = HXi1X2), HX,|X)) =
H*(X5|X1) = H(Xz|X)) and H(Xy, X)) = H'(X,,X») =
H(X1X>) for these sources, where H(X,|X;) denotes the con-
ditional entropy of X given X; for (k,1) = (1,2) and (2, 1).
Hence, Proposition 4 guarantees that

R(X1,X2) = Rop( X1, X2)
={(R1,Ry) : R 2 HX |X3),R, 2 H(X,|X;)
and R, + Ry > HX, Xo)).

Next, we introduce a new class of correlated sources.

Definition 4: Let X; and X, be two correlated general
sources. We say that (X, X,) is synchronizing if for any
y > 0 and 57 € (0, 1) there exists a subsequence {n;}2, such
that all of

1 —
Pr< —lo ﬁZH*(X |X2) + }S , (A7)
{l’l ng/lx|X/21(X1 |X2) a2 Y T

Pr{ —lo ﬁZﬁ*(XlX)‘F }S , (18)
{n ngg|x';(X2|X1) SERARS

1 —
Pr{—log ————— > H*(X|, X») + }S 19)
{’1 s Pyuxn(XY, X3) R B

are satisfied for alln = n;, i > 1.

Note that owing to the definitions of H* (X11X>5),
H*(X»|X,) and H*(X1, X»), each of the above three inequal-
ities in Definition 4 is satisfied infinitely often. The synchro-
nizing property in Definition 4 actually requires that all the
three inequalities are satisfied simultaneously with the same
subsequence {n;}77, .

The following proposition indicates that the synchro-
nizing property of (X, X») is another sufficient condition
for ﬂ(Xl,Xz) = B(X], Xz).

Proposition 5: If (X, X,) is synchronizing, Rop(X1, X2)
=U'(X,,X,) = S (X1, Xo).

Proof: In view of Theorem 2, it suffices to establish
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B(X1, Xy) c A(X1, X»). Fix (R, Ry) € B(X|, X,) arbitrar-
ily. Then, Proposition 2 tells us that all of R} > ﬁ*(X 11X2),
R, > H*(X»|X)) and R, + R, > H*(X}, X») are satisfied.
Since (X, X») is assumed to be synchronizing, for any con-
stants y > 0 and 57 € (0, 1) there exists a subsequence {n;}:,
satisfying

PH{ED R + 7))

1 1
=Pr —logﬁ >R +’y}
{n P (XTIX5)
1 1 —
<Pr{-1lo v ao o 2 H*(X 1X5) + ‘y}
{n & P (X 1X5) !
<n foralln=n;andi>1.
Similarly, we have Pr{E,(f) (Ry+7y)} <npand Pr{ES)(R 1+Ry+
)} < nforalln = n;, i > 1. Therefore, it holds that
Pr{ED(R) +y) UEP(Ry +y) UEP (R, + Ry + 7))
< Pr{EV(R) +9)} + PH{EP(R, + 7))
+Pr{EP R, + Ry + )}
<3p forallm=mn;andi>1,
which means that the limit inferior of the left side is equal to

zero. Since (R}, R;) € B(Xy, X») is arbitrary, B(X, X») C
A(X1, X») follows. ]

The notion of synchronizing property in Definition 4
leads to an interesting implication on inner bounds of
Ropt(X1, X2). Assume that for any y > 0 there exists a

subsequence {n;};>, such that (17) and (19) hold for all

n =n;, i > 1. Then, we can show that

Vi(X1,X2) = {(Ri,Ry) = Ry = H' (X, |X),

R, > H(X»|X;) and R, + R, > H* (X1, X))}
is a subset of Ryp(X1, X3). This fact is verified by check-
ing V1(X,X;) ¢ AX},X») as follows. Fix (R|,R;) C
V1(X1, X,) arbitrarily. Then, we have

Pr{EV (R, + )} + Pr{EP (R, + R, +y)} < 21y
foralln = n;and i > 1, and
Pr{E® (R, +y)} <n for all sufficiently large 7.

Thus, there exists an integer iy such that
PH{E R +y) UEP (R, +y) UED (R + Ry + 7)) < 37y
forall n = n; and i > iy,

which means the limit inferior of the left side is equal to
zero. On the other hand, we can similarly prove that

Va(X1,X2) = {R1,Ry) : Ry = HX,|Xy),
R, > H'(X,|X)) and R, + R, > H(X}, X))}

is a subset of A(X;, X») with no assumption on (X1, X>).

Example 2: Let Pg(l])xz and Pg(zl)xz be the joint probability dis-
tributions on X X X, satisfying H (Xgl)IX;])) < H(X(l2)|X;2)),
HxP X"y < HxP1x®) and HXX) < HEXPXP) <
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co. Deﬁne'(gﬁ,Xz) = {(X], X)), as the pair of general
sources satisfying
e, PPy (i, %), if nis odd
Pynxn (X, %)) = =17 X, 00 S )
A [T Pﬁi)xz(xi,fc,-), if n is even,

where X} =(xg,..., %) and X =G, X)) Since it holds
that H(X,1X2) = HX" X)), HX0|X)) = HXGPIX)), and
H(X1X>) = HXP'X), we have
R(X1,X2) = {(R1,R) : Ry > HX|XP),
Ry > HXP X)) and Ry + Ry > HXP[XP)).
I_n addition, since (X1, X>5) _is synchronizing and satisfies
H (X\1X2) = HXIXGD), H(XaIX)) = HXGIX(), and
H*(X,X>) = HX\"X{"), we have
Ropt (X1, X2) = {(R1,R2) : Ry 2 H(Xﬁ"lXé”),
Ry > HXIX\V) and Ry + Ry > HX\"x{")).

Figure 2 shows R(X1, X») and Rop (X1, X2) in this example.

Example 3: Suppose that Pg(ll)xz and Pg(zl)xz satisfy

HX X)) < HXPIx?), X xY) < HXPXP) < oo,
and H (X;z) IX?)) < H(X;DIX?)) in Example 2. In this case,
we can easily verify from Theorems 1 and 2 that

R(X1,X2) = {(R1,Ry) : Ry > HX?|X?),
Ry > HXIXD) and Ry + R, > HXPX?))

and
VX1, X2) € Rop(X1, X2) € §° (X1, X2),
where V(X1, X») = V1(X1, X2) U Va (X1, X2),

VitX1, Xo) = {(R1, Ro) : Ry = HXIXY),
Ro > H(XIX() and Ry + Ry > H(X{'X{)))

fori=1,2 and

RQ‘

HXP X |

Hx{M x|,

H(xP1x?)

HxPIxY)

HxPxP) HxP|xP)

Fig.2  R(Xi, X2) and Ropt (X1, X2) in Example 2.
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Ry 1

2 2
H(XP x5)

H(x{M x5

H(X51x)

2 2
H(XP | x?)

> Rl
HXPIXY) HXP | Xx)

Fig.3 S*(X1,X2), V(X1,X>) and R(X1, X?2) in Example 3. The broken
(purple) line and the dotted (green) line correspond to the boundaries of
V1(X1, X2) and Va2(X1, X»), respectively.

S'(X1.X2) = {(Ri.Ry) © Ry 2 HXVIXSY),
Ry > HXP|X) and Ry + Ry > HX{" X))}

Figure 3 shows the relationship of 8*(X, X3), V(X1, X»)
and R(X 1, X») in this example.

In Example 3, we can actually prove that Rop(Xj,
X5) = V(X;, X,) by using a contradiction argument.
Suppose that (R}, Ry) € S*(X1, X2)\V(X1, X») is achiev-
able in the optimistic sense. Then, there exists a code
(e o w2, satisfying Llog My < Ry + v, k = 1,2,
and g, < y for any y > 0 with some subsequence {n;};>,. We
first note that we can choose a sufficiently small y, € (0, %)
such that (Ry + 2y0,Ry + 2yy) € S (X1, Xo\V(X1, X»).
Then, the code {(90511)"}722)’1//}1)}211 satisfies 1 log MP <
Ry + 0, k = 1,2, and g, < o for a subsequence {n;}?,.
However, since (R},Ry) € S*(X1, Xo)\V(X1, X») implies
that Ry + yo < HX"IX(") = yo and Ry + Ry + 3 <
H(X(12)X;2)) — Y0, due to the weak law of large numbers it

holds that Pr{E,(,z)(Rz +v0)} = 1 =7y for all sufficiently large
odd n and Pr{E£,3)(R 1 + Ry + 7)) = 1 —y, for all sufficiently
large even n, which yields Pr{Efll)(Rl +7v0p) U Ef)(R] +7y0) U
E,(l (R1 + R, +7y0)} = 1 =7 for all sufficiently large n. Then,
we can prove that g, > 1 —yy —3 -2 > 1 — 2y, for
all sufficiently large n similarly to (13) and (14) by using
Lemma 2. This contradicts &, < yo foralln = n;, i > 1,
because o € (0, 1).

5. Conclusion

In this paper the achievable rate region Rop(X 1, X>) in the
optimistic sense for separate coding of two general sources
(X1, X») is discussed. We have given an inner and an outer
bounds of R, (X1, X>), where the outer bound is described
by using new information-theoretic quantities. We have
clarified two sufficient conditions under which the inner
bound coincides with the outer bounds.

We conclude this paper by pointing out that extension
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of the obtained results to the case of m (> 2) correlated gen-
eral sources is straightforward.

Acknowledgement

The author would like to thank anonymous referees for their
comments to improve the quality of this paper.

References

[1] P.-N. Chen and F. Alajaji, “Optimistic Shannon coding theorems for
arbitrary single-user systems,” IEEE Trans. Inf. Theory, vol.45, no.7,
Pp-2623-2629, 1999.

[2] T.M. Cover, “A proof of the data compression theorem of Slepian
and Wolf for ergodic sources,” IEEE Trans. Inf. Theory, vol.IT-22,
no.2, pp.226-228, 1975.

[3] T.S.Han and S. Verdd, “Approximation theory of output statistics,”
IEEE Trans. Inf. Theory, vol.39, no.3, pp.752-772, 1993.

[4] T.S. Han, Information-Spectrum Methods in Information Theory,
Springer, 2003.

[5] M. Hayashi, “Second order asymptotics in fixed-length source cod-
ing and intrinsic randomness,” IEEE Trans. Inf. Theory, vol.54,
no.10, pp.4619-4637, 2008.

[6] H. Koga, “Four limits in probability and coding of a general source,”
IEICE Trans. Fundamentals, vol.E94-A, no.11, pp.2073-2082, Nov.
2011.

[7] H. Koga, “On the achievable rate region in the optimistic sense for
independent coding of two correlated general sources,” IEICE Tech-
nical Report, IT2011-32, 2011.

[8] S. Miyake and F. Kanaya, “Coding theorems on correlated general
sources,” IEICE Trans. Fundamentals, vol.E78-A, no.9, pp.1063—
1070, Sept. 1995.

[9] N. Sato and H. Koga, “New results in optimistic source coding,”
IEICE Trans. Fundamentals, vol.E87-A, no.10, pp.2577-2580, Oct.
2004.

[10] D. Slepian and J. Wolf, “Noiseless coding of correlated information
sources,” IEEE Trans. Inf. Theory, vol.19, no.4, pp.471-480, 1973.

[11] S. Vembu, S. Verdd, and Y. Steinberg, “The source-channel trans-
mission theorem revisited,” IEEE Trans. Inf. Theory, vol.41, no.1,
pp-44-54, 1995.

Hiroki Koga received B.E., M.E. and D.E.
degrees from University of Tokyo, in 1990, 1992
and 1995, respectively. From 1995 to 1999, he
was a Research Associate in Graduate school of
Engineering, University of Tokyo. Since 1999,
he has been with University of Tsukuba, where
he is currently an Associate Professor of Grad-
uate School of Systems and Information Engi-
neering. His research interests are in Shannon
theory and information security. Dr. Koga is a
member of IEEE information theory society.



