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Abstract We focus on inference about high-dimensional mean vectors when
the sample size is much fewer than the dimension. Such data situation occurs
in many areas of modern science such as genetic microarrays, medical imaging,
text recognition, finance, chemometrics, and so on. First, we give a given-radius
confidence region for mean vectors. This inference can be utilized as a variable
selection of high-dimensional data. Next, we give a given-width confidence in-
terval for squared norm of mean vectors. This inference can be utilized in a
classification procedure of high-dimensional data. In order to assure a prespec-
ified coverage probability, we propose a two-stage estimation methodology and
determine the required sample size for each inference. Finally, we demonstrate
how the new methodologies perform by using a microarray data set.
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1 Introduction

Suppose we have independent and p-variate populations, m;, i = 1,..., k, hav-
ing unknown mean vector p; = (f;1, .., ftip)’ and unknown covariance matrix
Xi(> O) for each i. We do not assume that X1 = --- = Xj. The eigen-
decomposition of X; (i = 1,....k) is X¥; = H;A;H!, where A; is a diag-
onal matrix of eigenvalues A;; > --- > X; > 0 and H; = [h;1,....h;p| is
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an orthogonal matrix of corresponding eigenvectors. Having recorded i.i.d.
samples, @1, ..., Tin,;, from each m;, we have a p x n; (p > n;) data matrix
Xi = [$¢1,...,$ini], Where ZI}ij = (xﬂj,...,xipj)T, j = 1,...,77,1‘. Then, Zz =
A;l/QHiT(Xi — [m;, -, 4;]) i & p X n; sphered data matrix from a distribu-
tion with the identity covariance matrix. Here, we write Z; = [z1, ..., Zin,| and
Zij = (Zﬂj, ...,Zipj)T7 ] = 1,...,774. Note that E(lejl) =1and E(zijlzij/l) =0
fori =1,..,k; j(#7)=1,...p; I =1,...,n;. We assume that X\;;, > 0 (i =
1,...,k) as p — oo and the fourth moments of each variable in Z,; are uniformly
bounded.
In this paper, we assume one of the following three assumptions for m;’s:

(A1) i Np(py, X)) fori=1, .., k;
(A-ii)  zj, j =1,...,p are independent for i =1, ..., k;

(A-iii) E(zizjlzfsl) = 1 and E(zijizisizinziu) = 0, j # s,t,u, and {x;5 —
Wij}jen is a strictly stationary sequence and p-mixing for ¢ =1, ..., k.
Note that (A-i) implies (A-ii). The concept of p-mixing was first developed by
Kolmogorov and Rozanov (1960). See Bradley (2005) for a clear and insightful
discussion. Throughout this paper, we assume the following conditions for

Zz"SZ
tr(25)
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tr(X7)
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(A-iv) < oo (t=1,2) and —0asp—oofori=1,..,k

We assume the following extra condition when applying (A-iii):

(A-V) tr(Z‘lZ’j)

positive constants.

— ¢;j as p — oo for all 4,5 = 1,....k, where ¢;;’s are

Remark 1. If all A;;’s are bounded, (A-iv) trivially holds. For a spiked model
such as A\;j = a;;p®7 (j = 1,..,m;) and \j; = ¢;5 (j = m; + 1,...,p) with
positive constants a;;’s, ¢;;’s and a;;’s, (A-iv) holds under the condition that
a;; < 1/2for j=1,..,my(< 00); i =1,...,k. See Yata and Aoshima (2009b,
2010a) for the details of a spiked model. In an actual data analysis, one may
examine (A-iv) by using the cross-data-matrix methodology given by Yata
and Aoshima (2010a) or the noise reduction methodology given by Yata and
Aoshima (2011). As an interesting example, both (A-iv) and (A-v) hold for
X = cy (p‘i’,_ﬂq’"), i’ = 1,...,k, where c;’s, qi’s and p;’s(< 1) are positive
constants.

Let p = Zle bip;, where b;’s are known and nonzero scalars. Let us
write that T, = Zle biTin,, where n = (nq,...,ng) and T, = Z;l=1 i /.
One choice of making inference on p is to construct a confidence region by
R,, ={p € R? : ||Ty, — p|| < d}, where || - || denotes the Euclidean norm. Let
0 = (ptq,y .oy g, X1, ..., Xi) for given k. Then, the requirement is given by

Pg(/LGRn)Zl—Oé (1)
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for given and fixed d (> 0) and « € (0,1). There are many literatures related
to this problem when p is fixed less than n;. One may refer to Ghosh et al.
(1997), Aoshima and Mukhopadhyay (1998), Aoshima et al. (2002), Aoshima
and Takada (2004), Aoshima (2005), Yata and Aoshima (2009a) and Aoshima
and Yata (2010) among others in which Stein (1945)-type two-stage proce-
dures were proposed in a typical multivariate context. Especially, Aoshima
and Yata (2010) provided a general methodology to make a Stein-type two-
stage procedure asymptotically second-order consistent for a variety of mul-
tivariate inference problems such as multiple comparisons and bioequivalence
tests. For the concept of second-order efficiency, refer to Ghosh et al. (1997).
In an extreme high-dimensional case, those methodologies tend to satisfy the
probability requirement such as (1) excessively by taking overly samples. Yata
(2010) created a new-type two-stage procedure that meets the equality in (1)
approximately with a smaller sample size when p is extremely large. Note
that E(||Tn — u||2) = 325, b2tr(X;) (= X, say). Thus ||Tx — p|? behaves
around a certain positive quantity, Xy,. Since it holds that X}, = O(Zf:1 p/n;)
under (A-iv), one cannot claim (1) for a fixed span d (< oo) when having
n; = o(p), i = 1,...,k, that are fewer observations than the dimension. To
overcome this inconvenience, Aoshima and Yata (2011) have recently created
a new confidence region called “given-bandwidth confidence region” in a high-
dimension, low-sample-size context.

A common feature of high-dimensional data is that, while the data dimen-
sion is high, the sample size is relatively small. This is the so-called “HDLSS”
or “large p, small n” situation where p/n — oo; here p is the data dimension
and n is the sample size. The HDLSS asymptotics, where only p — oo while
n is fixed, were studied by Hall et al. (2005), Ahn et al. (2007) and Yata and
Aoshima (2012). They explored conditions to give a geometric representation
of HDLSS data. The HDLSS asymptotics usually regulate either the popu-
lation distribution by the normality or the dependency of the random vari-
ables in the sphered data matrix by a p-mixing condition. However, Yata and
Aoshima (2010b) developed the HDLSS asymptotics without assuming either
the normality or a p-mixing condition. Yata and Aoshima (2009b) succeeded
in investigating the consistency properties of both eigenvalues and eigenvec-
tors of the sample covariance matrix in more general settings that include the
case when all eigenvalues are in the range of sphericity. In addition, Yata and
Aoshima (2010a) developed the cross-data-matriz methodology that provides
effective inference on PCA and clustering for HDLSS data. Recently, Aoshima
and Yata (2011) have developed a variety of inference for HDLSS data such as
a given-bandwidth confidence region, two-sample tests, classification, variable
selection, regression, pathway analysis and so on.

In this paper, we focus on inference about high-dimensional mean vec-
tors for HDLSS data. In Section 2, we give a given-radius confidence region
for mean vectors. In Section 3, we give a given-width confidence interval for
squared norm of mean vectors. In order to assure a prespecified coverage prob-
ability, we propose a two-stage estimation methodology and determine the re-
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quired sample size for each inference. In Section 4, we demonstrate how the
new methodologies perform by using a microarray data set.

2 Given-Radius Confidence Region for Mean Vectors

In this section, we consider a confidence region for the loss function, ||T', — pul|?,
defined by

Row ={n€R":||Tn—pl|* < W} (2)

Aoshima and Yata (2011) showed that for a given confidence coefficient, Ry, w
does not exist in the HDLSS context that n;/p — 0 as p — oo if W is fixed free
from p. We assume that W = W(p) — oo as p — oo and W/ min;<;< tr(X;) =
o(1). Our goal is to construct R, y satisfying

Ppp e Ryw) > 11—« (3)

for given W (> 0) and « € (0,1/2).

2.1 Asymptotic Normality and Sample Size Determination

For the loss function ||T'y — p||?, Aoshima and Yata (2011) gave the following
result.

Theorem 2.1(Aoshima and Yata, 2011). Assume either (A-ii) or (A-iii)
with (A-v). Then, we have as p — o0 and n; — 0o, i = 1,..., k, that

| Tn — pl|* -
\/2 >, 20255, )/(ninj)

= N(0,1), (4)

where “=" denotes the convergence in distribution and N(0,1) denotes a ran-
dom variable distributed as the standard normal distribution.

From the fact that tr(X;X;) < \/tr(X7)tr(X?), it holds that

k
Zb2b2tr (X:3;)/(nin;) Z 2\ /2t0(X2) /.

Let z, be a constant such that P(N(0,1) > z,) = a. By using (4), we consider
n;’s such that

k
w-X
min W/p an subject to 2 > Za
i=1

Yy by 26(Z) /g
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as p — 0o. Then, we find the sample size for each 7; as

X 2
2 VTR S )+ S b sy
) (

k
(

=C;, say). (5)
Note that C; = W=Lb;|/tr(X;) Z?Zl |bj|\/tr(X;) + o(p/W) = o(p) under
(A-iv). Thus it holds that C;/p — 0 as p — o0, i = 1,...,k. We have the
following theorem.

Theorem 2.2. Assume either (A-ii) or (A-iii) with (A-v). For n;’s satisfying
(5), we have as p — oo that

liminf Pg(pu € Rpw) > 1 —a.

We emphasize that Ry, w meets requirement (3) in the HDLSS context that
n;/p — 0 as p — 0.

Remark 2. One can claim Theorem 2.2 even for a constant W such that W < oo
as p — oo. However, since one has that 0 < C;/p < oo in such a case, Ry w
cannot meet requirement (3) in the HDLSS context that n;/p — 0 as p — oc.

2.2 Two-stage procedure

Since X;’s are unknown, it is necessary to estimate C;’s in (5) with some
pilot samples. Along the line of Mukhopadhyay and Duggan (1997, 1999), we
suppose the following assumption: There exists a known and positive lower
bound oy, for tr(X;) such that o, /tr(X;) € (0,1), i =1,....k, as p — co. We
proceed the following two steps:

1. Let 7, = mini<,<g |bi\m2§=1 bj|\/Tjx- Having a fixed integer mq (>
4), define

-

mzmax{mo7 [W*} Jrl}, (6)
where [x] denotes the largest integer less than . According to (6), take pilot
samples x;;, j = 1,...,m, of size m from each m;. Let m; = [m/2] 4+ 1 and

— m — mi —
mo = m —my. Let T;,, = Ej:l acij/m, Tim(1) = Zj:l wij/m1 and Tim(2) =

m
> imm,+1 %ij/m2. Then, we calculate

> i (@ij — Tim ) (@ij — Tim) "

Sim = m— 1 s
2?21 (@i — Tim(1)) (Xij — @m(l))T
Sim(l) = my — 1
= LTij — Tim Tij — LTim
and Sim(2) _ Z]7m1+1( i) (2))( iJ (2)) (7)

m271
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for each ;. Define the total sample size for each m; by

k
1
N; = max {m, lW|bz|\/m; |bj|\/m

k
Za V2 tr(Sm(1)S jm(2))
+ W |bz|\/ tr(Szm);|bj| tr(S )

Jgm

+1}.
®

Let N = (Nh...,Nk).

2. Take additional samples x;;, j = m+1,..., N;, of size N; —m from each
m;. By combining the initial samples and the additional samples, calculate
TiN, = Zjv;l x;;/N; for each m;. Then, define Ry w according to (2) with
Tn =Y 0, biZin, -

We have the following theorem.

Theorem 2.3. Assume either (A-ii) or (A-iii) with (A-v). For the two-stage
procedure given by (6)-(8), we have as p — oo that

liminf Pg(pu € Rnw) > 1 — a.

Remark 3. Assume either (A-ii) or (A-iii). It holds as p — oo that N;/C; =
1+ 0p(1), so that N;/p = 0,(1) for i = 1,...,k. It should be noted that the
result given by Theorem 2.3 can be claimed in a HDLSS situation.

Theorem 2.4. Assume (A-i). For (6)-(8), it holds as p — oo that

limsup |[Eg(N; — C;)| <1 and Vareg(N;) = O(1).

Remark 4. We emphasize that the result given by Theorem 2.3 can be claimed
as long as 0. /p > 0 as p — oo for i = 1,...,k. In that sense, the two-stage
procedure is quite robust for the misidentification of o;,.

Remark 5. Yata (2010) considered an estimator of tr(X7) by tr(Sim1)Sim(2))-
Note that EO(Sim(l)Sim(Q)) = tr(E?) and tr(sim(l)sim(Q)) > 0 w.p.1. Under
either (A-ii) or (A-iii), it holds as p — 0o and m — oo that

tr(X?) )

tr(Sim(1)Sim(2))
V [ S A
< tr(Z7)2m

e > - %(1+0(1))+O<

On the other hand, Bai and Saranadasa (1996) and Srivastava (2005) consid-
ered an estimator of tr(X?) by tr(X?) = ¢, {tr(S%,) —tr(Sim)?/(m—1)} with
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em = (m —2)(m + 1)/(m — 1)2. Then, it holds under (A-i) that Eg(tr(X2)) =
tr(X?) and

tr(Z2) 4 8tr(X})
Vare (tr > = Wﬂ*‘o(l))‘i‘m(l‘i‘dl))

—~

as p — 0o and m — oo. One might consider tr(X?) for tr(Sim(1)Sim(2)) in (8).
It should be noted that tr(X?) is not unbiased unless (A-i) holds. In addition,
it does not hold that Vare(tr(X?)/tr(%?)) < co when the eighth moments of
each variable in Z; are not uniformly bounded. The unbiased estimator given

by Yata is quite robust in a non-Gaussian situation when compared to the
estimator by Bai and Saranadasa (1996) and Srivastava (2005).

2.3 Simulation
In order to study the performance of the two-stage procedure given by (6)-(8),

we took resort to computer simulations. We set k = 2, p = 1600, by = b =1
and W = 40. Our goal was to construct a 95% upper-bounded confidence

region, RN w. In other words, we set o = 0.05. Independent pseudoran-

dom normal observations were generated for m; @ N,(p,;, X;), ¢ = 1,2.
. 1/3

We considered the covariance matrix such as ¥; = c;B(p{ ' )B and

Xy = C2B(p|2i_j|1/3)B, where ¢; > 0 and p; € (0,1), i =1,2, and

B= dlag(\/05+1/p+l V05 +2/(p+1),. \/05+p/(p+1) 9)

We considered the following three cases: (i) (c1,¢2) = (1,1) a (pl,pg) =
(03703)a i'e'a X = 227 (11) (01702) = (151) and (01792) = ( 3 04)
tr(Z1) = tr(X) and tr(X]) # te(Z3); (iii) (e1,¢2) = (1,1.5) an (p1,p2) =

(03,03), i.e., 22 =1.5 21.

Table 1 gives the findings obtained by averaging the outcomes from 2000
(= R, say) replications. We set m = 20 for each case. The findings for case
(i) were given in the first block and the ones for cases (ii) and (iii) followed
after the block. Under a fixed scenario, suppose that the rth replication ends
with N; = n;,- (i = 1,2) observations and the corresponding confidence region
with n, = (ny,,na,) for r = 1,...,R. Let m; = R~! Zil ni and Var(n;) =
(R—1)7! Zle(nir —7;)%. Then, 7t (= 7y +7a) estimates C = Cy +Cy defined
by (5) with its estimated variance Var(n), computed analogously. In the end
of the rth replication, we checked whether p does (or does not) belong to the
corresponding confidence region and defined P, = 1 (or 0) accordingly. Let
P=R"! ZRﬂ P,, which estimates the target coverage probability, having its
estimated standard error s(P) where s?(P) = R~!P(1 — P).

Let us explain, for example, the entries from the second block for case
(ii). We had €y = 86.93, Cy = 86.93 and C = 173.86 from (5). From 2000
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Table 1 Required sample size and the coverage probability by (6)-(8) with W = 40

n n—C Var(n) P s(P)
Case (i): (c1,¢2) = (1,1) and (p1, p2) = (0.3,0.3)
C 172.20 173.10 0.90 2.44 0.946  0.00505

C1 86.10 86.54 0.44 0.79
Co 86.10 86.56 0.46 0.73

Case (ii): (c1,¢2) = (1,1) and (p1, p2) = (0.3,0.4)

(& 173.86  174.82 0.95 3.77 0.953  0.00473
Cy 86.93 87.42 0.49 0.95
Co 86.93 87.40 0.47 1.31

Case (iii): (c1,c2) = (1,1.5) and (p1, p2) = (0.3,0.3)
C 213.07 214.02 0.94 3.84 0.949  0.00491
C1 95.77 96.26 0.48 0.96
Cy 117.30 117.76 0.46 1.38

independent replications, we observed 7y = 87.42 (m; — C; = 0.49), 7p =
87.40 (y — Cy = 047), m = 174.82 (m — C = 0.95) and p = 0.953 together
with Var(ny) = 0.95, Var(ng) = 1.31, Var(n) = 3.77 and s(p) = 0.00473.
Throughout, we observed that the required confidence regions were successfully
constructed.

3 Given-Width Confidence Interval for Squared Norm of Mean
Vectors

In this section, we consider constructing a confidence interval for ||u||? defined
by

Rus = {p € R? : max{—0 + Tn,0} < ||p||> < max{0 + Tn,0}} (10)

for given & (> 0). We consider an estimator of ||||? as Ty = ||T'n||2—Zn, where
En = Zz L 03t (Sin, )/nz with Sy, = 2;21(1’21 Tin, ) (Tij —Tin,)" /(0 —1).
It is shown that Eg(T,) = ||u|/? and

b tr 22 b2b2tf(212J) k bQI,LTEILL
1% =9 +4 B S S L] L v
arg (T, Z n;(n; — 1) ; NN + ZZ_; n;
k
b2bitr(X; X)) biu Z'Zu tr(X
-9 biby tr(ZiXw) 44\ DR =il ( )

Our goal is to construct a confidence region Ry s such that
Pg(u €ER,5)>1—a (11)

for given a € (0,1). We assume that §/ min; <<y, tr(X?)"/2 = o(1).
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3.1 Aysmptotic Normality and Sample Size Determination

For Tn, we have the following theorem.

Theorem 3.1. Assume that u” X;p/(tr(X?)/n;) = o(1), i = 1, ..., k. Assume
either (A-ii) or (A-iii) with (A-v). Then, it holds as p — oo that
To — ||p]]?
Tl ngo,).
Vare(Tyn)

From Theorem 3.1, we consider n;’s such that

k
)
mln (5/]91/2 an subject to  —————= > 242
i=1 Vare(Ty)

as p — oo. Throughout this section, we assume the following extra assumption:

p'Xip

5y/tr(X?)

Then, we find the sample size for each m; as

Za/Q\/>

(A-vi) =o(l) fori=1,.. k.

ng > |b; |tr (X2 1/4§ |bj|tr(2%)1/4
j=1
222 k Ty,
a/2 2\1/4 ] ad _ .
tr( X2 | —=2 (=C; . 12
* o e DY Il (= Co s (12

Note that C; = O(p'/?/8) = o(p) under (A-iv). Thus it holds that C;/p — 0
as p — 00, i = 1, ..., k. Then, we have the following theorem.

Theorem 3.2. Assume either (A-ii) or (A-iii) with (A-v). For n; satisfying
(12), we have as p — oo that

liminf Pg(p € Rps) > 1 - a.

3.2 Two-Stage Procedure

Since X;’s are unknown, it is necessary to estimate C;’s in (12) with some
pilot samples. We propose a two-stage estimation procedure to determine the
sample sizes n. We suppose the following assumption: There exists a known
and positive lower bound oy, for y/tr(X?) such that o, /4/tr(X?) € (0,1),
i=1,...,k, as p — 0o. We proceed the following two steps:
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1. Let 7 = minj<;<g |bi|/Tix Z?Zl |bj|\/Tj+- Having a fixed integer mo (>

4), define
m = max {mo, [Za/(zs\/in] + 1}. (13)

According to (13), take pilot samples x;;, j = 1, ...,m, of size m from each ;.
Then, calculate ®jn, (1), Tim(2); Sim; Sim(1) and Sip(2) according to (7) for
each ;. We consider an unbiased estimator of u? X;u such as

Us = ((bﬁim(l) + Ton(i)) " Sime2) 0Fim1) + Tongiy)

_ _ b7t (Sim(1)Sim(2))m
+ (biwim(Z) + Tm(i))TSim(l)(bixim(Z) + Tm(z)))/2 - 277(11)m2 )
k
Z zm(l) + Smn(Q))S ) (14)
2m
J(#4)

with T, = 25(#) b;Tjm. Note that Eg(U;) = p’X;pu. Define the total
sample size for each m; by

Za/Q\[

N; =max {m, [ |6 [t1(S (1) Sim(2)) Z|b [tr(Sjm(1)Sjm2)"*
j=1
max{U;, 0}

Sim1)Sim2)

2
2za/2

k
. ) ) 1/4 .
|bz‘tr(szm(1)szm(2)) ;|b]|tr( )1/4} +1}- (15)
Let N = (Ny, ..., Ng).
2. Take additional samples x;;, j = m+1,..., N;, of size N; —m from each
m;. By combining the initial samples and the additional samples, calculate
TN = HTN||2 EN where ZN = Z b tl"( 2NI)/.]\/Y with SzN1 = (N —

i=1"1

1)*12?:’:1@:” —Z;n,)(ij — Tin,)T. Then, define Ry 5 according to (10).
We have the following theorem.

Theorem 3.3. Assume either (A-ii) or (A-iii) with (A-v). Assume also that
max; <;<{tr(X})} = O(pd?). For the two-stage procedure given by (13)-(15),
we have as p — oo that

liminf Py(p € Rns) > 1 — .

Remark 6. Assume either (A-ii) or (A-iii). It holds as p — oo that N;/C; =
1+ 0,(1), so that N;/p = op(1) for ¢ = 1,...,k. It should be noted that the
result given by Theorem 3.3 can be claimed in a HDLSS situation.

Remark 7. One of the choices of o, is, for example, a positive lower bound,
040, for tr(X;)/\/p such that oy0,/p/tr(X;) € (0,1) as p — oo. Then, it holds
from Schwartz’s inequality and (A-iv) that

0 < ai0/1/tr(Z7) = (gi0v/p/tr(2:)) (t2(23) //ptx(£F)) < 1
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as p — oo. We emphasize that the result in Theorem 3.3 can be claimed as
long as 0, /p*/? > 0 as p — oo for i = 1,...,k. In that sense, the two-stage
procedure is quite robust for the misidentification of o;,.

Remark 8. For (14), under (A-iv), (A-vi) and either (A-ii) or (A-iii), it holds
as p — oo that

Varg(U;) = 0(p2/m2);
U=p" Zip+o,(p/m) for i=1,..,k

Remark 9. Under (A-i), one may consider

- k
U =T%8, T, — br(ZD) 3 btr(SimSjm)

3(£9)

as an unbiased estimator instead of (14), where T',,, = Zle biEim and tr(X?)
is given in Remark 5. Then, it holds that Eg(U;) = u* X; .

3.3 Simulation

In order to study the performance of the two-stage procedure given by (13)-
(15), we took resort to computer simulations. We set k =2, by =1, by = —1
and § = 10. Our goal was to construct a 95% confidence interval Ry s. In
other words, we set a = 0.05. We considered a non-Gaussian case such as
zii = (13/15)Y2w;j;, where wyjy, i = 1,2; j = 1,..,p (I = 1,..,n;) are
independently generated by t-distribution with 15 degrees of freedom. Then,
note that E(z;;) = 0, E(zfjl) =land 2z, j=1,...,p(i=1,2; I =1,...,n;)

are independent. Let x;; = HA;/2(ZZ'1[, e Zip) T+ (1=1,2; 1=1,...,n;)
with p; = (1,...,1,0,...,0)7 whose first 25 elements are 1, py = (0,...,0)7,
¥ = HAH” = B(0.3=1"")B and X5 = HA,H” = 1.2B(0.3111"")B,
where B is given by (9). Then, the population distributions of x;;, i = 1,2,
satisfy (A-ii). Note that |[u||> = 25. We set 04 = 0.8 x \/tr(X?), i = 1,2.
Then, we obtained m = 13, 18, 22, 25, 28 from (13) for p = 400(400)2000,
respectively.

In table 2, each block gives the findings when p = 400(400)2000. The
findings were obtained by averaging the outcomes from 2000(= R, say) repli-
cations. Under a fixed scenario, suppose that the rth replication ends with
N; = n; (i = 1,2) observations and the corresponding confidence interval with
n, = (ny.,n9,) for r = 1,...,R. Let m; = R™! Ele ng and Var(n;/C;) =
(R—1)71 Zf:l(nir —m;)?/C2. Then, 1 (= 7y + M2) estimates C = Cy + Cy
defined by (12) with its estimated variance, Var(n/C), computed analogously.
In the end of the rth replication, we checked whether p does (or does not)
belong to the corresponding confidence interval and defined P. = 1 (or 0)
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Table 2 Required sample size and the coverage probability by (13)-(15) with § = 10

n n—C Var(n/C) P s(P)

When p = 400: m = 13
C 48.94  56.30 7.36 0.195 0.939  0.00537
C1 2336 26.89 3.53 0.199
Cy 25.59 2941 3.83 0.199

When p = 800: m = 18
C 61.69 70.57 8.89 0.132 0.935  0.00553
C1 2944 33.74 4.30 0.135
Cy 3225 36.84 4.59 0.133

When p = 1200: m = 22
C 71.68 81.68 10.0 0.112 0.943  0.00521
C1  34.21  39.04 4.83 0.114
Cy  37.47 42.64 5.16 0.113

When p = 1600: m = 25

C 80.16 91.49 11.33 0.0971 0.946  0.00505
Cy  38.25 43.69 5.44 0.0986
Cy 4191 47.80 5.89 0.0973

When p = 2000: m = 28

C 87.65 98.56  10.90 0.0764 0.950  0.00487
Cy  41.83 47.07 5.24 0.0775
Cy 45.82 5148 5.66 0.0765

accordingly. Let P = R~} Zle P, which estimates the target coverage prob-
ability, having its estimated standard error s(P) where s?(P) = R™1P(1— P).
Throughout, we observed that the two-stage procedure constructed required
confidence intervals successfully for HDLSS situations.

4 Data Analysis

In this section, we demonstrate how the new methodologies perform for a real
data set in HDLSS data situations. We analyzed gene expression data given by
Chiaretti et al. (2004) in which data set consisted of 12625 (= p) genes and 128
samples. Note that the expression measures were obtained using the three-step
robust multichip average (RMA) preprocessing method. Refer to Pollard et al.
(2005) as well for the details. The data set had two tumor cellular subtypes,
m1: B-cell and mo: T-cell. We set p = py — py (by =1, by = —1). We assumed
(A-iv) and either (A-ii) or (A-iil) with (A-v).

We first considered constructing a confidence region for u along the lines
of Section 2. We set a = 0.05 and W = 300. We assumed that tr(X';) > 1500
for B-cell and tr(X's) > 1500 for T-cell. We set o1, = 1500 and o2, = 1500 so

that 7, = min;—; o 03,{2((7}12 + 0512) = 3000. We calculated the pilot sample



Inference on High-Dimensional Mean Vectors 13

size as

3000
m = max{4, {300} + 1} =10

according to (6). So, we took the first 10 samples from each 7; as a pilot sample.
We calculated tr(S1,) = 2646, tr(Sa,) = 2664, tr(S1,,(1)S1m(2)) = 7-22x10°
and tr(Som1)S2m(2)) = 1.09 x 10° from (7). Note that z, = 1.64. Then, from
(8), we had the total sample sizes as

/2646
N; = max {10, [ (\/2646 + \/2664)

300
1.64/2 \/7.22 x 105 \/1.09 x 105
V264 1t=2
+ 30 V2040 ( 2646V 2664 } + } £

Ny = 27.

So, we took the next 17 samples from 7; and the next 17 samples from 5.
Then, we had an estimate of u by

Tn = TN, — Ton, = (—0.102, —0.014,0.026, ...,0.095,0.114, 0.174) T,
so that a 95% confidence region for p by
Rnw = {p € R ||Tn — p||* < 300}. (16)

We checked whether g = 0 or not. When p = 0, it followed that ||[T'n — pl|* =
|[Tn||> = 1746 (> 300). Since 0 ¢ Rn w, we concluded that p # 0. Let
T~x = (TN, -, T, pN)T. We considered a variable selection procedure by

T; if |Tyn|>04
TiN(e) = J J ’ 17
NG {0 otherwise (17)

for j =1,...,p. Let Ty = (TN, ...,TpN(*))T. Then, we had that
Tns = (0,0,0,0,0,0.572, ..,0,0,0)7.

The number of nonzero elements in T'n(,) was 1709. In other words, the selec-
tion procedure (17) chose 1709 genes from 12625 genes. When p = T'n(y), it
followed that [|Tn — p||* = || T — T |]? = 263 (< 300). Since p = T'ns) €
RN w, we considered T'N(«) as an estimate of p.

Next, we considered constructing a confidence interval for ||u|[? along the
lines of Section 3. We set & = 0.05 and § = 200. We assumed that tr(X3)1/2 >

600 for B-cell and tr(X3)'/2 > 300 for T-cell. We set o1, = 600 and o2, = 300
so that 7, = min;— o ail*/z(aif + 0%12) = 724. Note that z,/, = 1.96. We
calculated the pilot sample size as

m o= max da, | 196V2x 7240 L
200
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according to (13). So, we took the first 11 samples from each m; as a pilot
sample. We calculated tr(S1,,(1)S1m(2)) = 6.28 x 10° and tr(Sop,(1)Sam(2)) =
3.63 x 10° from (7) so that max(U;, 0) = 0 and max(Uz, 0) = 60400 from
(14). Then, from (15), we had the total sample sizes as

1.96/2
200

1.9622 60400
6.28 x 104 (04 —————— 14 =34
+ 007 ¢ ) T B63 < 109)1 /1 [ +1f =0

Ny = 30.

N, = max{n, [ (6.28 x 10°)1/4 {(6.28 % 10°)Y/4 1 (3.63 x 105)1/4}

So, we took the next 23 samples from 7 and the next 19 samples from .
Then, we had ||Tn||? = 1692 and Y = tr(S1n,)/N1 + tr(Xan,)/No = 149
so that Ty = ||T'n||? — X'~ = 1543. Finally, we gave a 95% confidence interval
by

R = {p € R? : max{—6 4+ Ty, 0} < ||p|)? < {0 + T, 0}}
= {p € RP : 1343 < ||p||* < 1743}.

We emphasize that one may apply a confidence interval for ||u||? to the dis-
criminant analysis for HDLSS data. (Refer to Section 4 in Aoshima and Yata,
2011).

A Appendix

Proof of Theorem 2.2. We have from (5) that Xn < W/(1 + u()), where

S ( bl ) (18)
It holds that

\/ Zb2b2tr(2 2 /(nlnj < fsz 22)/711 < M

u(a) —zafZ| i|

za(1 4 u(e))

Then, we have from (4) that

uw(a)W
Pe(llTn*MHQSW)Zpe(HTn*MF* < o) )

"= 14 u(a)
> Pp(N(0,1) < za) +0(1) =1 —a+o(1).

It concludes the result. O

Proof of Theorem 2.3. We have under (A-iv) and either (A-ii) or (A-iii) that

Varg (5 ) = 0(ux(53)/(x(50*m) = O((mp) ).

Varg (W) = O(m™2) + O((BH) /(tr(Z2)%m) = o(m™Y).  (19)
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Then, it holds as p — oo that |[N; — C;| = Op(1) under (A-iv) and either (A-ii) or (A-iii).
Let Ciy = [C; —m&] (i =1,...,k) for & € (0,1/2). We have as p — oo that m < Cjx < N; <
C; +mé w.p.1. Here, we write that TN, = ch:“{ z;/N; +ZiN:iC-*+l x;;/N;. Then, it holds
that

[Zin, — ml|* — tr(Sin,)/Ni

Cix Cix N N;
_ i o Zl#/ ZijlZi 1 -1 Zl/:ci*_;'_l ZijlZi 1 Zl;ﬁp(zci*ﬂ) 231251
= YNV — 1) Ni(N; — 1) Ni(N; — 1)

By using Chebyshev’s inequality and Schwarz’s inequality, for any 7 > 0, we have that

N; P

AijZijlZi0
Pl 3 SR s
A (2Cy,+1) |5=1 ix
Citlmél+1 | p
Nis 21z s 4¢
< Py > Z%’” > TW/p'/2 | +o(1) =o(”(:j—2) +o(1) = o(1).
1A (204, +1) [5=1 i i
(20)
Thus we claim that
N;
Ep: M 2 (> 0441) FFiGY op(W/p'/?)
= Ni(N; — 1) P

Similarly to (20), for any 7 > 0, we have that

N; P )‘"Zci* P

j=17" 1=1 ~ijl=igl’ 1/2
Py Z 2 >7W/p /2 = o(1).
U'=Cyu+1 %
Thus we have that

C; N;

P )‘Z] lei Zl/l C Zigl =iz’
= =C,;,+1 “ijl%ij

> : = op(W/p!/?),

~ Ni(Ni - 1)

Then, it holds as p — oo that

C;
Do Zigl iy

W/pt/?).
Cir(Cir — 1) +op(W/p™/7)

4
1Zin, — mll? — te(Sin,)/Ni = D Aij
j=1

Similarly, it holds for ¢ # ¢’ that
(®in; — M)T(@’Ni, — i) = (Ticy, — Nz‘)T(@’Ci/* — pir) + op(W/p*/?).
Then, we have that
1T = pl* = En = 1To, —ull® = e, +op(W/p'/?),

where Cy = (Cix, ..., Ck+). Here, let us write that

k k
1 2 \/§ tr(s'7nls'm2)
Y= —W|bz—|¢tr<sm>3§:1j 10514/ tx(Sm) + =37 |bi|\/tr<sm>]§:1) e e

From (19), it holds that Y; = C;+o0p(1). Then we have that N; > [Y;]+1 = [C;+0p(1)]+1 >
C; w.p.1. Thus we claim that ¥ — Y¢ < 0 w.p.1, where C = (C1,...,Ck). Note that
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Sn - En = 0p(W/p¥/?), £, — S, = 0,(W/pH/?) and u(a) = O(p~1/2), where u(a) is
defined by (18). Therefore, similarly to the proof of Theorem 2.2, we have that

Po(ITN — pl]> = T < W = 2N) > Po(HTc* — |’ = Te, <W - Ec) +o(1)
>1—a+o(1).
It concludes the result. d
Proof of Theorem 2.4. From (A-i), (A-iv) and (19), we claim Eg(Y;) = C; + o(1), where Y;
is defined in the proof of Theorem 2.3. In a way similar to the proof of Lemma 2 in Yata
and Aoshima (2009a), we have under (A-i) that
Eo{(N; = [Yi] - 1)'} = o(m'™2) (t=1,2).
Note that Varg(Y;) = o(1). Then, it holds that
|Eo(N; — C3)| < |Eo(Y;) — Cil + 14 0(1) =1+ o(1).

Note that |Eg([Yi]) — [Ci]| < 1+ o(1) and Eg{(Y; — C;)2} = o(1). Then, it holds that

Varg{N;} = Eo{([¥i] — Eo{[Yi]})*} + o(1) < Ee{(|[Yi] - [Ci]| +1)*} + o(1)

< Eo{([|Vi — Cil] +2)%} + o(1) < Eo{(Y; — Ci| +3)*} + (1) = O(1).

It concludes the results. O

Proof of Theorem 8.1. From the assumptions that p7 X,y = o(tr(Z?)/ni), 1=1,...,k, it
holds as p — oo that Varg(uTTn) = O(Z;C:l 1T X;pu/n;). Thus we have that

Tn — |12 Tn—pl2-%
no il TP Sh
\/Varg(Tn) \/2 2,5 b7 bFtr(Zs X5) / (niny)
Then, by using Corollary 2.1 in Aoshima and Yata (2011), it concludes the result. g

Proof of Theorem 8.2. Note that Varg (Tn)zi/2/62 < 140(1). Then, we have from Theorem
3.1 that

Py(|Tn — [|pll*| < 6) > Po(IN(0,1)] < za/2) + (1) =1 — a + o(1).

By noting that ||us||?> > 0, it holds that Pg(p € Rn,s) > 1—a+o(1). It concludes the result.
O

Proof of Theorem 3.3. Under either (A-ii) or (A-iii), we have that

tr(2i2j2i2j1)> —l—O(Z tr(ZiZj)tr(Zizj/)> . O((uTEiH)2)

Vare(U;) :O(Z

IRY m? IRZ m?
LIS 735 5% 7 LIS 535 YR WK 5F
+O(Zlu ’Lm] zu)+o(zltr( i 1;)2;4 z“)' (21)
J= J=

Note that tr(X;X;) < max, tr(27), (2 X; 33 ;) < 1réllagxktr(2?) and pT 2, 3,54 <

uT 3, /tr(E%Z’?). From the assumptions that (A-iv), (A-vi) and max tr(Z}) = O(pd?)
s

as p — 0o, we have that

Varg(Us; /6%) = O(m). (22)
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From (19) and (22), it holds that | N; —C;| = Op(m!/?). Let Ciy = ;C,-—ml/”g] (i=1,..k)
for ¢ € (0,1/6). We have as p — oo that m < Cix < N; < C;+m1/21€ w.p.1. Here, we write
that w; = [|(N; — Cix)|/[m'/?~€]] + 1, where w; is an integer. Note that w; = Op(m?).
Let Ry = {Ci + 1+ (t — D)[m'/27¢], ., Cip + tim/27¢]} (t = 1,..,w; — 1) and R.,; =
{Cix + 1+ (wi — 1)[m/27€], ..., N;}. Then, we can describe Zl]\i'ci*Jrl as Z;’;l ZleRj'
Thus we have that

c; N;
r .. Tk i P ..
Aij 202 Zl’:Ci*Jrl ZijlZigl

N;(N; — 1)

Jj=1

i1 c; Ci
_ wlZ P Nij S0 SueR, Zitziy P Y i Xij 20127 Zijizigr

t=1 j=1 VeR,, =1

In a way similar to (20), for any 7 > 0, we have that

1 C.
P [N IS- A 2t R, #itFir
0| 20 |2 o
(2.3

t=1 |j=1

76 | = O(m4§m1/275/C¢*) +o(1) = o(1),

4 N s Cix il Ziil
Po| D DT 2tz | s | 2 o(mt=%/0,) = o(1).

- C?
% ERwi Jj=1 (23

Then, we have that

Ciy —N;
P .. 1% i Ly
Aij 2021 Xy le,, 41 FiglFigy

= 0p(9).
= N;(N; — 1)
Similarly, we have that
P >\'j Z;Vl Ziil%iq1! Ni
5 AU (2C4y+1) T1t=ig
3> N(_(N_ - 1’) =op(@) and > pT (@i — p;)/Ni = 0p(5).
j=1 pAe 1=Cju+1

In a way similar to the proof of Theorem 2.3, we claim that
In = llel? = ITx = pll* = 2 +0p(8) = |ITc, — ull? = Zc, +0p(),

where Cy = (Cly, ..., Cry). Hence, similarly to the proof of Theorem 3.2, it concludes the
result. O
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