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§1. Introduction

Throughout this note A and B are assumed to be rings with an identity
element, and all medules will be assumed unitary. By a subring of A we shall
always mean one containing the identity element of A. For any right (resp. left)
A-module V' the A-endomorphism ring of V' will be denoted by Enda(V.) (resp,
End4(4V)); we consider End(V4) as a left operator domain of V, and [End4(, V)],
the opposite ring of End(4V), as a right operator domain of V.

The notion of Frobenius extensions was first introduced by F. Kasch [1], ana
later generalized by Kasch himself [2] and by T. Nakayama and T. Tsuzuku [7].
In case B is a subring of A, A is said to be a Frobenius extension of B if

(1) Apg is finitely generated and projective,
(2) sA+= p[Homp(uAn, Be)la.
The purpose of this note is to establish the following theorem.

Treorem 1. 1. If A is a Frobenius extension of B, then A is also a Frobenius
extension of L for any subring L of A such that

B, cLch.
Here B’ and B, are defined as follows:

(3) B’ is the second commutator ring of Ap (that is, B =[End¢(cA)]°
where C=Endx(Ap); we consider B' as a subring of A containing B.

4 B, is the subring of B which is generated by the identity element of B
and by all the elements of the form f(a) where acA, feHomp(Az, Bx).

This paper was presented to the conference on rings and modules which was held at
Oberwolfach in March 1968. I wish to express my thanks to Dr. B. Pareigis for reading
my paper on my behalf at the conference.
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In a previous paper [4] we have introduced the notion of adjoint pairs of
functors and discussed Frobenius extensions from this point of view. Let M
(resp. M) be the category of all left A-modules (resp. B-modules). In case S:
MM and T sM— M are covariant additive functors, we call {S, T} a
strongly adjoint pair of functors if S is a left adjoint of 7" and a right adjoint of
T that is, there exist natural isomorphisms )

Homz(S(X), Y)=Hom (X, 7°(Y)), Hom(7T(Y), X)=Homp(Y, S(X))

where Xe O and YeM. We have proved in [4] that {S, T} is a strongly adjoint
pair if and only if there are natural equivalences

S(X)EB[HOTﬂB(A I/B, Bﬁ)]A@X, T( Y)EA Vlﬁ@ Y:
with an A-B-bimodule 4 V3 satisfying conditions (5) and (6) below :
(5) - 4V and V3 are finitely generated and projective,

( 6 ) B[HomA(A V];, AA)]ASB[I‘IOITIB(A VB, BB)]A .

We shall say that an A-B-bimodule 4V is Frobenius if 4Vjp satisfies condi-
tions (5) and (6). Then A is a Frobenius extension of B if and only if the A-B-
bimodule sAz is Frobenius.

Thus our Theorem 1.1 is an immediate consequence of Theorem 1.2 below.

TuroreMm 1. 2. Let 4V be an A-B-bimodule such that 4V and Vi are faithful.
If 4Vp is Frobenius, then the K-L-bimodule 'V, is also Frobenius for any subring
K of A" and for any subring L of B’ such that

A CKC A/, BocLc B .

Here A’, B, Ay and B, are defined as follows (A and B are considered respectively
as subrings of A’ and B'):

(7) A’=Endp(Vp) where D=[End.(,V)]°.
(8) B'=[Ende(¢ V)]° where C=Endz(V3).
(9) Aq (resp. By) is the subring of A (resp. B) generated by the identily

element of A (resp. B) and by dll the elements of the form f(v) for
veV, feHoma(4V, 4A) (resp. g) for veV, getHomp(Vy, Bg)).

The notion of quasi-Frobenius extensions was introduced by B. Miiller [6] and
by A. Rosenberg and S. Chase independently. ‘

In [4] we have defined the notion of similarity for modules as follows: an A-
B-bimodule 4W3 is similar to another A-B-bimodule W} if each of 4 Wy and + W}

[Sc. Rep. T.K.D. Sect. A.
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is isomorphic to a direct summand of a finite direct sum of copies of the other;
in this case we write ,Wp~,4W}. If we replace conditions (2) and (6) respectively
by (2)" and (6)" bhelow

2y sAs~p[Homp(1An, Bp)la,
(6Y slHomu(a Ve, aA)a~sHoms(a Vy, Ba)la,

we have the notion of quasi-Frobenius extensions and quasi-Frobenius bimodules:
A is a quasi-Frobenius extension of its subring B if (1) and (2) are satisfied, and
an A-B-bimodule 4 V5 is quasi-Frobenius if (5) and (6)’ are satisfied. The notion
of quasi-Frobenius himodules is related to quasi-strongly adjoint pairs of functors
introduced in 4].

Correponding to Theorems 1.1 and 1. 2 we have the following theorems.

TuroreM 1. 3. If A is a quasi-Frobenius extension of B, then A is also a
quasi-Frobenius extension of L for any subring L of A such that

BcLcp,
where B’ and B, are the same as described in Theorem 1. 1.

TuroreM 1.4, Let 4 Vp be an A-B-bimodule such that 4V and Vi are faithful.
If 4V is quasi-Irobenius, then the K-L-bimodule ¢ Vi is also quasi-Frobenius for any
subring K of A’ and for any subring L of B’ such that

A CKCA, BycLc B,
where A', Ao, B/ and B, are the same as described in Theorem 1. 2.

Since A is a quasi-Frobenius extension of its subring B if and only if the A-
B-bimodule 4Az is quasi-Frobenius, Theorem 1.3 is a special case of Theorem 1.4.

Our proofs of Theorems 1.2 and 1.4 are based on three theorems; one is the
endomorphism ring theorem for adjoint pairs of functors which was established in
our previous paper [5], and the others are theorems concerning modules which
may be of interest by themselves.

§ 2. Theorems on modules
Let V3 be a right B-bimodule; we set

(10) C=Ends(V5).

Let us set further
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1n sUe=p[Homg(c V3, Ba)le,
12) wp(u, v)=u(v) for ueU, veV.

Then wg: pUX Vy—pBp is a B-bilinear form in the sense that wp(e, v) is additive
with respect to #eU, veV, and that '

wp(bu, v)=Dbws(u, v), wp(tt, v0) = p(u, v)b

for be B. Moreover, we have
wpluc, v)=wp(u, cv), for ceC.

The correspondence »'—wvwg(u, v*) for v'eV, with uelU, veV fixed, defines a B-
endomorphism of V' which shall be denoted by we(v, #); we(v, #) is an element of
C and we have
(13) vap(u, v'y=wc(v, u)’, for uelU, v, veV.
Then we: VX Ug—¢Ce is a C-hilinear form and

we(vh, u)=wa(v, du) for beB, uelU, veV.

Next, let us set

(14 » U’ ¢=p[Home(e Vi, «O)e,
(15) o' o(v, u")=u'(v), for w'eU’, veV.

Then o'c: ¢VXU'¢—¢Ce is a C-bilinear form. To welU we assign an element
D(u) of U’ defined by [@@)](v)=wc(v, u), ve V'; then we have

(16) o (v, D))= wc(v, u), for uelU, veV.

The map @: zUs—5U’¢ is a B-C-homomorphism.

If @ is a B-C-isomorphism, we shall say that 7 has the centralizer-dual pro-
perty.

Now, assume that Vp is faithful. Then @ is a B-C-monomorphism as is
proved in [5, §1] and B is considered as a subring of B’ where

a7 B’ =[Ende(c ).

For w'eU’, veV, the correspondence v'—a’¢(v’, #')v defines a C-endomorphism of
V, which shall be denoted by «'z(#/,v); o’p(w’,v) is an element of B’ and we
have

[Sc. Rep. T.K.D, Sect. A.
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(18) o', u =00 pu', v), for welU’, v, veV.

The map o'n: »U’'X Vy—3gBp is a B-bilinear form. From (13), (16) and (18) we
get

19 o' 3 (D), v)=awp(ee, V), for wel, veV.

In a previous paper [5] we have proved that if B’=H8 then V3 has the
centralizer-dual property. We shall now prove the following theorem.

TuroreM 2. 1. Let Vi be a faithful right B-module which has the centralizer-
dual property. Then Vi has also the ceniralizer-dual property for any subring L
of B’ such that BCL, or more generally, such that By,CL and C=End V), where
By is the subring of B which is generated by the identity element of B and by all
the elements f(v) for veV, feHomu(Vy, Bg).

Proof. Since @: zUs—pU’¢ is an isomorphism, from (19) it follows that
(20) {05/, )|w eU’, ve VI CBy.

Let L be any subring of B’ such that BoCL and C=Endz(V.). Let us set
210 L We=_r[Homp(¢ Vi, Li)le,
(22) 7 (w, v)=wv), for weW, veV.

Then 7z: (Wx V,—;L, is an L-bilinear form. Let z¢: ¢VX We—¢Ce be defined
by 7, as in (13):

(13) vrnlw, v)=1c(v, WY, for weW, v, v'eV.
Then we define
V. 1 We—rU'¢=[Homele Vi, ¢Clle
by [ @)l(w)=rc¢(, w), for weW, vel/, and we have
16y o’ (v, T(w))=zc(v, w), for weW, veV.
19y o' 3 (W(w), v)=1r(w, v), for weW, veV.
Let o be aﬁy element of U’. Then the correspondence v—o 5 (', ) defines an
element of W since o’z(u’, v)eB,cL; this element shall be denoted by ¥/(z/).

Then ¥': U’'—W is an L-C-homomorphism and we have

(23) o' g, Vy=7 (U’ (u"), v), for #'eU’, veV.
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Hence by (19)Y we get o'p(a’, v)=o’5 ¥ (u'), v), and consequently by (15) and
(18) we have o'=%¥"(u’). This shows that ¥ is an epimorphism. Since ¥ is a
monomorphism, ¥ is an L-C-isomorphism.

TuEOREM 2.2. Let Vi be a faithful right B-module which is finitely generated
and projective. If L is @ subring of B’ containing B, where By is the ring defined

in Theorem 2.1, then Vi is finitely generated and projective, and C=End (V7).

Proof. There exist dual sets of generators {w#;e;U]i=1,---,n} and
{v;€ Vpli=1, -+, n} of U and Vi with respect to wp (cf. [4, §2]); we have

n
v= > v;op(ts;, V), for wvel.

i=1

By (13) we have

é:l wo(vs, #:)=1.
On the other hand, (16) shows that we(vs, u)=o’¢(vs, @(u.)). Hence by (18) we have
(24) b= ;; vieo (D), v).

Since o' 5(P(u;), v)=ws(u;, v)€B,C L, (24) shows that V. is finitely generated and
projective.
Let ¢ be any L-endomorphism of V. Let us set

- gm'a«o(va, D).
Then we have
co= i o)’ 5 (D(us), v)=<,ﬂ(§ viw’ 5 (P(us), Uv:)) =)

Thus Theorem 2. 2 is proved.

§3. Proofs of Theorems 1.2 and 1.4

By investigating our proof of [5, Theorem 5.1] we see that the following
theorem was actually established in [5, Theorem 5. 1].

TuroreM 3. 1. Let 4 Vg be an A-B-bimodule such that 4V and Vy are finitely
generated and projective. Let us set C=Endp(Vs). Then 4V3z is Frobenius (resp.
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quasi-Irrobenius) if and only if the ving-homomorphism ¢: A—C, defined Dby
ola)p=av for veV, is Frobenius (resp. quasi-Frobenius) and Vg has the centralizer-
dual property.

Here a ring-homomorphism ¢: A—C is said to be Frobenius (resp. quasi-
Frobenius) if

(1) C4 is finitely generated and projective,

( 2) AC@E(l‘GSp. N)A[Hom(gCA, AA)]C’ .

<

In case 4,V is faithful, ¢ is the inclusion map and hence “¢ is Frobenius
(resp. quasi-Frobenius)” means “C is a Frobenius (resp. quasi-Frobenius) extension
of A”.

Now we are in a position to prove our main theorems.

Proofs of Theorems 1.2 and 1.4. Let 4Vp be a Frobenius (resp. quasi-
Frobenius) A-B-bimodule such that 4V and Vg are faithful. Let L be any subring
of B’ containing B,. Then by Theorem 2.2 V. is finitely generated and projec-
tive, and C=End;(V;) where C=Ends(V3). According to Theorem 3.1 the right
B-module Vp has the centralizer-dual property, and hence by Theorem 2.1 Vi
has also the centralizer-dual property. By applying Theorem 3.1 to the A-L-
bimodule 4V73, it is seen that 4V is Frobenius (resp. quasi-Frobenius). If K is
any subring of A’ containing A, it is proved similarly that the K-L-bimodule
x V7 is Frobenius (resp. quasi-Frobenius), since the right-left dual of Theorem 3.1
holds. This completes our proof of Theorems 1.2 and 1. 4.

§4. Remarks
Let 4 V3 be an A-B-bimodule, and let us set
C=Endx( V), D={End (,1)]°.
Then there are ring-homomorphisms
o: A—C, ¢: B—-D
defined respectively by
playv=av, vP(b)=vb for veV, acA, beB.
We set
E=Im o, F=Im ¢.

Then V is an E-F-bimodule such that zV and Vi are faithful.
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ProPOSITION 4. 1. If 4 Vg is Frobenius (resp. quasi-Frobenius), then »Vy is also
Frobenius (vesp. quasi-Frobenius). ’

Proof. We have
slHomze(x Va, sE)]e= plHomala Ve, 4E)]n
= p[Hom (4 Vi, aAN4Q 4En
=(resp. ~)p[Homp(u Ve, Ba)la® alr
= z[Homz(z Vz, Be)lz.

On the other hand, ;V is finitely generated and projective. Therefore the E-B-
bimodule V5 is Frobenius (resp. quasi-Frobenius). By the same argument we see
that 5V is Frobenius (resp. quasi-Frobenius). This proves Proposition 4. 1.

In Theorems 1.2 and 1.4 we have assumed that 4,V and Vjp are faithful
For a Frobenius (resp. quasi-Frobenius) A-B-bimodule ,4Vp for which 4V and V3
are not necessarily faithful, Theorems 1.2 and 1.4 can be applied to the E-F-
bimodule »Vr by virtue of Proposition 4. 1.

Secondly, we give an example of a Frobenius extension A of B in which B’ 5,
ByxB.

Examprre 4.2. Let K be a field and B a subalgebra of the full matrix
algebra (K), such that B has a K-basis consisting of

€, =_C1+Cas, Co=Cos, €3=~Cs3, C21, C31, C41, Caz, Cas,

where ¢;; are matrix units in (K),. Let us set xVp=xle:Blz. Then xVp is
Frobenius (and B is a QF-3 algebra), and the rings B’ and B, in Theorem 1.2
have K-bases {ey, es, s, Ca1, Ca1, Ci1, Cazy Casy Cagy €32} AN {1, €s-es, Ca1, €1y Ca1, Cazy Cas)y
and hence B'%B, ByxB. Let us set A=(K),=[Endg(xV)]°. Then

4
Ap= 3 D Vs.
i=1

Hence by the left-right dual of Theorem 3.1 A is a Frobenius extension of B and
the rings B’ and B, in Theorem 1.1 coincides with B’ and B, described above.

As is indicated in the above consideration, the following result obtained in
[3, §17] is a special case of our Theorem 1.2: Let B be a QF-3 algebra over a
field K such that Be and e¢B are minimal faithful modules for some idempotent e
of B. Then a subring L of B’ containing B, is also a QF-3 algebra where B’ is
the second commutator algebra of [eB]z and B, is the subalgebra of B generated
by the identity element of B and by the elements of BeB.
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Finally, we note that the following characterization for the centralizer-dual

property is obtained as a direct consequence of Theorem 2.1 and [5, Theorem 1. 1].

THEOREM 4. 3. Let Vi be a faithful vight B-module and B’ the second commu-

tator ring of Vy. Then Vg has the centralizer-dual property if and only if f(v)eB
for veV, feHomz (Vg., B'p).

[1]
2]

s}

[4]
[s]
L6]
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References

Kasch, F.: Grundlagen einer Theorie der Frobeniuserweiterungen. Math. Ann. 127,
453-474 (1954).

Projektive Frobenius-Erweiterungen. Sitzungsber. Heidelberger Akad.
Wiss. 1960/1961, 89-109.
Morita, K.: Duality for modules and its applications to the theory of rings with
minimum condition. Sci. Rep. Tokyo Kyoiku Daigaku, Sect. A, 6, No. 150, 83-142
(1958).

Adjoint pairs of functors and Frobenius extensions. Sci. Rep. Tokyo
Kyoiku Daigaku, Sect. A, 9, No. 205, 40-71 (1965).

The endomorphism ring theorem for Frobeinus extensions. Math. Zeitschr.
102, 385-404 (1967).
Miiller, B.: Quasi-Frobenius-Erweiterungen, I, II. Math. Zeitschr. 85, 346-368 (1964);
88, 380-409 (1965).
Nakayama, T. and T. Tsuzuku: On Frobenius extensions, I, II. Nagoya Math. J.
17, 89-110 (1960); 19, 127-148 (1961).

Vol. 10, No. 242]

(87)



	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076

