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The topological product of a normal space with a metrizable space is not
normal in general, as has been shown recently by E. Michael {1]. In a previous
paper [4]” we have introduced the notion of P-spaces, and established that a
necessary and sufficient condition for a normal space X to possess the property
that the product space XX Y is normal for any metrizable space Y is that X be a
P-space.

In this paper we shall discuss basic coverings in the sense defined below for
the topological product of a normal space with a metric space, and a necessary and
sufficient condition for the topological product of a normal space with a metric
space to be countably paracompact and normal (resp. paracompact and normal) will
be established in terms of basic coverings. As an application we shall give a
characterization of metric spaces whose product with any countably paracompact
normal space is normal.

§1. Basic coverings

Let ¥ be a metrizable space. Let V=D, be an open basis of ¥ such that i)
V;={Vi| e} is a o-locally finite open covering of Y for i=1,2, ---, and ii)
{St(y, By) | i=1, 2, ---} is a basis for neighborhoods at each point y of Y'; the ex-
istence of such an open basis B=-;, for which each B; is locally finite, is assured
by a well-knwon theorem of A. H. Stone. Let us put

i
(1) W(Q'l, ~-,(X1;)=/\wa, for a;e.@l,n-,aie.Qi.

V=1

Let X be a normal space. We shall say that a covering & of the product
space Xx Y is a basic covering if & has the form

(2) @:{G(al; Tty ai>>< W(al: Tty ai) 1 avegu; D:1, Tty Z: 7:1: 2: }

and if {Glay, -, a3) | €2, v=1, ---, 1; i=1,2, -..} is a family of open subsets of X
such that

(3) Glay, -, a)CTGlay, -, ag, aiy) for a €2y, -, @i 1€Q44, .

1) The contents of [4] were announced in [3].

1)



88 Kiiti Morira

In case for a basic covering & in (2) there exists a family {F(ay, -, a)) | a9,
v=1, -, 7; i=1, 2, ---} of closed subsets of X such that

(4) Flay, -, ai) € Glay, -+, a5)
(%) AF(ay, -, a) X Wia, -, o) | €@y, v=1, -, 1; i=1,2, -} =X XY,
we shall say that & has a special refinement.

Lemma 1.1, For a basic covering & in (2) the following three slatements are
equivalent.

@) & has a special reﬁneﬁaent,

(b) There exists a family {F(a, -, )| a,€Q,, v=1, -, 1; i=1,2, -} of open F,-
subsets of X satisfying (4) and (5).

(©) There exists a family (F(a, -, @) | @,€Q, v=1, -, i; i=1,2, -} of Fr-subsels
of X satisfying (4) and (5).

Proor. The implications (a)—(b) and (b)—(c) are obvious. Assume (¢). Then
there exist closed subsets Clay, -+, a;: k) of X such that

Fla, -, m)=§] Clen, -+, s &)

If we put
Kay, -, a) = {Clay, -, a;; k) 7 =i, k=1}

then K(a, ---, a;) are closed subsets of X, and we have clearly K(w, -, @) CGlay,
< o) in view of (3) and (4). Let (x, ¥) be any point of XX Y. Then we have
(z, YyeF(ay, -, an) X W(ay, -+, ay) for some a,€2,, -+, a;e2;. If xellay, -+, ar; k) for
some %, we put Max (7, &y=j, and select elements a;.,€@:,,, -+, a@;€2; so that ye Vi,
v=i-1, -, 7. Then we have

(r, YeKlay, - ) X W, -, aj).

Thus {K(ay, -+, a;) x W(a,, -+, @) |e.€Q,, v=1, -+, i;i=1, 2, ---} is a covering of X x Y,
and hence (a) holds.

Now we shall prove the following theorem which is fundamental in this paper.

TarorEM 1. 2. Let X be a normal space and Y a metrizable space. Then a
basic covering of XxY has «a special refinement if and only if it is a normal
covering.

Proor. Since a bhasic covering is a o-locally finite open covering, the “only
if 7 part is a direct consequence of Lemma 1.1 and Morita [4, Theorem 1. 2]. To
prove the “if " part, suppose that & in (2) is a normal covering of X x Y.

Then there exists a locally finite open covering

(6) Q={L;| 2eA}
of XxY such that

(7) (L, 2e4} is a refinement of .
Now, let us denote by L{ay, -+, a;; A) the union of all the open subsets P of X
such that PX W (e, -+, @) C L, that is,

[Sc. Rep. T.K.D. Sect. A.
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(8) Llay, -+, a5 Y= {P| Px Wlay, -, a;)C L;, P open in X},
for the case where W(a, -, a)x0. In case W(a, ---, a)=0, we put
(9) Ly, -, ai; )= 0.

Then we have

10) Liay, - &) X W(ay, -, a)CL;,

(11) oA L(ay, o ap; D) X Wiay, -, ag) | a,€0Q,, v=1, -+, 7;

i=1,2 - el =XxY.

Let us put
12) F(ay, -, a)=0, in case W(a, -, a:)=0,
(]-3) F(alx ) ai):v{[‘(a’ll sy & 2) ! L(al, Ty Qg )‘)CG<(XX) T a‘i); )‘e-/l})

in case Wiay, -, a)=0.

Since L{ay, -+, ai; )X Wiy, -, a)C L, and {L;} is locally finite in XX Y, the set
Flay, -+, a;) defined by (13) is closed in case W(a,, -+, a)%0. Thus F(ay, -+, @) is
closed in each case, and we have by (12) and (13)

(14) Floy, <, a)CGlay, -, ai).

Let (x, ) be any point of XX Y. Then there exists some Ze/ such that (z,
yeLl,. From (7) we have
(15) L,cGlay, -, ai) X Way, -, ;)

for some a,e2, .-+, a;€2;. Since (z, y)el; and yeW(a,, -+, @), there cxist ai. €
Qi4q, -, a;€2; and an open neighborhood U{x) of & such that

(16) (CL', ?/)GU('Z') X W(CY;,Y Ty Oy (g, cte, C(j) CL} .

Then from the defnition of L(ai, - -, ai, @iy, -+, @;; 2) it follows that Ulx)c Liay,
e, @, Qe e, g A). Hence we have

an (x, welloy, -, @y, ey, -, ay; DX Wlay, -, @y, aigy, -, a)C L.
Therefore by (15) we see that
(18) L(aly sty Ky Qgyn, v, G Z)CG(al) T Ct'»[) .

Consequently we have in view of (3)

(19) L(O:h try Ay Qigy, o, @ ;()CG(CVI: Ty @y Qg ooy a’j) ;

and hence

(20) Lay, -y a, @iy, oo 55 HCTEF(ay, oy @y @ign, o0y @) .
From (17) and (20) it follows that

(21) (&, el (o, -+, i, @ipa, -y @)X Wia, o, @i, Qg o, @)
Since (x, y) is an arbitrary point of Xx Y, we have

Vol. 8, No. 190]
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<22) \/{F(ah ] Ll’a_’)}( W(al) ] NZ) } CL’;,E.Q,,, )):1, Ty Z; 7*21; 2) }=X>< Y.

Thus we see, in view of (14), (22), that & in (2) has a special refinement, and the
“if” part of Theorem 1.2 is proved.

§2. The product of a normal space with a metric space

Now we shall prove the following theorem.

Turorem 2. 1. Let X be a normal space and Y a metrizable space. If the
product space X x Y is countably pavacompact and normal, then every basic covering
of XXY has a special refinement.

Proor. Every basic covering of Xx Y is a e-locally finite open covering of
X XY, and every ¢-locally finite open covering of a countably paracompact normal
space is a normal covering by [4, Lemma 1. 5]. Hence Theorem 2. 1 follows directly
from Theorem 1. 2.

TurorREM 2. 2. Let X be a normal space and Y a metrizabie space. Suppose
that every basic covering of XX Y has a special vefinement. Then the product space
XXY s normal. Furthermorve, if X is wm-paracompact, then XXY is also m-
paracompact.”’

Proor® Let X be m-paracompact and normal (m=2), and let M= {M, | e}

@=|4|=m) be any open covering of Xx Y. Let us denote by M(w,, ---, a;; A) the
union of all the open subsets P of X such that Px W(a,, ---, a)CM,. We put
(23) May, -, a)={ M, -, ar; 2)|2e/}.

Then

(24) {M(et, -, anyx Way, -+, a5) | a,€2,, v=1, -+, 1; i=1, 2, --+}

is a basic covering of Xx Y. Hence from the assumption of the theorem and
Lemma 1.1 it follows that there exists a family {H(a, -, «))} of open F,-subsets
of X such that

(25) Hew, -, ey Mlen, -, @)
and
(26) {H(ay, -, a)X W(ay, -, @) | a,eQ,, v=1, -, 1; 1=1,2, ---}

is a covering of Xx Y. By [4, Theorem 1.2] the covering (26) is normal. FEach
subspace H(a,, «--, a;) is m-paracompact and normal by [4, Theorem 1.3]. Hence
{May, -+, ai; D ~Ha,, -+, a;) | 2€A} is a normal covering of H(a,, -+, ;). Therefore
(27) {[M(CY], A ai; R)K\H(ab Y ai)]x W(aly Y ai) ; 26/1}

is a normal covering of H{a,, -+, o) X W(e,, -+, a:) by [4, Lemma 1. 4]. Since M(a,,
oy apy AX Wiay, -+, e)C M, we see by [4, Theorem 1.1] that {M,} is a normal

2) A topological space is called m-paracompact if every open covering consisting of
at most m sets has a locally finite open covering as a refinement.
3) This proof is similar to our proof of [4, Lemma 4. 4].
[Se. Rep. TK.D. Sect. A.
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covering of X'x Y. This completes the proof of Theorem 2. 2.

Combining Theorems 2.1 and 2. 2 we obtain the following theorem.

TreoreMm 2.3, Let X be a topological space and Y a wmelrizable space. [In
order that the product space X xY be wm-paracompact and normal (resp. paracom-
pact and normal) it is necessary and sufficient that X be wm-paracompact and normal
(resp. paracompact and normal) and every basic covering of X XY have a special
refinement. Here m= .

As an immediate consequence of Theorem 2. 3 we have

THEOREM 2. 4. Let X be a topological space and 'Y a metrizable space. Then
the product space XxY is m-paracompact and normal (resp. paracompact and
normal) if and only if X is m-paracompact and normal (vesp. paracompact and
normal) and XX Y is countably paracompact and normal. Here m=N,.

As for the Lindelof property we obtain the theorems analogous to Theorems
2.3 and 2.4; Theorem 2.5 may be proved simiarly as in [4, Theorem 5. 3].

TuroreM 2. 5. Let X be a regular space and Y a separable metrizable space.
In order that the product space X xY have the Lindeldf property it is necessary
and sufficient that X have the Lindelof property and every basic covering of XxY
have a special refinement.

TuroriM 2. 6. The product of a topological space X and a separable metrizable
space Y is a regular Lindeldf space if and only if X is regular Lindeldf and XXY
is countably paracompact and normal.

§3. Metric spaces whose product with any countably
paracompact normal space is normal

We shall first prove

Lemma 3.1, Let X be a normal space and Y a melrizable space. Suppose
that {B:|i=1, 2, ---} is any (not necessarily open or closed) couniable covering of Y
and that XX Bi is countably paracompact and normal for i=1,2, ---. Then XXY
is also countably paracompact and normal.

Proor. With the same notations as in §1, let

(2) S={Glay, -, @)X W(ay, -, i) | ,€Q,, v=1, -, 1; i=1,2, -}

be any basic covering of XxY. Then

28) {Glay, -y ayx Wlay, -+, a)~By | a,€2,, v=1, --i; i=1,2, -}

is a basic covering of XxB;. Hence by Theorem 2.3 there exists a family
(29 {Filery, - ap) | a,e,, v=1, -+, i; i=1,2, -}

of closed subsets of X such that

(30) Filay, -, a)CGlay, -+, ai)

(31) A Fay, -y a) X Wlay, -, a) ~Bj | a,el,, v=1, -, i; 1=1,2, -} =X xBj.
If we put
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Flay, -, agy="w{Filay, -, ;) | j=1, 2, -},
then Fay, -+, a;) are F,-subsets of X and satisfy the conditions below :
(32) Flay, -, a)CGlay, -, a;)
(33) AF ey, oy @)X Way, -, ap) | ave,, v=1, -, 7; i=1,2, -} =XxY.

Therefore @& has a special refinement by Lemma 1.1, and our Lemma 3.1 follows
directly from Theorem 2. 3 (in the case m=<).

Now we give a characterization of metric spaces whose product with any
countably paracompact normal space is normal.

TuroreEM 3. 2. Let Y be a wmetrizable space. In order that the product space
XX Y be normal for any countably paracompact novmal space X, it is necessary and
sufficient that 'Y be a countable union of locally compact subsets.

Proor. The necessity of the condition follows immediately from recent results
of E. Michael [1] and A. H. Stone [5]. Since the product of a countably paracom-
pact normal space with a locally compact metrizable space is countably paracom-
pact and normal by [2, Theorem 5], the sufficiency of the condition of the theorem
is a direct consequence of Lemma 3. 1.
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