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The known conditions for the metrizability of topological spaces are described
generally in terms of open coverings. The following theorem, which will be
established in the present note, is of some interest in view of this fact.

Theorem 1. In order that a Ti-space X be metrizable it is necessary and
sufficient that there exist a couniable collection {5} of locally finite closed coverings
of X satisfying the condition :

(1) For any neighbourhood U of any point x of X there exists some i such that
Sz, FoyCUV.

As usual, by “dim X=<n” we mean that every finite open covering of X has
an open refinement of order <n-+1. Then, in connection with Theorem 1 we
obtain the following theorem.

Theorem 2. In order that a Ti-space X be a metrizable space with dim X<n,
it is mecessary and sujficient that there exist a countable collection {§.} of locally
finite closed coverings of X satisfying the condition (1) in Theorem 1 and the
conditions (2), (3) and (4) below :

(2) Fe={F(as, -+, adlanE=L2, v=1, ---, i}, where Iay, ---, ;) may be empty.
(3) Flay, ---, as_)="{Flay, -+, ats-1, T)]TEQ} .
(4) The order of . does not exceed n+1 for each i.

An application of Theorem 1 and a related result of Theorem 2 will also be
given.

1. To prove Theorem 1 we shall first state some lemmas.

Lemma 1. If {Fu} iés a locally finite closed covering of a Ti-space X, then
{Int Fa} is also a covering of X, where Int A means the interior of a set A in X.

Lemma 2. If {Gu)} is a locally finite closed covering of a Ti-space X and G
are open sets of X, then there ewists a closed covering {Ha} of X such that Ha
are open sets and

HoCGo, and Ha Hpe=0 for o=<8.

Lemma 3. Zet {H.} be the covering described in Lemma 2. If we put
Meu= Int (H.), then {MJ} is a locally finite closed covering of X such that Mg
are regular open sets and M, Mp=0 for a=<f3 .

A locally finite closed covering of X having the property described in Lemma

1) S(z, &;) means the union of the sets of §; containing the point z.
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3 will be called a grating of X.

Lemma 4. Let {Mu} and {Ng} be two gratings of a Ty-space X. Then
{Ma«__Ng} is also a grating of X.

These lemmas can be proved easily (cf. [4]).

2. Proof of Theorem 1. Let {:} be a countable collection of locally finite
closed coverings of a Thy-space X satisfying the condition (1) in Theorem 1.

By Lemmas 1, 2 and 3 there exists a grating M;={M«, 7)|ac2;} such that
M, is a refinement of § for 7=1,2, .... . Let us put

W={Wa,, -, a)|avERy, v=1,2, -+, 4}
where

@ - —
W(Cél; sy Ofi): \Ol M(afs,, V), M(a{y, JJ)ESJJ?V .

Then by Lemma 4 8, is a grating of X and is a refinement of 9%; and %8;_, for
i=1,2, .... .

Let us put

Valz)= Int (S(z, B>)) .

Then for any V.(z) we can find, by the condition (1), an positive integer
m=mz, n)>n such that S(z, W) Va(z). We shall prove that if V() Vi(2)2<0,
then we have V()T Va(e) .

We first note that

Yy E S(’L, §z—§m> 3

since otherwise we would have Wi, ---, &wm) W(Bi, ---, Bu)=0 for any
W(Lilr . 'b’ dm)B{U aﬂd any W(Bl’ .- i:’ 37){)3?]: and hence S(’L, TBM)/\W(BI, Sty Bm):o:
which would lead to a contradiction that Vi(z) _ Via(y)=0 .

Let y&W(By, ---, Bn). Then we have
EWE B
since if x& W(Bi, ---, Bn) we have W(ai, ---, ctn) W@, ---, Br)=0 for any
Wiay, ---, aty) such that s&EW(a, ---, @), and hence Vi(x)  W(Bs, - --, Bn)=0,
which contradicts the fact that y&S(x, ) W(B1, - - -. Bu) V() W(BL, - - -, Ba)-

Therefore we have S, B,.)CS(z, W) and hence V()T Vau(z). Thus we
have proved that if Vau(y) - Vi(z)=<0, then Vyu(y)CVau(2).

Since {V.(z)} is clearly a basis of neighbourhoods at z and V,.1(x)CVa(z)
for n=1, 2, ...., by a theorem of A. H. Frink [1] we see that X is metrizable.
This proves the “sufficient ” part of Theorem 1. Since the “necessary ” part is
obvious by a theorem of A. H. Stone, Theorem 1 is completely proved.

3. As an application of Theorem 1 we shall prove the following theorem
due to J. Nagata [8].

Theorem 3. Let {As)} be a locally finite closed covering of a Ti-space X. If
each A is metrizable, then X is also metrizable.

Indeed, let {{¥:wy be a countable collection of locally finite closed coverings
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of the subspace As such that it satisfies the condition (1) and Fi+1,« i a refine-
ment of Fie for =1, 2, .... . If we put Fi=":a, then §; is a locally flnite
closed covering of X and {%:} satisfies the condition (1). Hence X is metrizable
by Theorem 1.
4. Let £ de a non-empty set. For any two sequences «, £ of elements

from @: a=(«q,, o, +++), B=(B1, Bu, --+) we define p(a, B) as follows:

ola, ﬁ)=-}e— , if au=8: for i<k and ap><Bi,

p(Ol, B)ZO, lf &'gzgi fOl‘ Z:—l, 2, e e .

The set of all sequences of elements from £ determines a metric space by the
distance function o(e, 8); this space shall be denoted by N(£). We shall call
N(£) a generalized Baire’s zero-dimensional space, since N(2) is known as Baire’s
zero-dimensional space in case &£ consists of all the natural numbers. As is
observed previously [6], N(2) is a complete metric space and dim N(£)==0.

5. We now turn to the proof of Theorem 2. The necessity of the condition
of Theorem 2 is easily proved by repeated application of |6, Theorem 9.4] (cf.
[2]). To prove the sufficiency of the condition of Theorem 2, let {§:} be a
countable collection of locally finite closed coverings of X satisfying the conditions
(1) to (4). Then by Theorem 1, X is metrizable.

The set of points a=(a), oz, ---) of N{(2) (cf. §4) such that

F) F(al; ey, CL’L'\):\GO
f=1
shall be denoted by P. For any point a=(ai, a,, ---) of P we put
Flar= () Flaw, -+, an).

It is seen that f(a) consists of only one point. Thus f defines a single valued
mapping of P onto X. From (4) it follows that for each point x of X the inverse
image f~'(z) consists of at most n--1 points. It is easily verified also that for
ACX, f~YA) is compact or separable according as A is compact or separable.
It is obvious that f is continuous.

We shall show that the mapping / is a closed mapping. For this purpose,
let A be any closed subset of P. We denote by V(ay, ---, ;) the set of points
7=(r1, 7y, --+) of N(£) such tnat rj=a; for j=1,2, ---,4. Then Viay, ---, a:)
Is open and closed in N(2), and its diameter does not exceed 1/i. Since

A=""{A_V(BIBEL}, f(A_V(B)CTF({P)
and Fi={F(B)|B} is locally finite, we have
FA)="HS(A_V(BR)|BEL} .
Therefore for any given point a2, of f(A) there exists some element a;y of 2 such

that 2=/ (A_V(ay)). By an inductive process we can find a point a={(ai, as, - --)
of N(2) such that

= f(A_ Vi, -+, a)), for i=1,2, --- .
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Hence we have
W ) TA- Ve, -, a)C () Flaw -+, ai) .
Therefore 2= f(a) and a=(a;, «, ---)EP .

On the other hand, A__V(ay, - -+, a)><0. This shows that a&A. Hence we
have w,=/f(a), aF=A. This shows that f(A) is closed. Therefore f is a closed
mapping.

Thus we have shown that if the condition of Theorem 2 holds then the
condition of Theorem 4 below holds also, and furthermore we have proved the
“only if ” part of Theorem 4.

Theorem 4. ZLet X be a metric space. Then we have dim X=<n if and only
if there exist a subspace P of N(R2) for suitable 2 and a closed continuous map-
ping f of P onio X such that for each point x of X the inverse image f~'(x)
consists of at most n-+1 points.

6. Therefore, if we prove the “if ” part of Theorem 4, Theorems 2 and 4
are proved completely. However, the “if ” part of Theorem 4 follows readily
from Theorem 5.

Theorem 5. ZLet f be a closed continuwous mapping of a metric space X onto
another metric space Y such that for each point y of Y the inverse image f (1)
consists of at most m—+1 points. Then we have

dim Y< dim X-+»12 .

This theorem is proved by W. Hurewicz for the case where X and Y are
separable. In view of [6, Theorem 9.4] and [7, Theorem 2.6] or [6, Theorem
8.6], it is readily seen that the proof given in [5] or [3] remains valid for our
general case with no or slight modification.

Adden in proof. As another application of Theorem 1 we have a simple
proof of a theorem of S. Hanai (cf. his paper forthcoming in Proc. Japan Acad.
1955). Our results, combined with this theorem, yields at once the theorem: In
order that a Ti-space X be metrizable it is necessary and sufficient that there
exist a subspace P of N(£) for suitable £ and a closed continuous mapping f of
P onto X such that f-%=) is compact for each point # of X.
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