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Topological quantum phase transitions in superconductivity are discussed on two-dimensional lattices. The
main focus is on the Chern number for superconducting states. Each superconductivity is characterized by the
Chern number, and the quantum phase transition is associated with topological changes of the quasiparticle
Bloch function in the Brillouin zone. For the superconducting case, the Chern number has several equivalent
but different topological expressions given by vortices, the Dirac monopole, and strings. We demonstrate
guantum phase transitions by these topological quantities both for singlet and triplet cases.
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The qguantum phase transition is a drastic change of axistence of nontrivial topological structures. On this point,
ground state when physical parameters of a system are vafe topological characters of the chiglvave superconduc-
ied. This is a phase transition at zero temperature with quarfivity is investigated by several group$!**"*9n this paper,
tum fluctuation, which raises many interesting physical queswe treat this spin triplet case on a two-dimensional lattice
tions. Recently substantial number of works have focused oRaseéd on the same strategy as the spin singlet case. Then we
the topic reflecting its importance. Typical examples includec@n characterize the triplet state by the Chern number and
the Mott transition in strongly correlated systems and theseveral topological expressions as whéll. _

Hall plateau transition in the quantized Hall efféct. The Comparing to the usual Quantum Hall effect with many
latter is special in the sense that the ground state is charab@ndau bands, there are only two quasiparticle bands of qua-
terized by a quantized quantifguantized Hall conductance SiParticles(and quasiholesin the superconductivity. This
0yy). As is known today, its quantization originates from aspem:’;ll but 5|mple_ situation allows us to use the interesting
topological character of the Hall conductaricé.Then the ~ Berry’s parameterization. Then the gauge fixing to calculate
transition is governed by topological objects such as thdh€ explicit Chern number also produces an interesting topo-
Chern numbers; vortices, and edges stit@&ach phase is 0gical expression. Using this gauge fixing, we establish a
characterized by the different topological quantum numbefelation between several different topological expressions.
although the symmetry of the state is not necessarily differ- The Chern numberTo demonstrate the topological tran-
ent. It is quite different from usual phase transitions and isSition in superconductivity, we investigate systems described
characteristic to the topological quantum phase transtflon. by the following B-dG Hamiltonian for superconducting
There have been several features for this type of the phagiiasiparticles

transition. Some of them are a special form of a selection

rule, and the possible stability of the phase, which puts spe- =Z (tﬁcf‘,
cial importance on the topological transitions and discrimi- "

nates from other quantum phase transitibHs. In this paper, we assume the system is translationally invari-

Recently, there have been trials to extend the concept fnt astf=t7(i—j) andA;=A(i—j). Then the Hamiltonian
this topological phase transition to unconventional singlejs written as
superconductivity: =4 In the discussions, mapping the sys-
tem into the standard quantum Hall system is essential. Here H=S coh(oek),  hik)= €'(k) A(k)
the “spin” Hall conductance plays a main role, which is n ' A*(K) —e(—k))’
given by the Chern numbers. A nontrivial example of such " + Ckrar
states is given by time-reversal symmetry breakingvherec'(k)=[c;(k),c (k)], e”(k)=Z;e"""it?(j) — u and
superconductivity?~2¢ Leaving its reality apart, the topo- A(k)=3;e ' "A(j). We further requiret|; =tj; . Then we
logical phase transition in superconductivity raises importanhavee' (k) = e!(—k)=e€(k). Generically various realizations
theoretical questions how the topological character restrictef order parameters are determined by the self-consistent
transition types. In this paper, we take the generalizegquation. Here let us assume a form of the order parameters
Bogoliuvov-de GennegB-dG) Hamiltonian for supercon- to discuss topological quantum phase transitions.
ductivity to discuss the topological quantum phase transition The “spin” Hall conductance of the superconducting state
and demonstrate the topological character using several t®n a lattice is given by the generalized Thouless, Kohmoto,
pological expressions. Nightingale, and den Nijs(TKNN) formula as o=

Search for spin triplet superconductivity has also long his-—(e?/h)C,  where  C=(1/27i)[2dS.-rot, A, Ay
tory but several important materials have been found re=(k|Vk).6=81-1320The Chern numbeC, is given by a
cently, which raised intense reinvestigations of triplet supertotal vorticity of the quasiparticle Bloch functidik) for the
conductivity. One of the interesting aspects of the triplet stat@egative-energyquasiparticle, h(k) |k)= —E(k)|k), E(k)
is its rich structure of the order parameters, which allows the= \/e(k)?+[A(k)|? since the quantum-mechanical average is

S * t
Cj(,-i-AijCiTC”-i-AijC”Cm)—,u% ¢l cio.
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taken over the grand canonical ensemble. The integration isarallel. Ny,inging iS @apparently integral and zero if the origin
over the Brillouin zone, which is topologically a tord¢, is outside the surface. It is one of the advantages of the
and dS=(dk,,0,0)x (0,dk,,0)=(0,0dk.dk,) is an infini-  present expression.
tesimal area. The Chern number has an apparent topological Now we have established a relation for the two topologi-
expression that is written as a winding number of a relativecal integers as
phase of the Bloch functidff
|k> Ncouering: Nwindingv
1 1

C=—Nyindn=— 2 5— dk-VIm In——.
winding 2| 2T §’7RI |k>2 N[R(TZ)IO]:PZ |[R(T2),Z_].
The summation is over the poles #),/|k), (zeros of the . o . . . .
the Second Component of the Bloch functimz) in the Th|S I’elatlon IS phySICa”y apparent but it ConflrmS the con-

Brillouin zone R, is a small area around each polé sistency of the discussion.
By the Berry's parametrizatioff, the Hamiltonianh(k) DemonstrationAs is discussed above, the Chern number
can be written as is a topological quantity and is stable against small perturba-
tion. Each superconducting state is characterized by an inte-
h(k)=R(k) - o, ger and the topological quantum transition is associated with

) ) topological change of geometrical objects, one of which is
where o=(oy,0,,0,) are the Pauli matrices an®R  the relative phases of the Bloch functions of the quasiparti-

=(R¢,Ry,R)=[Re A(k), —Im A(k),e(k)]. Then the ex-  ¢jes and the others are the closed surfR@?) and the
pression for the Chern number is rewritten by these coordipj 4 stringz_ . The topological transition of the supercon-

nates inR space as ductivity is clearly observed by investigating these topologi-
1 cal objects.
N dSk-rot gAg, Now let us take following two examples of _the order pa-
2 Jr(r?) rameters to demonstrate the topological transition.

whereAz=(R|VgR) and|k)=|R(k)). In a particular gauge

/ o . Casel: singlet,A;;=A;;,
(a phase convention of the veckoit is written as|R) 9 v

= (o o2, where R, 6,) is a polar coordinate dR. The M=o, A==y
integral region R(T?) is a closed surface in three- ' ’ ’
dimensional parameter space mapped from the Brillouin Aiivxay=—Airxity=18yy,
zoneT?. As is well known, the corresponding vector poten-

tial defines a magnetic monopole at the origin in the three- Casell: triplet, Ajj=—4;;,
dimensional space as div k= —2i x(R).>*"2% There-

fore, by the Gauss’ theorem, we have another expression for Ajirx=—1Ai4y=4Ay,

the Chern number as ) )
whereA,2 2 and A,y are real. The hoppingj=t, is also

5 real and only nonzero on the nearest-neighbor links. We
C= - JR(TZ)dV5R(R)= —N[R(T%),0]= = Ncwering have e(k)=—2t(cosk,+cosk)—u, for the both cases,
and A(k)=Ap+2A,2 2(cosk,—cosk)+2iA,[cosk,+k,)
whereNcgering=N[R(T?),0] is a degree of covering by the —cosk,—k,)] for the singlet case(Case J and A(K)
closed surfacdr(T?) around the originO. This is another =2iA,(sink,+isinky) for the triplet cas€Case ).
topological expression characterizing the negative-energy In Fig. 1, the relative phase of the Bloch function,
band. Arg(|k)1/|K),), for the singlet case is shown. For smaj,
Now let us calculate the winding numbBlinging Dy this  one can see the charge two vortices at the polgkgf|ky)
gauge. In the present gaug&, Im In|k),/|k),=—V ¢ and  (circle) split into two independent ones and contribute to the
we haveNyinging= (1/2m) Zp_$r(sr)dR- Vre. Since the ze-  nontrivial Chern numbers. Note that only the polescles
ros of the second component of the Bloch function are deof |k);/|k), contribute to the Chern numbers although the
fined by cos/2=0, we rewrite the above equation as zeros(squares also give vortices. Wher is sufficiently
large, they finally annihilate in pairs with negative vortices
_ _ defined by the zeros dk),/|k), (squares Another topo-
C= = Nuwinding= ~ ; IR(T?),z.], logical objects, the closed surfaB¢T?) and the Dirac string
z_ is shown for the singlet case in Fig. 2. One can see the
wherez_ is a negativez axes in theR Space(the Dirac Covering degree of mapp|n'gz_> R(TZ) is two if AO is suf-
string andP_’s are intersection points of the closed surfaceficiently small. The intersection number of the closed surface
R(T?) and the Dirac string_ . The integed[R(T?),z_]is  R(T2?) and the Dirac stringz_ is also two, which can be
an intersection number that gives the muItIpIICIIy of the |Oca|easi|y checked for this examp|e_ In generaL the order param-
covering atP_’s. It is a positive integer when the Dirac eter may have more complicated momentum dependence,
string z_ is parallel to the normal vector of the surface and calculating the covering degree of mapping is not trivial
(dR/ky) X (dRIdk,) and a negative integer when it is anti- at all. Therefore, the intersection numbeR(T?),z_] helps
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FIG. 1. Relative phases, ArK),/|k),)=ImIn |k}, /|k), of the
guasiparticle Bloch function in the Brillouin zongolid squarg

The circles and the squares include the poles and the zeros c

|K), /|K),, respectively. Note that only the circlésoles contribute
to the total Chern number. The spin singlet case WéhA,=0,
Aye_y2=t, A,,=0.5, u=0 (the vorticity of the pole at the origin
is +2), (b) Ag=2t, Ay2_2=t, A,,=0.5, u=0 (there are two
vorticity +1 vortices at the polgs

us to determine the Chern number concretely. It is also easy

to see that the Chern number vanishegAif| or |u| is suf-
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(b) (c)

FIG. 2. Mapped Brillouin zon®(T?) by the Berry’s parametri-
zation. The monopole at the origid and the Dirac string_ are
also shown. The spin singlet case witlg=0, A,2_2=t, A, =t,
w=—t; (a) is the total surfac®(T?), k,[0,27], ky[0,27], and
(b)—(f) are parts of the surface to show how it covers the origin.
They are drawn fork,e[0,27] and (b): ky[0,27/5], (¢): k,
e[27/5,4w/5], (d): kye[47/5,67/5], (€): kye[67/5,87/5], ()
kye£877/5,277]. The monopoleO is doubly covered by surface
R(T?).

rule AC= =212 Another interesting case is given by the
A,y=0. In this case, the energy gap collapses and the gap-
less Dirac dispersion prevent from determining the Chern
number without ambiguityif || is smal). This situation is
evident by the present discussion since the surR(@) is
collapsed into a diamond shaped two-dimensional reglon
=N01+ N0, (0,0u), Nipe[—11, v1=(Ax2_ 2,0,
—2t) andv,=(—A,2_2,0,2t). When the origirO is on this
region, the Chern number is ill defined and the dispersion is
gapless. This condition is clearly given hy|=<2t. Other-
wise, there is an energy gap and the Chern number is zero.
The triplet case, the case I, gives a little tricky situation.
As shown in Fig. 3, the covering degree of mapping around
the origin is+1 or —1 depending on the parameter detail.
The surfaceR(T?) is self-intersecting and a local coordinate
[e«(R).e(R),n(R)] on the surface has a different chirality
depending on the position of the surface wheagR)
=ma, (a=x,y) are tangent vectors amR) is a nor-
mal vector of the surface &. In other words, inside and
outside of the surface are exchanged on intersecting lines. Of
course, the surfacR(T?) itself is orientable always. At the

FIG. 3. Same as Fig. 2 for the spin triplet case wikh=0,

ficiently large since the surfad®(T?) does not include the Ay=—t, p=—t; (a) is the total surfaceR(T?), k,e[0,27], k

origin. In this singlet case, the origi@, is doubly covered
sinceR(k)=R(—K)[A(K)=A(—k)]. It implies the selection

€[0,27]; (b) and (c) are drawn fork,e[0,27] and (b): k,
e[0,m], (0): kye[m,27].
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transition, the selection rule for the triplet caseAi€=*+1 quasiparticle Bloch functioM,,inging @and the covering degree
generically. However, the transition in which the origlh  Ncgering Of mappingT?— R(T?) around the Dirac monopole
passes through this intersecting point, say, changing that origin. The winding number also has another expression
chemical potentiaj, the Chern number can change its signgiven by the intersection numb&FR(T?),z-] of the closed
asC:=1-%1, (AC==2). surfaceR(T<) and the Dirac string_ .

In conclusion, we have demonstrated the topological

quantum phase transition in superconductivity on lattices by e thank Y. Morita and Y. Seki for useful discussions.
using several topological expressions for the Chern numbeThe computation in this work was partly done at the com-
They are the winding number of the relative phase of theputer center, ISSP, University of Tokyo.
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