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Magnetism in the two-dimensionalt-t” Hubbard model: From low- to over-doping
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Based on quantum Monte Carlo calculations, we shall discuss the regime where ferromagnetic correlation is
dominant in the two-dimension&it’ Hubbard model at a finite temperature. In this model, ferromagnetism
competes with antiferromagnetism and we reveal how crossover occurs between them at a finite temperature by
the bias-free method. We shall investigate the data in the context of the so-called “low-density ferromag-
netism.” The weak-coupling result is also shown and the data are compared with the “Nagaoka

ferromagnetism.”
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I. INTRODUCTION Il. MODEL

The t-t’ Hubbard model is described by the following
The Hubbard model is a basic model to study phenomengiamiltonian on a square lattice with a periodic boundary
due to correlation effects in the electron system, e.g., itinereondition:
ant ferromagnetism. Exact results have been accumulated in

one and infinite dimensions, but many problems are left to be H=-t 2 (¢C,+Hc)
solved in other dimensiorisGenerally speaking, quantum Lhenn.a

fluctuation is large in lower dimensions, which leads to many +t' > (clc,tH.C)
fascinating properties. Therefore the two-dimensio24a)) (klyen.n.n.g

Hubbard model is one of the central issues in modern con-
densed matter physics. In this paper, we discuss magnetic
properties in one of the prototypes, 2D Hubbard models on a
square lattice with the neare@} and next-nearest neighbor WhereTCiTo/ Ci, creates/annihilates an electron at the siaed
(') hopping, which we call t:t' Hubbard model” in this Mo=Ci,Cio- Thel(t’) denotes the nearestext-nearest neigh-
paper. Our main focus is on the itinerant ferromagnetism. P00 hopping amplitude andJ the strength of the on-site
Recently thet-t' Hubbard model was studied with the Coulomb interaction. Teha is tehg chemical potential, which
filling at the “Van-Hove density” and appearance of itinerantcor.‘trOIS thg fillingn=N°/€) (N® is the electron ”“”f‘tie[ and
ferromagnetism was suggested in the ground state é{? is the site numperand we also use a notation = .
e . ; . +U/2. In the following, we set boti andt’ to be positive
t'/t=0.47 (Ref. 2 (note that it contrasts with a previous Iso the discussion later which concerns the sittard
conclusion in, e.g., Ref.)3We call it “low-density ferromag- E,s)ee aso g
netism” in this papet>® A variational study has also been
performed for a more extended parameter window in the Ill. WEAK-COUPLING APPROACH
phase diagrarh.Superconducting properties have also been
studied’ Further, quantum spin phase has been discovered .’fﬁ
half filling in Ref. 8. However, bias-free systematic data on
the global properties are left to be revealad a function of,

+ UE (i = 1/2)(ny - 1/2) - /’“E n, (1)

In this section, we study thiet” Hubbard model through
e weak-coupling approach. In the beginning, let us study
the case of free fermion

e.g., filling andt’/t) and it is what we want to study in this Ho=— > t(ciTgch+ H.c)
paper. (i,jyen.n.o

Sln_ce the |t|perant ferromagnetlsm is one of the Iong— P t’(clgc|0+ H.c). )
standing, classical problems in condensed matter physics KDennn.g

(see, for example, Refs. 912t is crucial to shed light on o . )

the magnetism in the-t' Hubbard model by a bias-free ~ Defining  the  Fourier  transformation by
method. In this paper, we reveal the magnetic properties iffie= 1/ VLxLyZk €xpikj)c, andk=(k;, k) (the system size is
the t-t’ Hubbard model from low- to over-doping, based on Lx*Ly), we get

an approximation-free method: finite-temperature auxiliary- Ho= —E 2t(cosk, + cosk,)c! cx

field quantum Monte CarldAFQMC).13-1%In some cases, 0 ko X ko

however, we have to reach the temperature regime with a o

severe negative-sign problefsee, e.g., Ref. 16for the + 2, 4t cosk, cosk,Cl, G,

study of the itinerant ferromagnetism. In order to overcome ke

the difficulty, we employ an algorithm which has been pro- =, e(K)cl o (3)
posed recently, constrained path QMCPQMOQ.Y’ ko
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FIG. 1. DoS without interaction fot' /t=0,0.3.
FIG. 3. Magnetic susceptibilityy(q) by the RPA(t’'/t=0.4,
The density of stateéDoS) has a support of-4(t—t’),4(t  U/t=1,T/t=0.3 on a 12<12 lattice.
+1’)] (t'/t<0.5) and shows a diverging behavior at the Van-
Hove energy(see Fig. 1 show the weak-coupling results by the random phase ap-
Based on the mean-field theory for the ferromagnetism, @roximation(RPA). In the RPA, the magnetic susceptibility
naive expectation is that, when the Fermi energy is set near(q) is given by
the Van-Hove energy, the ferromagnetic correlation is domi- 1
nant. But this picture does not hold even in the weak- X(@) = xo(q)[1 = Uxo(a)] (4)
coupling approach especially near half-filling. Actually let us 5nq
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FIG. 4.1’ /t-T/t phase diagram which shows the magnetic prop-
erty for thet-t" Hubbard model on a 1212 lattice withU/t=4.
The Fermi energy is set at the Van-Hove energy of the free fermion.
It shows competition between ferromagnetigfim) and antiferro-
270 magnetism (AFm), as t’/t and the temperaturéT) is varied.
FM(AFM) means that the system {gnt)ferromagnetidike) re-
FIG. 2. Magnetic susceptibilityy(q) by the RPA(t'/t=0.2, spectively (see Sec. IV for the precise definition of this
U/t=1, T/t=0.3) on a 12x 12 lattice. terminology.
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FIG. 6. n-t'/t phase diagram which shows the magnetic prop-
erty for thet-t" Hubbard model on a 12 12 lattice withU/t=4 and
T/t=0.3. Dashed line corresponds to the case when the Fermi en-
ergy is at the Van-Hove energy of the free system. The shaded
region corresponds to the parameters where ferromagnetic correla-

0.308 gy xSV i :
o ﬁ!\'ﬁz’/@'i” *,\\ S tion is dominant.
) \4" ’//" approximation-free results, we shall apply the QMC method
0.296 ’ j 2 in the next section.
0 (J7 .
Ax
© am O IV. QMC RESULTS
0.332 ,/,é‘;;“-:‘» In this section, based on the QMC technique, we show our
; W e NN ae results on the magnetic properties for the’ Hubbard
ST T RS A g prop
= g;ii ((1, ’{5// lh-’”‘&\\i\\\‘}"\ model. In order to discuss the magnetism, we adopt the spin
A /’ ‘ structure factor
0.32} n
0.316 1 s
0 S() = 2 exri-ia( - WSS, (6)
(d) e 2r 0 Bk

_1 :
FIG. 5. Spin structure facto8(g) on a 12x< 12 lattice with where SZ_E(niT_nil) and_<'_' ) means the grand-canonical

U/t=4. The Fermi energy is at the Van-Hove energy:t'/t=0.3, ~ensemble average at a finite temperaflire _
T/t=0.3, (b) t'/t=0.5, T/t=0.3, (c) t'/t=0.5, T/t=0.6, and(d) In the beginning, we set the chem|ca}l potenpaio be at
t'/t=0.5,T/t=0.7. In(a), there is a peak arourgE (, ) (antifer- the Van-Hove energy of the free fermion. Figure 4 shows
romagneticlike. In (b), there is a peak aj=(0,0) (ferromagnetit: how the magnetic behavior changes as a functioti/afand
As the temperaturéT) is increasedfrom (b) to (d)], crossover T/t with the system size 1212 andU/t=4. Ferromagnetic
occurs from ferromagnetic to antiferromagneticlike correlation.  correlation emerges only in the low temperature region

aroundt’ ~0.5. It is based on the extrapolated spin structure

_ factor for the Trotter decomposition in the imaginary time
Xo(q) = — iE fLelk +a)] - f [e(k)] , (5) axis (A7— 0) from three data typically & +=0.100, 0.050,
0% ek+q) -ek) and 0.033.

In this paper, “ferromagnetic correlation is dominaf
where the summation is ové0,2m) X [0,27), e(k)=e(K) simply “ferromagneticy means that the spin structure factor
—(u+U/2)=e(k)-1 andf(x)=1/[exp(Bx)+1] (B=1/T and  S(q) has a peak just aj=(0,0) [and “antiferromagneticlike”

T is the temperatuje The results are shown in Figs. 2 and 3 means the peak sroundq= (7, )] apart from the statistical
where the Fermi energy is at the Van-Hove energy. It tellserror in the QMC. Note that all of the correlation in this
us that ferromagnetic correlation competes severely withpaper is short ranged due to finite-temperature effects. Typi-
antiferromagneticlike one near half-fillinow-doping re- cal spin structure factor is shown in Figgak-5(d), which
gime) in the t-t’ Hubbard model. But, far away from half- correspond to data pointa)—(d) in Fig. 4.

filling (over-doping regime the results suggest that the fer-  Next, away from the Van-Hove energy, we study how the
romagnetic correlation dominates. As is well known, “ferromagnetic regime” extends as the filliig) andt’/t are
however, the ferromagnetic correlation is overestimatediaried at the temperaturé/t=0.3 on a 1% 12 lattice. As

in the weak-coupling approach. Then, in order to getshown in Fig. 6, the ferromagnetic regime extends even
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FIG. 9. The same as Fig. 6 with/t=5.

ground state is expected to be ferromagn@ircnear to if in
the vicinity of the half-filing!® Therefore, based on the
present results, we conjecture that the ferromagnetic regime
finally connects to the “Nagaoka ferromagnetism” in the
strong-coupling regimélarge U/t). It is difficult, however,
to study the regime by the present method due to humerical
instabilities and it is the beyond the scope of this paper.
Finally, let us comment on the negative sign problem. In
our data, there is no serious problem so far as when
T/t=0.3 is satisfied. Below it, however, the AFQMC does
not always work well due to the negative sign problem. In
order to overcome it, we have applied the CPQMC technique
and got data folf/t<0.3 (see also the Appendix’

FIG. 7. Spin structure facto8(q) on a 12<12 lattice with

t'/t=0.5, U/t=4, and T/t=0.3. (a) n=0.02, (b) n=0.54, (¢ V. SUMMARY AND DISCUSSION

n=1.10. Crossover from ferromagnetic to antiferromagneticlike ) ) )
correlation is observed, when we approach the half fillimgl To summarize, based on the bias-free, QMC technique,
[from (a) to (¢)]. we have found the regime where the ferromgnetic correlation

is dominant in the 2D-t" Hubbard model at a finite tempera-
away from the Van-Hove “line” on which the Fermi energy ture. In this model, we revealed how crossover occurs be-
is set at the Van-Hove energy of the free fermion. It is theWeen ferromagnetism and antiferromagnetism at a finite
“low-density ferromagnetism” discussed in Ref. 2 and itstemperature. We investigated the data in the context of the
extension. We also variet/t(~0.3) and found that the fer- SO-called low-density ferromagnetism. The weak-coupling
romagnetic regime is robust and the phase diagram is thréasuklt '? also showtr_1 and the data are compared with the Na-
same qualitatively, so far as we have studied. We also corfddoKa ferromagnetism. - . .
firmed that the sign of andt’ is irrelevant around the Van- 'I_'he ferromagnetic reg|me_e?<pand_s n the_ strong-coupling
Hove line. Typical spin structure factd(q) is shown in region (large U/t). Therefore Itis an interesting open prob—
Figs. 18—7(c), which correspond to data pointal—(c) in lem to study the strong—coup_llng region in more details and
Fig. 6. Further we revealed that the regime expands, whe lucidates . th8e connection Wlt.h the  Nagaoka
U/t is increasedsee Figs. 8 and)9In the case when both erromagnetism® Moreover the correlation effects should be

and t' is positive, the Nagaoka's theorem holds and therelevant near the ferromagnenp cr|t|cal|t_y._ Then a quasiparti-
cle structure might emerge in the vicinity of the Mott
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FIG. 10. Spin structure fact@(q) by the AFQMC. The system
FIG. 8. The same as Fig. 6 with/t=2. size is 10< 10,t'/t=0.5,U/t=4, andT/t=0.2.

134417-4



MAGNETISM IN THE TWO-DIMENSIONAL t-t’... PHYSICAL REVIEW B 71, 134417(2005

Further, it is challenging to shed light on the lower tem-
perature regime than we studied. As the temperature is low-
ered, the tendency toward many kinds of order should appear
and they may compete severely. There it is possible that
superconducting correlation becomes dominant.

APPENDIX: CPQMC RESULTS

In this appendix we demonstrate the efficiency of the
CPMC method. Note that we verified the validity of the
FIG. 11. Spin structure factd(q) by the CPQMC. The param- CPQMC technique in comparison with the AFQMC method,
eters are the same as Fig. 10. in the region where both methods are available.
Whent'/t=0.5 andT/t=0.2 on a 10< 10 lattice for ex-

In order to compare data with the’ Hubbard model, we ample, the negative sign problem is so severe that the statis-
have also studied the 2D Hubbard model on a triangulatical error washes out the fine structure of the magnetic prop-
lattice by the AFQMC technique. In that model, we set theerties(Fig. 10. By applying CPQMC to this, we found that
chemical potential near the Van-Hove energy of the free systhe data is recovere@Fig. 11) and the result is consistent. It
tem (as in thet-t’ Hubbard model We expect the same is to be noted, however, that the lower regigae.g.,
physics as theé-t” Hubbard model discussed in this paper. T/t=0.1) can not be reached even through the CPMC
However, no evidence for the ferromagnetism in that modemethod due to notoriously severe negative-sign problem.
is found, so far as can we study. But the strong-couplingSince it is possible that superconducting correlation wins
regime on a triangular lattice is beyond our reach. there, it is interesting to explore the region.
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